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The Kinematics and Velocity Ellipsoid Parameters of Open Star Clusters
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Abstract: In terms of the equatorial coordinates, the galactic space velocity components were expressed in closed analyti-
cal forms. With the aid of the vectors and matrices analyses expressions for the velocity ellipsoid parameters VEPs in
closed analytical forms were also represented. For the computational developments, a general computational algorithm for
the basic parameters from the exact solutions of the equations involved was used to compute the basic elements of the ve-
locity ellipsoid and demonstrate the ability of the algorithm to produce accurate results.
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1. INTRODUCTION

The classical picture of the evolution of the velocity
structure in the Galactic disk is the origin of stars within
low-dispersion clusters from cool gas on near-circular orbits.
These clusters evaporate, and the stellar orbit distribution is
heated through the gravitational perturbations to the smooth
disk potential. As the stellar population’s velocity dispersion
increases over time, its mean motion lags behind that of pure
circular orbits at the same galactocentric radius. Thus, the
velocity distribution of stars in the solar neighborhood has
been characterized as an ellipsoid the centroid, size, and ori-
entation of which vary systematically with the ages (and
hence colors) of the stars under investigation [1, 2].

It is well known since a long time [3] that, in the neigh-
borhood of the Sun, the characteristic feature of stellar mo-
tion is the fact that the peculiar velocities have an axis of
greatest mobility and this characteristic is represented most
conveniently on the basis of ellipsoidal law of velocity dis-
tribution. If we consider the ellipsoidal law to be associated
in general and at all points with the steady state of a stellar
system, the function /' must be expressible in the form:

f= F(x,y,z;au2 +bV: +ew’ +2 fiw+ 2gwu+2huv)

Where a,b,c, ...,h are in general functions of x, y and z. In this
generalized form, the length and distributions of the princi-
ple axes of the velocity ellipsoid vary from point to point of
the system.
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The importance of the velocity ellipsoid parameters is
due to their connection to the most important mathematical
function of stellar astronomy, that is, the phase density func-
tion.

A relationship of the parameters of the velocity ellipsoids
of F-type (about 5500) stars to their metallicity, temperature
and age, which have been investigated with [4] using ubvy
photometry and proper motion data, and the following re-
sults have been obtained: (1) the length of all three semiaxes
of the ellipsoids increase systematically for star groups as
both their temperature (at constant metallicity) and their
matallicity (at constant temperature) decrease, i.e. each of the
three parameters; temperature, metallicity and velocity
spread — are a statistical indicator of age for F stars on the
main sequence (MS); (2) with increasing age of a star group,
the velocity ellipsoid becomes much more spherical, and the
direction of its semimajor axis approaches the direction to-
ward the center of the Galaxy; (3) the spread in the peculiar
velocities of disk stars displays a bend in its 6 - [Fe / H] de-
pendence at the point corresponding to the middle of the
metallicity distribution of disk stars; (4) the angular momen-
tum of MS stars increases with decreasing metallicity, and it
decreases with decreasing temperature; and (5) the increase
in the stars velocity spread with age is described well by a
linear law in the disk subsystem older than 2 x 10° years.

A procedure to statistically isolate cluster members from
the field stars using the total proper motion and the position
angle (P.A.) of the stars in a given field. To achieve this, [5]
determined the velocity ellipsoid for Hyades and UMa mov-
ing groups. Thereby, the velocity ellipsoids were determined
using [6, 7] data. For that purpose [2] relied on the use of
statistical moments using the Hipparcos data. However [8]
used a new mathematical technique, semidefinite program-
ming, and a criterion, a difference of squares, using 246 stars
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of spectral class O-B5 and luminosity class V' to calculate the
velocity ellipsoid giving results to be considered superior to
those found from the above method (i.e., method of mo-
ments).

The dependence of the velocity ellipsoid of F-G stars of
the thin disk of the Galaxy on their ages and metallicites can
be analyzed by [9] based on the new version of the Geneva
Copenhagen Catalog. With increasing age, the velocity ellip-
soid increases in size and becomes appreciably more spheri-
cal, turning toward the direction of the Galactic center, and
loses angular momentum. The shape of the velocity ellipsoid
remains far from equilibrium. With increasing metallicity,
the velocity ellipsoid for stars of mixed age increases in size,
displays a weak tendency to become more spherical, and
turns toward the direction of the Galactic center (with these
changes occurring substantially more rapidly in the transition
through the metallicity [Fe / H] = -0.25).

Recently, [10] studied the kinematics of the G giant stars
(luminosity class IIT) based on proper motions and parallaxes
taken from van Leeuwen’s new reduction of the Hipparcos
catalog.

In this paper, the velocity ellipsoid parameters will be
shown analytically using vectors and matrices analyses [11],
while general computational algorithm for the basic parame-
ters from the exact solutions of the equations involved was
constructed here.

Finally, correlations between these kinematical properties
(i.e. velocity ellipsoid parameters) with physical one (i.e.
spectral types) were studied for Hyades open cluster 197
stars were used by [12] for Hipparcos main catalog. The
kinametics of stars in the solar neighborhood gave funda-
mental information for our understanding of the structure
and evolution of the Milky Way. ESA’s astrometric satellite
Hipparcos (ESA 1997) provided us with accurate positions
and trigonometric parallaxes, as well as absolute proper mo-
tions for a large and homogeneous sample of tens of thou-
sands of stars near the Sun. This offered the opportunity to
investigate the velocity distribution in the solar neighbor-
hood, not only for early-type stars, but also for the old popu-
lation of the Galactic disc. Several studies have been per-
formed on this topic since, e.g. [2, 13-19] and [20]. Recently,
[21] studied the Milky Way (MW) thin disk with RAdial
Velocity Experiment (RAVE) survey. They considered the
thin and thick disks different Galactic components and pre-
sented a technique to statically disentangle the two popula-
tions.

The Hyades open star cluster provides a well known ex-
ample of moving clusters, which has many features: It’s total
mass range from 300 to 400 Mg,,, Age of around 600 - 800
Myr , an extension in the sky of about 20°. Convergent point
(4,D), distance d (pc), velocity V (km/sec), and center of the
cluster (x., y., z.) was deduced [22].

o (4.D)=(97" 5418 6" 46.39').
e The distance d of the cluster could be computed from:

N
d=N/ Y P=46.0658+0.84 pc

i=1
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where, N is the total number of member stars and P; is the
parallaxes for N=1,2,...,.N

e The velocity V of the cluster is calculated from:

N . N
V= ZV,(') sin¢, /> sin®{, = 46.5396£0.24 km /s

i=1 i=1

where V, is the tangential velocity of the i-star (i.e. V, =
4.74[; / P;), into which f3; is the proper motion for i-star, and

Ci is the spherical distance for i-star i.e.
{ =cos™ [sin 0,sin D +cos 6, cos D cos(A -, )}

e  The cluster center (xc, yc,zu) :

Y cosd. cosc.
X, ZP/N:18.36,

i=1 i

il o sina,
N =zc<>s,sm,/N=42_20,
.
o.
2 =3"% [N=1304
N P,

Also, Hyades played a fundamental role in astronomy as
a first step on the cosmic distance ladder and as a text case
for theoretical models of stellar interiors [23].

2. BASIC FORMULATIONS

In this section, the basic equations governing the deter-
mination of the velocity ellipsoid will be derived by using
the vectors and matrices analysis.

The components U, ¥ and W (i.e. the system of galactic
space coordinates) can be computed by the transformation
formulae [24]. The direction to the galactic pole in the new
J2000.0 equatorial system is og = 12"51"26°.2755; & =
27°7°41”.704.

U =-0.054875539.X - 0.873437105Y - 0.483834992Z,
V= 0.494109454.X - 0.444829594Y + 0.746982249Z, (1)
W =-0.867666136.X - 0.198076390Y + 0.455983795Z.

where X, Y and Z are the components of the space velocity
along x, y and z axes of a coordinate system whose center is
the Sun, such that the x - axis points towards the point (¢ =
0", §=0"), the y - axis is oriented towards the point (o = 6",
8 =0") and the z - axis towards the north celestial pole at
definite epoch.

According to the well known formulae [25], we have:

X =-4.738d[3 cosdsina—4.738d 3, sindcosa +V, cosdcosa
Y= 4.738df, cosdcosa—4.738dB;sindsino +V cosdsine (2)
Z= +4.738dB; cos 6 +V, sind

From equations (1) and (2) it is clear that the components
of the space velocity U;, ¥; and W; of the i”. stars of a group
could be obtained from observed quantities (i.e. &, 6, Uy,

Ug,...etc.)
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Now, the coordinates of the i star with respect to axes

parallel to the original axes, but shifted to the center of the
distribution, i.e. to the point U, V and W, will be

(Ul —E); (Vi—;); (VV,.—W) , where the components

U, ¥ and W of the mean velocity are defined as:

U=1Yu. v=Ltsy. w-l
N i=1 a N i=1 ” N

i

M=

W, (3)

i

With N being the total number of the stars.

In order to study the distribution of the residual velocities
(U,- —5); (V‘ —;); (WI —W); i=12,3,..,N of the group of
stars, let us take an arbitrary axis & (say) drawn through the
center of the distribution and let its zero point coincide with
the center of the distribution. Let, further, /, m and n be the
direction cosines of the & axis with respect to the shifted

ones. Then, the coordinates Q; of the point i, with respect to
the & - axis are given by:

Q,.:I(Ui—5)+m(Vi—I7)+n(Wi—W). 4)

The scatter components Q; as a generalization of the
mean square deviation can be defined by

2 _ iN 2
o= N;g (5)

From Equations (3), (4) and (5), we deduce after some
calculations that
2 T
0 =x Bx (6)
where x is the (3 x 1) direction cosines vector and B is (3 X
3) symmetric matrix ;.
where

1 N 5 —\2 1 N _
Hy, =N§1Ui _(U) S =ﬁzUiVi_UV;

i=1

DN TS YA () PR )
Hy = N& T P M = NS ! ’

| & —— RN v\
Hy = LV VW, o=y 27 ()

i i=1

U; are the matrix elements. The necessary conditions for
an extremum are now

(B-2I)x=0 (8)

This is called the eigenvalue problem for the velocity el-
lipsoid. There are three homogenous equations in three un-
knowns having a nontrivial solution if and only if

D(2)=|B-21]=0 ©)

Where A is eigenvalue of the above equations, and x and B
are given as:
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/
X=|m
n
and
‘LL]] u]Z “]3
B=‘LL]2 #22 “23
‘LL]3 ‘u23 H33

Equation (9) is the characteristic equation for the matrix
B. Then the required roots (i.e. eigenvalues)

1
! k
A =2p? cos%—?‘;
1
! k
A, =-p° {COS%‘F 3sin%}—?1; (10)

1

- k
A =-p? {cos%— ﬁsin%}—?.
where

kl = —(,LL“ T Uy, + ,LL33),
Jey = By 1 B+ b, = (00, + ]+ 122 ) (11)
k3 = /“llzzl“t33 + /“l123'u22 + u;u“ Ty 2”12”131“23'

1,1 1 1
a=3k-gk r=g(k1k2 —3k3)—Ek13 (12)
p: —q3 (13)
X = pZ — ]"2 (14)
and
¢=tan"' [£] (15)
r

3. VELOCITY ELLIPSOID PARAMETERS (VEPS)

Depending on the matrix that controls the eigenvalue
problem [Equation (8)] for the velocity ellipsoid, [11] estab-
lished analytical expressions of some parameters for the cor-
relation studies in terms of the matrix elements p; of the
eigenvalue problem for the velocity ellipsoid. The impor-
tance of these expressions in terms of matrix elements is due
to fact that the parameters become by means of Equations
(1), (2), (5) and (6), measurable variables from direct obser-
vational quantities. This result saves a great deal of analyti-
cal efforts usually needed for the solution of the parameters.

If there exist correlations between the physical and kine-
matical properties (e.g. &, 6, B, Bs...etc.) of a given group
of stars, then these parameters which are functions of the
matrix elements (of these functions are, for example VEPs)
of the eigenvalue problem for the velocity ellipsoid disclose
definite trends with the physical properties. In what follows,
the parameters will be treated separately.
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Table 1. VEPs for F-Type (6750 K°) Hyades Stars
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VEPs
(8,;,%) -41.8998703+2.33119312 -19.4813257+0.799149427 -0.94087471+1.68027343
(0,.0,.0,) 45.9042+0.0391 1.152460.00032 1.649545+0.000355
M, Aoy A5) 2107.2+3.59 1.328165+0.000735 2.720995+0.001175
(L, b, ) 0.906921+0.000026 0.410995+0.0002565 -0.09607415+0.00085025
(my, my, ms) 0.420775+0.000084 -0.893312+0.000062 0.15793+0.000575
(n1, na, n3) 0.0210415+0.000558 0.1836555+0.0008755 0.9827645+0.0001755
(Ly, Ly, L3) 24.8894+0.005 65.3359+0.0121 57.6871+0.1324
(B1, By, B3) 1.20568+0.03198 10.58275+0.05105 79.34715+0.05445
(M, H, E) 7615.225+5.465 2111.2543.59 365.5365+0.1315
-1 .
e The H and M Parameters L. =tan (—m,-/l,-)il =123 (23)
The H parameter is defined as the sum of the eigen val- o .
Ai= : : B =sin (I’l)l =123 (24)
ues A; ;i =1, 2, 3 of the eigen value problem. According to i i
the theory of matrices, the /4 parameter is then the trace of
the matrix. i.e e The E Parameter
,1.e.
H =l i+ i (16) This represents the volume of the ellipsoid, i.e.
while, M parameter is defined as the product of the eigenval- E= 4 76,0,0, (25)
ues A; ; i = 1, 2, 3 of the eigenvalue problem to the well 3

known relation between the product of the eigenvalues and
the constants term of the characteristic equation, i.e.

M= 2#]2”131“23 Ty — [.L;/.L” - 'u|23‘u22 - :ulzzluss 7)
e Theo;i=1,2,3 Parameters

The 6;; i = 1, 2, 3 parameters are defined as
o, =% (18)

e The [, m; and n; Parameters

The I, m; and n; are the direction cosines for eigenvalue
problem. We then have the following expressions for /;, m;
and n; as

l[ = |:‘u22‘u33 _O-iz (luzz + Uy, _O-?)_“§3:|/D[ ;1=123 (19

m, = [/“lzyuw ~Hp Myt O-,-Z/“llz :I/Dz =123 (20)
n = ':nulznuﬂ —H M, O-,-znum :I/Dz =123 1)
where
D,Z = ,ugg!ln’#; ’ (s lyy — Hyp My ’ M My — HysHy, ’

(ot 1) +( o ) )

+ 2[('“22 + ;133)(,[1223 ~ Hyphys ) TH, ('uzxﬂu My ) THy ('ulz'uzl s, ):IO‘
+ (#323 + 4#22#33 + ”222 - 2“:23 + ﬂlzz + #123)0—,4 - 2(”22 + yzx)o-? + O-,x'

i

The L; and B; Parameters

Let L; and B; ; i = 1, 2, 3 be the galactic longitude and the
galactic latitude of the directions which correspond to the
extreme values of the dispersion, then

4. COMPUTATIONAL ALGORITHM

e Purpose
1. To compute the components of the galactic space ve-
locity, U, V and W.
2. To compute mean galactic space velocity, U, V and
w.
3. To compute the matrix elements, 1.
4. To compute the VEPs (ie. 0, ﬂ.i, li, m, n, L, and
B) Vi=1,2,3.
5. To compute the VEPs, (i.e. M, H and E).
e Input Data

For Hyades open clusters, we can compute the compo-
nents of the galactic space velocities (U;, Vi, W), i =1, 2,...,
N; (N = 197). The stars of this cluster have spectral classes
(4, F, G, K and M). We ignore stars of spectral types 4 and
M, since they are few (20 and 7, respectively) to be statisti-
cally treated.

o Numerical Results

For Hyades open cluster, the VEPs (i.e. 6,, A, i, m;, n;
...etc.) were computed for spectral types (F=64 stars, G=47
stars, and K=52 stars). The results are shown in
the Tables (1-3). All of these calculations were carried out by
constructing a special program with the aid of Mathematica
software version 5.1.
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Table 2. VEPs for G-Type (5500 K°) Hyades Stars
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VEPs

(5,?,%) -42.397£1.7723 -19.2734£1.7372 -1.5082:1.7981
(0,.0,.0,) 46.12765+0.04815 0.982334+2.19x10™ 2.065615+2.5x10°
(4. 4,.4,) 2127.76+4.44 0.9649805+4.305x10™ 4.26677+1.1x10*

(4.1,.1,) 0.909973+1.24x10™* 0.311689+3.16x10™ -0.2734935+7.735%10"
(my.m,.m,) 0.4133835+2.095x10™ -0.733728+2.4x10° 0.539219+1.93x10™
(n,.m,.n,) 0.03260125+8.0485x10™ 0.6037325+1.345x10™ 0.7965195+1.345x10™
(£,.L,.L,) -24.4314+0.0139 66.9841£0.0216 63.10575+0.07365
(B.8,.8) 1.868245+0.046145 37.13765+9.65x10° 52.79905+0.01275
(M.H.E) 8760.725+14.145 2132.99+4.44 392.0655+0.3165

Table 3. VEPs for K-Type (4250 K°) Hyades Stars
VEPs

(5,?,%) -42 88714156 -19.353+0.6964 -1.463£1.151
(0,.0,.0,) 46.6337+0.0313 1.012845+9.5x10° 1.14072543.75x10*
(4. 2,.4,) 2174.7095+2.9105 1.025855+1.85x10° 1.302145+4.5x10°

(4.1,.1,) 0.9112115+2.25x10° 0.364682+1.27x10™ -0.191573+1.36x10"
(my.m,.m, ) 0.4107375+1.45x10° -0.76885+3.87x10™ 0.4900645+5.955x10™
(n,.m,.n,) 0.0314265+4.581x10™ -0.5252385+4.785x10™ -0.850374+3.12x10"
(£,.L,.L,) -24.26395+1.25x107 64.624+0.0189 68.6487+0.0374
(B.8,.8) 1.8009:0.02626 -31.6843+0.0322 -58.2524+0.034
(M.H.E) 2902.99+2.52 2177.032.92 225.6895+0.0975

The  Hyades  mean

velocity ie. (U, V,W) =

(—20,—12,—2) kms™ was computed by [20]. All of these

calculations were carried out relative to the Local Standard

of Rest (LSR), adopting the standard solar motion
(U, Vs, ) =(10,5.25,7.17) km s~ from [2]. An accu-
rate estimate of the LSR, i.e.
(U VW, ) = (7.5+1.0,13.5£0.3,6.8+0.1) km 5™ was

computed by. Recently [21], derived two of the solar motion
components as (U M): (10.91L 1.0,7.2+ 1.3) kms™.

sun’" " s

5. CONCLUSION

Summarizingly, in the present paper we expressed the ga-
lactic space velocity components (in closed analytical forms)
in terms of the equatorial coordinates. Expressions for the
velocity ellipsoid parameters VEPs in closed analytical
forms with aid of the vectors and matrices analyses were also
represented. We developed a general computational algo-
rithm for the basic parameters from the exact solutions of the
equations. Various calculations of the ellipsoid parameters
with the effective temperature (spectral type) were presented,
which indicate small variation in these parameters. So, we
recommend, using more astrometric observations for many

open clusters, which will help our understanding of these
variations. This will be done in the near future.
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