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Accelerating Cosmologies in Lovelock Gravity with Dilaton
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Abstract: For the description of the Universe expansion, compatible with observational data, a model of Lovelock gravity
with dilaton is investigated. D-dimensional space with 3- and (D-4)-dimensional maximally symmetric subspaces is
considered. Space without matter and space with perfect fluid are under test. In various forms of the theory (third order
without dilaton and second order with dilaton and without it) there are obtained stationary, power-law, exponential and
exponent-of-exponent form cosmological solutions. Last two forms include solutions which are clear to describe
accelerating expansion of 3-dimensional subspace. Also there is a set of solutions describing cosmological expansion
which does not tend to isotropization in the presence of matter.
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INTRODUCTION

At present time there are numerous observational data
known to be incompatible with the Standard Cosmological
Model. On the one hand, accelerating expansion
observations from supernovae type la [1] and gravitational
lensing [2] allow us to calculate metric tensor. On the other
hand, evaluating the amount of visible matter, energy-
momentum tensor can be obtained. However, it is impossible
to satisfy Einstein equations by plugging in these values.
Then there are two possibilities: there is a great amount of
invisible matter or Einstein equations are not true. These
possibilities point out two approaches to the problem: to
develop theories of dark matter and dark energy or to modify
theory of gravity.

In the present article we deal with the second approach.
Modified gravity has its beginning in 1920-th. The most
popular theories are Brans-Dicke theory [3, 4], Lovelock
gravity [5] and f(R) -gravity (see, e. g. [6]). However, for a
long time these theories were not useful for explanation of
experimental data incompatible with general relativity.

Here we will investigate a scalar-tensor extension of
Lovelock gravity --- Lovelock gravity with dilaton which
might have its origin in low-energy limit of string theory.
Lovelock gravity with dilaton contains scalar field ¢

(dilaton), metric tensor g, , matter fields @' and is

described (in D -dimensional space-time) by Lagrangian

m
A 0,0 0,0
£:§:2a S PR 2R 7% ...R
,,(‘P) SR PR T
p=1

*Address correspondence to this author at the Tomsk State University,
634050, Russia, Tomsk, Lenin prosp., 36, Tel: +7 915 2374648;
Fax: +7 (3822) 52-17-93; E-mail: ikirnos@mail.ru

1874-3811/10

where

m:%D, if Dis even,

m:%(D—l), if Dis odd,

a, (@), V(p) are arbitrary functions of dilaton, 5&:;’:‘ is

the generalized Kronecker delta which is equal to 1 if
V,--+V, is even transposition of w,---u, , to —1 if odd

one, and to zero otherwise; LM(Q’,gW) is the matter
Lagrangian. We shall call terms
Mtap o 010, p 030y 92p-192p
= B coe 2
£/’ 26"1""’2pR7‘1)‘2 R}”B)‘4 R}‘zp-l}”zp 2)

as Lovelock Lagrangians of P -th order.

Usually (see, e. g. [7-9]) only 2-nd order (i. e. o, =0
Vp>2) of Lovelock gravity without dilaton (so-called

Einstein-Gauss-Bonnet gravity) is investigated. Solutions for
more complicated variants of the theory are not large in
number. Investigations of third order Lovelock gravity
(without dilaton) can be found in [10-12], studies of the
second order with dilaton can be found in [13-15].
Moreover, C. C. Briggs [16, 17] obtains explicit formulae for

92p-192p +guvau(pav(p_v((p)+£M (q)[’gm/)’ (1)

;“2[)—1}‘2p

the 4-th and 5-th Lovelock tensors. Also we should draw
attention to researches in f(R,L,)-gravity [14, 18] and to
works in the 3-rd and 4-th orders of theory which is similar
to Lovelock gravity and obtained from string theory low-
energy limit as well as the latter [19, 20].
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In the present paper a set of solutions in second order
with dilaton and without it, also in third order without
dilaton are obtained. In the most of solutions extra spatial
dimensions are assumed to exist. Unobservability of them is
explained by Kaluza-Klein approach (see, e. g. [21, p. 186]
and references therein) which is briefly the following: extra
dimensions are compactified on so small scale that it is
impossible to observe them (by present day device).

In the first section seven-dimensional third order
Lovelock gravity without dilaton is considered. Second
section is devoted to the second order with dilaton in spaces
with various number of dimensions.

1. THIRD ORDER LOVELOCK GRAVITY WITHOUT
DILATON

Because it seems impossible to consider general case of
Lovelock gravity in a space with great number of
dimensions, let us now discuss third order Lovelock gravity
without dilaton and without cosmological constant: fields are

g,, and @', Lagrangian is

‘ELovelockfﬁ = R + aZL‘Q + a3£3 + ‘EM ((I)l H g;w )

Here a,, o are constants. General expressions for 2-
nd and 3-rd Lovelock Lagrangians are:

L, =R, ,R"" -4R R™ +R’ 3)

L, =2R""R, R, +8R" R™ R”, +24R""R, R’ + (4)

+3RR™ ™R, +24R"™R R +16R"R R, ~12RR"R, +R’

uvox o’ ey

is Gauss-Bonnet Lagrangian,

is third Lovelock Lagrangian.

By variation of action S = f L, oed"”x 0NE may obtain

O @ o _ 871G
GW +a,G +oc3G_W =—0F

uv

TM’V > (5)
where
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and GP(?V) is written down according to [16]:

1.1. Cosmological Equations

Now consider seven-dimensional® flat space and assume
metric tensor to get the form

8, = diag{-1,a*(1),a*(1),a*(1),b*(1),b*(1),b*(1)}.  (9)

Furthermore, let 7,, =0.

From such a metric one can obtain nonzero Christoffel
symbols:

M=ad T=bh Ty=ry =% r=rg =

(Latin indexes from the middle of alphabet i,j,k,... run
over visible subspace, and Latin indexes from the beginning
of alphabet a,b,c,... run over extra subspace; index 0 notice
the time coordinate; Greek indexes run over all the space).
Nonzero components of Riemann tensor are

R’ = a()a(r); R’ . =b(®)b(1);

i a(r) . b(r)
== R =7
0i0 a(t) ) 0c0 b(t) N
R, =a (1), i=]; R, =b*(1), c=d; (10)
i a(t) ; c b(l‘) .
R  =—— 5 R =—= A
=20 b(t)b(1); “ =30 a(t)a(t)

Now the field equations (5) are

"We elected 7-dimensional space for two reasons. First, just in such a space
nonzero third order of Lovelock gravity arises. Second, in such a space we
obtain general exact solution of the present form for the second order theory
(see below).
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LY
Here

H(t)=at)/at),  h(t)=b(t)/b(t) (12)

are Hubble parameters for visible and extra dimensions
respectively.

Note that third equation is consequence of two other
equations. A reader is asked to verify this correlation by
himself.

It seems reasonable to begin consideration of system (11)
with allowing a, =a,=0 and solving therefore 7-

dimensional Einstein equations. But all solutions of them are
only particular cases of generalized Kasner solution (see [22]
and [23, §117] for 4-dimensional case). Particularly, in our
case (9) there is a solution

a(t)=a" l b a" l 0.206 °
T
0 (13)
35

b(t) = b(m(to _ t)s<J§-2> ~ b , - D

where a(tr) describes accelerated expansion of visible
subspace.

1.2. General Solution in the Second Order
Assume a, =0 in (11). Then we have
From the first equation there are 3 possibilities:

=_ 1 H=—ﬂh, H=_3+\/§
120,h 2 2

h.

E}

Second and third possibilities are satisfied in all cases
(H >0 if h<0), firstone --- under «, >0. Consider them

4 + 2o HR® + 24000 H*h + 12ah* = 0,

L + 7200 H*h 4+ 120 H* = 0.
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((H? + 3Hh + h? + 12a,H*h + 36a.H?h? + 120, HR* — 2400, H2*R® = 0,

H (2 + 240, Hh + 24a,h? — 28803 HB3) + h (3 + 4800 Hh + 120, H2+
+ 12a5h? — 43203 H*h?) + 3H? + 6Hh + 6h* + 720, H*h2+
{ + 7205 HB? + 2400 H3h + 12a9h* — 4320 H2h* — 28803 HYR® = 0,

(1)

H(3 4 48aqHh + 12a5h? + 1200 H? — 43203 H2RZ) + h(2 + 240, Hh+
+ 240, H? — 2880 H*h) + 3R + 6Hh + 6H? 4 720, H*h? 4
+ 7200 H3h + 24 HR? + 1200 HY — 43200 H*h? — 288asH3h* = 0.

one by one.
1. =- . Plugging into the second equation we
12a,h
have
_ 1728a5h° +1
12a,(120,h* + 1440 k" +1)
Then

where X obeys equation

X+ 3yxt =5x" = 5yx’ +3x+y =0,

with
'y = tanM
2o,
2.H= —#h. Plugging into the second equation we have
. 3h?(—40ash? + 160-2112\/3 - \/’5 + 5)
h, — = —
2(—/5 + 18a9h2\/5 — 30a,h2)

Then h obeys equation

8 arctanh (- Ja,h+Ba,h )\/azh +1-6(t+t0)h+\/ 5=0.
B 3+\/§
2

3.H= Plugging into the second equation we have

((H?2 + 3Hh + h® + 1200 H*h + 3602 H%h? 4+ 1200 HE* =0,

H (2 + 2409 Hh + 24a2h?) + h (3 + 480y Hh + 120, H?+
+ 12ah2) + 3H® + 6Hh + 6h% + T2, H? W2 +

(14)

H(3 + 48aoHh + 1205k + 120, H?) + h(2 + 240, Hh+
+24a.H?) + 3h2 + 6Hh + 6 H? + T2a, H2h2+
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_ 3h2(40a5h% — 5 — /5 + 160,k \/5)
2(30ash? + 15(‘12112\/'"3 — \/E) .
Then h obeys equation

8 arctanh (\Ja,h+ /5,0 )/azh — 1+ 6(t + to)h +v/5 = 0.

In all cases above there is only parametric dependence
H(t) and h(t). Some explicit solutions in Einstein-Gauss-
Bonnet gravity for 7 or other dimensions will be obtained in
the second section.

1.3. Exponential Solution in the Third Order

h

Now consider equations of the third Lovelock gravity
with constant Hubble parameters:

H=0, h=0.
Then the system (11) takes a form

Subtracting the second equation from the third one we have
(H? — 1?) [1 4+ 16a2Hh + 4z (H? + h*) — 144as H?R®] = 0.
Then h=-H is a solution of this equation.

Plugging this equality into the second equation of (15)
one can obtain 4 various solutions:

H::\/_azi‘,aiﬂz%. (16)

24a,

Because of the expansion of visible dimensions let us
take only H >0 . Then we have

H_\/—a2:\/a§+l2a3 b= \/—052:\/(x§+12oz3 (17)

24a, 24a,

Plugging h=—H into the first equation of (15) we

obtain
—a, 2 Aj02 + (2
H::\/ o, =qja; +( 0/3)0:3. (18)

40a,

Comparing that with (16) we have

|
-——0qa,.
127

a,

Then
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—  h=———.
2a, 2a,

Therefore (because of (12)),

. t
a(t) = Cyexp (Tz)

where C,, C, are arbitrary positive constants.

exp [ — L
b(t)=(2m)< \/R> (19)

It is clear that a(r)>0, da@) >0, i. e the
abovementioned solution describes accelerated expansion of
visible dimensions. At that extra dimensions shrink. Then it
is possible that visible and extra dimensions were equivalent
and the Universe look as 4-dimensional one only after
expansion of one subspace and contraction of another one.

H’ +3Hh+h* +120,H h+ 360, H*I* + 120, Hh® - 2400, Hh’ = 0,

3H? + 6Hh+6h™ + 120, Hh* + T2a, HR® + 240, H h + 120,h* -
—432a,H*h* - 288, Hh® =0, 5)

3h* +6Hh+6H” + 720, H*h* + 120, H h+ 240, HR® + 120, H* -
—432a,Hh* ~ 2880, H' = 0.

Solution (17) seems to be useful for the description of
inflation.

Finally, if 7,, =0, o, >0 and o, =—éa§ then system

(5) has solution (9) where functions a(z) and b(¢) are
expressed by (19) with arbitrary positive constants C, and
C,.

2. EINSTEIN-GAUSS-BONNET GRAVITY WITH
DILATON

Such a theory is the following: fields g, , ¢, @'
Lagrangian

‘EEGBd = R + gﬂvay(pav(p - V((p) + 8((p)£2 + £M (¢l > gyv ) (20)

Here e(¢), V() are functions of dilaton ¢, £, is a

Gauss-Bonnet Lagrangian (3). Theory under consideration is
different from generalized Brans-Dicke theory (see, e. g.
[21]) even in 4-dimensional space, that is why we investigate
both (3+1)-dimensional space and spaces with extra
dimensions (where Einstein-Gauss-Bonnet gravity without
dilaton is sensible).

Variating the action with Lagrangian (20) we get field
equations:
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- 8rl
+ 8R%, Vo Vie(p) — 2RV, Vyz(p) = ?TW;

Here G\ is the second Lovelock tensor (7).

2.1. Cosmological Equations

Consider space of D=p+g+1 dimensions with two
maximally symmetric subspaces: P -dimensional and ( -
dimensional. Square interval in such a space is

2un (t 2u, (t 2u, (t
ds® = —e”0Vdt? v e ul”ds; +e u2()dsj, (22)

2 2 . .
where ds, and ds, are square intervals in p- and g-

dimensional subspaces respectively, u,(t),u,(t),u,(t) are
arbitrary functions of time t.

If metric is (22) then Christoffel symbols are (as above,
Latin indexes from the middle of alphabet i,j,k,... run over
visible p -subspace, and Latin indexes from the beginning of

alphabet a,b,c,... run over extra ¢ -subspace; index 0 notice
the time coordinate; Greek indexes run over all the space)

o _ . 0 _ . -2u 0 _ . -2
Loy =y, I=ue g, L, =t,e °8,,

i a

~ ~
i i i . a
I =Tp, T =Ty=ui, T =D,

(23)
[0, =T =t,.
Riemann tensor, Ricci tensor and scalar curvature are
ROiO/’ = e_ZWOXgii’ ROaOb = E_ZUOYgab’
Rijkl = eizqup(aligjl _6zigﬂ< ), Riajb = eizuoanuzdi‘gub’

a =2u, a a
R\, =e OAq(ar'gbd -0;8,.)s Ry =-pX-qY,

1 1 . 1 ,
Rhlf - ERQ}LV - ;gﬁl.r/gaﬁao':f}aﬁp + Egj-l.lf-"; (Q) + ‘:(Q)
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GEI.ZD:I" + dupdip—

1 -
—4 (Rf-llf - ERQ“V) O:z(g) —4 (Rp jr/ + Rqﬁguv) VaVas(p)+

1)

Ry = e (X + (p— 1) Ay + qinti) 935,

Rap = 72 (Y + (q — 1) Ay + piyita) Gas,

R =e"2°2pX +2qY + p1Ap + 1Ay + 2pgitig) .
Gauss — Bounnet Lagrangian (3)

Here we introduce the following notations:

) Z(uo—ul) _ 2 2(u0—u2)
Ap =u, +o,e s Aq =u,+o.e s (24)
X =i, —tig, +02, Y =iy —tiglh, + 102,

(p-m),=(p-m)(p-m-1)(p-m=2)...(p-n),

(25)
(g-m), =(g-m)(g-m-1)(g-m=2)...(q—n),

(26)

where R, and R, are internal curvatures of p- and g-

i a
~

dimensional subspaces respectively, Ty and T are
internal Christoffel symbols.
Now field equations are

These equations are equivalent to those in [15] if we

substitute g"'9,@d, @ by —%g‘”&ﬂ(p&v(p in Lagrangian and

Ly, = e~ {pa-4§ + 2p1 gy ApAg + 3 AT + diytta(pag Ay + praAg)+ Ap s+

+ 4pX[(p — 1)2A, + a1 Ag +2(p — 1)qingiig] + 4qY [p1Ap + (g — 1)2A; + 2p(g — 1)iy 1'52]} .

1 1 .. 1., 1
EplAp"'E%Aq"'pqul”z"'E(p -

+ q3Aq2 +4u,u,(p,qA, + pg,A,) + 4p1qlzl121}t§} + 26‘2“08’(¢)¢{AP (p,qu, +

o 1 o,
¢ : 0V((p)+§e M0e(@){p AL +2p,qA A, +

)
G

. . . .. . . 8m
+qpiy )+ A, (pqi, + g,y )+ 2,1, (p,quiy + pq,ii, )} = C_4T00’
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u 1
e“{(l—p)X—qY—E(p—l)zA,,

-4 g

1 1
+-=V ——&(p)e
5 (p)g; 5 (@)

+4(p = 1), qiiyii, A, +8(p = Dqiyin,Y +4(p - Dyiiyiiy A, +4(p -

. 1
Aq —(p—l)qu,u2}glj +Ee
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2u0

(p gr]

8 {(p=1), A, +4(p = 1), quifi; +4(p~1);A, X +

g4 X +
+ @A +4q,A Y} +

+8(p-1),qu,u, X+4(p—1)2qA Y+2(p_1)2q1A A (28)
+2¢ g {~(e"§" + €5~ ig@(p -1, A, + g A, +2(p - Daiyiiy 1 +
+eug[-2(p-1),X -2(p-1gY = (p-1),A, - (p-1g,A, -
-2(p-1),quu, 1+ eu,@[-2(p-1)gX -2q,Y —(p - 1),4A, -
.. 8nG
- %Aq -2(p-Dguu,1} = c_4Tij’
—2u0 1 .. 1 2u0
e {(-q)Y - pX—E(q -1),4, A, —(qg-Dpii,} g, +— 5 ¢ P8+
1 1 4y ey
+EV((p)gub - Ee((p)e ! Og {(g- 1)4A; +4(q - l)zplufug +4(g-1),AY +
+4(q - 1)3pulzft2Aq +8(g-Dpuu, X +4(qg - 1)p21l11,'t2Ap +4(q - l)plApY +
+8(g-1), puu,Y +4(q-1),pA, X +2(q-1),p A A, + p3A2 +4p,A X} + (29)
+2¢ "0g {~(e"¢ + €' - i, )(q - 1),A, +pA, +2(q-1)piii, ]+
+&u,¢[-2(q-1),Y -2(g-DpX -(q-1);A,-(g-DpA, -
-2(qg-1), pui, 1+ &u,@l-2(qg-1)pY -2p, X - (g -1), PA, -
.. 8nG
zAp -2(q- 1)p1u1u2 Ir= C_4Tab’
2[§ + (=tty + pui, + quiy)@]=V'(@) + 8/((/7)6_2% {p3A,2; + 2p]qlApAq + qu: +
+4u,u,(p,qA, + pg,A,) + 4p,quii; +4pX[(p-1), A, +qA, + (30)
+2(p-Daquu,1+4qY[p,A, +(q-1),A,+2p(q - 1)u]u2]} =0.
ut , Vv 0,7,=0. 1 1 1
Put 2(@)=e™, Vip)= ~A, =204, + S V(@)= e@)AgAA, + gAY =0 (32)
Henceforth, we may put u, =0 (for simplification),
p = 3 (to identify p-subspace with visible space). —l(q -1),A, -3A + lV((p) - le((p)
2 ! P2 2 (33)
2.2. Stationary Solutions {(g-1),A; +12(g-1),A,A,} =0;
Let us now turn Fo find solut_lons of (27)_-(30) under V’((p)—s’(m){lzq,ApAq+q3Aj}=0. (34)
p=3, u, =0. The simplest solutions are stationary ones.
Hence put From (34) and (31) we have
U, =const, U, =const, ¢ =const- 3A,, +lq1Aq =lv((p) — ( )V (@) 8”—4GTOO. (35)
2 2
Then (24) are @) e
o o Try to find linear combination of (31)-(33) in order to
A, =0 !, A =07 X=Y=0.

Consider space with homogeneous dust, i. e. T,, =0
(other 7, =0).

After that, system (27)-(30) get the form of algebraic
equations

1 1 1 871G
34, +-a4A, — V(@ + S e@12.4,4, + @AY =——

w’ (31)

cancel terms with €(¢). Let a,pB,y are coefficients for
(32), (33) and (31) in such a combination. Then we need

{a% +Blg-1), =yq;,
daq, +12B(q-1), =12ygq,.

Therefore

q q
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Nowput B=q.Thena=3,y=q- L.

Now multiplying (32) by 3/ (q+1) and putting them
together we have (taking (34) into account).
q+3 . qg—1

 Vi(p) - el T~ (36
e+ T "*)s'(;) (36)

1
3‘1 + ljl"l

From this and (35) one can get

L v+ g((p)V((p) 8 G
g+1 q+ glp)

Put now

T,,=0.  (37)

V(p)=ae™, &e(@)=be".
Then (37) get the form

1 ) « P x/l(r
—/1+]_(1+_'}> ae @y _ Tgo—o

Itis easy to see:

_ 1 Blg+1) 8aG
Q= aln{a(a+ﬁ) = TOO}. (38)

Plugging this ¢ into (35) we have:

4J‘L’GT 1- q)a+(q+3)[5

¢ a+p (39)

1
3AI’ + quAq =

Plugging Ap derived from that into (34) we can get

Alq{(g-2)(g-3)-2q(qg-1)} +

ap
2q1X<1—q>a+<q+3>ﬁAt:@{rxqm }
a+f " Bb |a(a+Pp)
where
X=8JT_4GT00'

That is quadratic equation on A_, which solutions are

(l—q)a+(q+3)ﬁ +JD
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Then, taking (39) into account, we obtain

1, 0-qa+@+3B g, 42)
! 6 a+f 6
Finally,
A A
u, =—lln—", u, =—lln—" 43)
2 o 2 o
14 q
and @ is (38).

It should be noted that the following constraints was
applied:

T,=0, a=0, b=0, a=0, B=0,

a=-p, q=0, g=2, g=4, 0,%0, 0,=0.

It is easy to derive solution for (3+1)-dimensional space
with perfect fluid of arbitrary equation of state parameter. At
that we should not specify V(@) and e(¢) because of ()

do not participate in equations and V(¢) is specified from

those. Dilaton also do not contribute in equations, therefore
we should solve just Einstein equations with cosmological
constant. Solution is

1, 1+w 8aG
=(1+3w , U =——In————T,
( ) 00 1 ) 20 C4 00

P

Here w is equation of state parameter (p = e, p is pressure,
€ = Too iS energy density). A particular case (when ¢ = 0) was
derived by A. Einstein in 1917 [24].

2.3. Exponential Solutions

For the dynamical solutions we need to do further simpli-
fication of (27)-(30). Therefore, in addition to p = 3 and ug =
0, put 0, = gy = 0 i. e. subspaces are flat. In addition to sim-
plicity, such a condition is caused by Cosmic Microwave
Background observations [25, 26] indicate the flatness of

visible subspace. For extra subspace oy = 0 is only a simpli-

+
A, = G _fq = ; (40) fication.
3 1
where After that, equations (27)-(30) are
a—3

(1 _(1]““*'((1'*'3):3 aa [ Blg+ 1) T (41)

= [ 20y 3¢ -2 — — _— .
b (Jll/ a+ 3 +daile )@= 3)—2q(¢ - 1)} ab | ala + 7’)

apz L L2 oo 1., 1. 1 ap. 2.3 4 | 1o o fon2 - 24
3 4+ 503 + Bqiigtig + 2%~ E]— () + —).:' w){36quusts + gatis + 12010 (2g0F + gou3) } + (44)

d"rC

+ 2& {unl + ldqu 1y + 9y uluz + qzuz} =
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.. .. o1 . .. 1. 1
{-2ii, — qii, - 3u12 - Eq(q+ 1)u§ -2quu,tg,; + E(ng'j +EV(<p)gU -

- Es((p)g,j{Sulu2 (q,u, +2qu,)+ 4ii,(4quu, + 2qu12 + qzuf )+ (q+1)q,; +

+ dqiii, |+ €'t Gl -4ii, — 4qii, — 41} - 2(q + D)qui; — dqiii, ]+

+ &1, @l -4qii, - 2q,ii, - 6qui; — qq,i; —4q,ii, 1} = =T

. . . 1 . .. 1. 1
{_3"‘1 - (q - 1)”2 - 6”12 _E%ug - 3(q - Dul”z }gah + 5(/72&1}; +EV(¢)gab -

+(q = 1)tt; +6(g = 1)ii} ) + 241 + gy +24(q ~ 1)(2q = 3)iji; +

+72(q - D1, +12(q = 1)(q = 1), tg1i; } + 28, {~(€"¢* + €'P)[6u] +

+(q-1),13 +6(q - Dyit,ti, ]+ €1, @[-6(q — )i, = 2(q 1), i, —
-12(g - = (g =1)(g - 1),115 = 6(q = 1), 1y, |+ &'tk @[ 12, -

N . . . 8
- 6(q - )i, —184] = 3qi; —12(q - )i, 1} :c_T

+4q(5q - 3)iji; +8qq,uii; +16quin,} +2g,{~("¢* +€')[2u; +q,ui; + (45)
nG
T i

- Es((p)gab{12ul(21/tl2 +(g-1), u; +4(q - Duu, )+ 4ii,(6(q - 1), u,u, +

(46)
nG
4 ab*

=26 = 231ty +qiiy ) + V' (@) — €' (){120i [200) + q,t; + Aqitytiy 1+ 441, (66 +(q = 1),18; + (47)

+6(q = Dy, |+ 240 +(q +1)q,us +24qQ2q - )i + 72qi i, +12qq,ii; } =0.

Find at first solutions without dilaton, without matter and
with constant Hubble parameters:

=0, V(p)=0, T, =0, u, =const. U, =const- (48)

Then system (44)-(46) will be a system of algebraic
equations for which we have found two analytical solutions
for arbitrary ¢ and negative ¢:

1
J-a(@+1e

Also particular cases from g=1 to ¢ =22 (22+4=26 is
required for the bosonic strings, and in the case of ¢=0
Lovelock gravity is just Einstein gravity) have been studied,

but solutions different from (49) have been obtained only for
g =3 (i. e. for 7-dimensional space just as in section 1):

P 345,35 575+2576,45 P
TN 26 3010+13465,45 0

ul:uzzi (49)

3+C2\/§ (50)
8¢

and
i =CJE i = 2GS 5754257645 gy
1 1 8¢ ’ 2 1 ¢ 3010"'1346;2\/5’

where constants £, and &, take values of +1 and -1
independently from each other, and £ >0.

Therefore scale factors are

ugt

a(t)y=e" =a,e", b(t)=e"? = boeilzt.

It is clear that solutions (49) are not useful for us by the
following cause: when visible subspace expands, extra
subspace expands too, then extra subspace must be visible in

this case. But solutions (50) for Cl =-1 and (51) for
Cl = +1 satisfy our purpose.

Now let us try to obtain exponential solutions in the
presence of perfect fluid. For that substitute conditions (48)

by
=0, V(p)=0, T, =¢, T,

i = WEEy>

. . (52)
T, =weg,, U =consts U, =const-

After plugging those into (44)--(46) and subtracting
factors g, and g, we see that left-hand sides of equations

are independent of time. Hence the right-hand sides also
must be constant.

From 00-component of local conservation law for
energy-momentum tensor (V“T,,=0) one can obtain
(taking (52) into account)

€ =¢, exp[-(1+w)(3u, + qu, )t].

Therefore &=const under at least one of a two

conditions (here H =u,, h=1u,):

1. w=-1;
2. h:—EH.
q

In the first case matter can be described by cosmological
constant, in the second one comoving bulk is constant. In the
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latter case equations (44)-(46), as equations on H,e,w, have
two solutions:
1.
H =0, e=0, w is arbitrary,
i. e. flat space with Lorenz metric.

2.

H is arbitrary,
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1. >0, h<- , sign in expression for

1
V2eq(g-1)
H is arbitrary.

2. £€<0,signis"-".

1

3. ¢<0, h<-
J-2e(g-2)(g-1)

,signis " +".

o 3¢*H?* (- -3¢" +3eH*q’ +54eH*q*> +81eH g - 162¢H?)

167Gq’

(83)

eH’q* -q* +15¢H*q - 18¢H”

w= ,
—-q* +3eH’q" +45¢H*q - 54¢H’

i. e. one can obtain any value for H by matching energy
density € and EoS parameter W. It is clear that 7 <0 if
H >0, that's why this solution satisfies all requirements.
Finally, such a solution describes anisotropic expansion of
the Universe with matter which not tends to isotropization.
In Einstein gravity it is possible only for maximally stiff
fluid: w=1.

Now turn to the cosmological constant case: w=-1.
Then it is possible to consider (44)-(46) as equations on H ,
h and & . These have the following solutions:

1.
H = h and is arbitrary,
e = R 6+ +5g+eq*h> +6eq’h” +11h%eq> + 6h’eq)  (O4)
167G ’

Here we also should emphasize an existence of solutions
with matter which do not tend to isotropization.

2.3. Exponent-of-Exponent form Solutions

Try to obtain solutions with a dynamical dilaton. For that
purpose consider equations (44)--(47) and notice that

functions U, (t) and u,(t) make contribution only through
derivatives U,, U,, U, U,, but ¢(t) participate explicitly.
To find solutions with constant derivatives let's eliminate
@(t) by introducing new time variable. At first we put

e(@)=pe™, V(p)=ae™, T,=0. (56)

Now turn from time t to new variable T :

— A2
, 9, =e7"9,.
D-212 _ —
L is arbitrary, H=—(¢—1)h+ 2e%h ng D—e
) B
e = 32; G (—96He>*h® + 48He>qh® — 24Heqh + 48Heg*h® 4 24Hhe + 2h%eq*+
+ 10h%eq + 1422 h* — 60=26%h* + 8222 h* — 36%gh — 3 — 12h%¢) . (55)

It is evident that the first solution is unsatisfactory. The
second one is adequate under h<0, H>0. Such
conditions are fulfilled in three cases:

. 1 . 1 .
2 2 2
i+ quué + 3quiug + 599’ ~ 3

1 1 2 4
—a + E;’:]’{Squu'lzu;Z + g@u.';—l—

Derivatives with respect to © will be denoted by the
prime. After such a substitution and putting u,= u,= @ =0
one can obtain

+ 12u’1ufz(2qu’12 + qzuf)} — 2,:3“;99’{18(}11’1211{2 - quu’lué2 + un’l'3 + qzuag' =0; (57)

J' i A r i i r f i ] f= a 1 I ERY ') ¥ r
_3u’12 —;la + quuzz — i (ul + %ug) — 2qulu; + Ei,—:q + 7~ 5.3{—4&3@ + 1) u1u22_

— 28gy'ul ul, — 2(g + 2)qryeul’ — 4y2pul? — 2q7 20 ul? + 4q(5q — 3)uuy? +

+ Sqqluiu’gs + 'lﬁqu'lsu'g +(g+ 'l)qg'.'.a’;'h - 'J.B"fc,o'u'ls — 8q’}-2<,9’2u’1 uh} =0, (58)
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—§q1u..'22 —6u® —

2
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1 : ; .
— 5B(=2(g+ 1)(g = Dayeuy” — 6(g — 1)(3g — 2rp'uius’ — 60(g — 1)y uly—

— Gqu'u'la —2(q — 1)2723.9'271%2 — 1212\',-9'211.’12 + qgufzi +24(qg —1)(29 — S)uflzuf22+

+12(q — 1)(g — Davhuh” + 72(q — Dl udy + 240, — 12(q — )2 ujub} = 0; (59)

—y’? = 2(3u] + qub)’ + Ov{12¢(4q — 2)11’121132 +(qg+ l)qlgu.’z4 + T2quiub + 12qquudyul +

1,03

+ 18q17<,9’u’1u§2 + 36q*r5o’u’12u.’2 + 127p'u}” + 241(’14 + 2q27rc,o’u,’23} +ay=0. (60)

Now assume that we have obtained some quantities
u',, u',, @ which satisfy these equations. What should they
be to describe accelerating expansion of visible subspace and
contraction of extra one? It is easy to see that the scale factor
of visible subspace would be

a(t)=e"' = a, exp {Zu—',co e } (61)
@

where q,,c, are arbitrary positive constants. Then its first
and second derivatives with respect to time ¢ would be

: 2u'ic, o
N @'t2 1% o2
at)=ayu', c,e exp{—’e ,
o — 1 I 1 @'tl2
a(t)= anu LCo@'e” exp

It is clear that both derivatives would be positive (as need for
accelerating expansion) if u', >0,¢' >0 (the latter is not

necessary but is sufficient).

By the same manner we obtain the scale factor for extra
dimensions:

2u,c,

b(t)=e"? =b, exp {— e"”"/z} (62)

!

@

(b, is positive constant) and its first derivative:

b(t) = byt c e’ exp {—2ul2,C° """ },
@

which would be negative (as need for contraction) under
u, <0.

Therefore it is necessary to find solutions of (57)-(60)
satisfied conditions
uw, >0, uw,<0, ¢ >0.

Numerical calculations give us solutions for different
dimensions from g =1 to g =20 . For example,

, a=1,=1y=1,
a=0.01,8=100,y=0.01,
,  a=0.001,8=100,y=0.001,

)
1l
W -

2u' ¢, o
150 912
@’ ‘

Finally, field equations in the case of flat subspaces
without matter and with V(@) and &(¢) in the form of (56)

have exponent-of-exponent form solutions (61), (62) with
abovementioned parameters.

2.5. Power-Law Solutions
Now consider space with dust-like matter:

T, =0, other T,, =0.

And try to obtain solutions of system (44)--(47) with
scale factors of power-law form:

; 2u' c, o
12 2 g 1% o2
+a,u';” c e exp{—,e .

'

- " ¢ n - " ¢ m
a(t) =e"t = (H) . b(t)=e" = (t_) .
’ (63)

Then all Einstein terms in left-hand sides of equations
(44)-(46) are proportional to 1/t* and Gauss-Bonnet terms

are proportional to 1/t*. Hence solutions with scale factors
(63) are possible if

1
Too x t_z’ (64)
o1
(/S l‘_z, (65)
e(p)oct?, (66)
1

Consider these conditions one by one.

It is possible to derive time dependence of energy density
from conservation law of energy-momentum tensor:

=3n-qm

00
T =constt

@' =0.383, w,=0378,  u,=-132.
@' =509-10", w, =00175, u,=-0.0803.
@'=233-10%,  w, =0.0306, u,=-0.0788.
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From comparison this expression with (64) we have
2-3n
q
Note that under this condition extra subspace contracts
(m<0) if visible subspace expanses accelerative (n>1)
(but we haven't obtain such a solution, see below). For

(3+1)-dimensional space condition (64) leads to n=2/3 .
e. to Friedmann solution.

From condition (65) it is easy to obtain
@(t)=yln(t/t,), where v, ¢, are arbitrary constants
(,>0). In order to avoid unnecessary complication put
y =1. Therefore

pt)= lnL
t3

From comparison this expression with (66), (67) we see:

Vip) = de 2%, (@) = Be?,
where ¢, B are constants.
Plugging all those into equations (44)-(47) and putting

3 8= 3t§

a—a= d‘f%.
one can obtain a system of algebraic equations on n with
TToo(fo)f%)

e

a, B, qand »x =

parameters , Where Too(tp) is en-
ergy density at some time moment to. Such a system of equa-
tions has solutions not at all values of parameters. Consider-
ing dimensions from q =1 to q = 22 we have obtained a set
of solutions with arbitrary x. Here o and g are functions of
Xand 0 <n =m< 1. e. visible and extra subspaces expands
with deceleration (and with the same velocity). In another set
of solutions X possesses fixed values. Here in two cases n #
m and in another cases n These are solutions for g =1, 2, 6,
9, 12:

Note that in the last two cases f = 0, therefore these solu-
tions are solutions in Brans-Dicke theory (i. e. theory with
Lagrangian (20) without Gauss-Bonnet term).

A
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In all obtained power-law solutions 0 <n< 1, 0 <m< 1,
that’s why such solutions don’t describe accelerated expan-
sion of visible space or contraction of extra dimensions.
However solutions with n # m are interesting for another
cause. In Einstein theory there is no anisotropic power-law
solution in the presence of dust. However, in Einstein-Gauss-
Bonnet theory with dilaton that is possible.

CONCLUSION

Different variants of Lovelock gravity with dilaton were
considered in D-dimensional space with two maximally
symmetric  subspaces:  3-dimensional and (D-4)-
dimensional. Absence of matter and existence of perfect
fluid were investigated. We have several types of obtained
solutions:

Stationary.

Power-law.

Exponential.

Exponent-of-exponent form solutions.

Among the last two forms solutions which describe ac-
celerating expansion of 3-dimensional subspace and contrac-
tion of (D — 4)-dimensional one were elected. Unobservabil-
ity of the latter subspace was justified on the basis of Kaluza-
Klein approach. Also a set of anisotropic solutions which do
not tend to isotropization in the presence of matter, in con-
trast to Einstein gravity, have been obtained. Such a possibil-
ity is of importance because it allows us to assume that extra
dimensions become small during the Universe evolution.
This issue we are going to investigate in more detail in an-
other work. Moreover, it would be interesting to extend the
results of this work for account of third-order Lovelock
terms. This will be done elsewhere.

Studying of future singularities in such models would
also be important. For 4-dimensional modified gravities this
problem was considered in [27, 28].

Unfortunately most of solutions describe only flat maxi-
mally symmetric subspaces. For curved subspaces there are

3 29 2 5 1
g=1, 3¢ is arbitrary, 0= = — —, B=s_ 2 n=m=—.
[ 14 21 21 2
53 973 3 11
q=2, = — o= —— = —— n=—, m=—.
40 640 272 10 20
) ) . 112 5077 . 729 2025 2
q =6, ¢ is arbitrary, o= »——, B=—sr———, =m=—.
253 2277 16192 16192 9
6 51397 21035 3 243 8 5
= b, M= 5 = — 5 = — n=-—, m=—.
q ’ 30528 13176 3904 7 27
L7 1
=0, = — o =—1 A=0 n=1m=—.
1 6 6
43 ) 2
g =12, = —, o= —1 f=0 n=m=—.
15 15
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only stationary solutions. Those are of interest as exact solu- [12] Pehghaﬂi tM'\ix_ ||3d05t_anithN-d szcetilmeslwilt(h |0nqtitud3in:/: aﬂﬁ gggg-

; ; ; ; ; ar magnetic fields in third order lovelock gravity. arc ;
tions O.f very compllcated eguathns and as possible basis for Availagle from: http://xxx.lanl.gov/abs/hep-’?h/061)/2103

numerical dynamical solutions in the case of curved sub- [13]  Kirnos IV, Makarenko AN, Osetrin KE. Cosmological solutions in

spaces. the Lovelock theory and the Einstein-Gauss-Bonnet theory with a

dilaton. Grav Cosmol 2009; 19: 59-61.
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