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Abstract: In this paper, a new phase difference measurement method is proposed for non-integer number of signal peri-
ods based on multiple cross-correlations, which is derived from the error analysis of the correlation method. Firstly, three-
segment signals with the same center frequency are chosen. Then, the Hilbert transformation is conducted on the selected
three-segment signals to make it have 90 degree phase shift. And then, the correlation functions of the selected three sig-
nals and its phase shifted signals are computed respectively. Certain properties of correlation and sine functions are adopt-
ed to obtain the computational formula of phase difference. Theory analyses show that the measurement accuracy of the
proposed method is not affected by whether the signal is in integer periods or not, even if the frequency is unknown. Sim-
ulations and comparisons are presented to validate the effectiveness of the proposed method.
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1. INTRODUCTION

Estimation of the phase difference between two noisy
versions of the same signal received at two spatially separat-
ed sensors has attracted considerable attention in fault diag-
nosis, direction finding, electric power calibration, source
localization and other fields [1-10].

In the past three decades, lots of phase difference meas-
urement methods have been proposed to provide good per-
formance [5-10]. Generalized cross correlator (GCC) [5] is a
conventional approach to estimate the phase difference by
locating the cross correlation peak of the filtered version of
two received signals, and it has been proved that optimum
performance can be attained when the signals and noises are
Gaussian distributed. However, it shows bias if the correla-
tion length is not in an integer number of period.

In [6], a quadrature delay estimator (QDE) has been pro-
posed for phase difference estimation based on cross-
correlation method. The technique utilizes the in-phase and
quadrature-phase components of one of the receiver output
and provides a high-resolution phase-shift estimate. The
QDE improves the accuracy of phase difference measure-
ment in high SNR, but it also causes a bias in estimation
when calculation with a non-integer number of signal peri-
ods. In [7] and [8], a modified method that utilizes all in-
phase and quadrature-phase components of the received sig-
nals is presented, called the unbiased QDE (UQDE). The ad-
vantage of UQDE is that it shows no bias, even if the correla-
tion length is not in an integer number of period. However,

1874-4443/15

both QDE and UQDE show bias if the introduced phase de-
lay is not exactly m/2, and if the frequency of the signal is
unknown, the methods will become invalid. In [9], the au-
thors present a new method by applying the idea of data ex-
tension to make the data length equal or close to integer pe-
riods. This method improves the precision of correlation
method evidently, but it fails to work if the frequency is un-
known. In [10], a new method based on double correlation is
proposed. This method improves the accuracy of phase dif-
ference measurement in low SNR, and it works even if the
frequency is unknown. However, the disadvantage of this
method is that it shows significant bias, if the correlation
length is not in an integer number of period.

As is known for correlation methods, the whole data
length is usually regarded as the correlation length to calcu-
late the phase difference, which will lead correlation meth-
ods fail to work for dynamic phase difference measurement.
If the data length is too long, the computational load of the
correlation methods will increase a lot accordingly. What’s
more, most presented methods require a known frequency
and the correlation length in an integer number of period.
Based on the above analysis, it is important to propose a new
method to overcome these problems and make it universali-
ty.

In this paper, a new method is proposed to remove the
bias for unknown frequency under the non-integer number of
signal periods. We firstly choose three-segment signals
which have the same center frequency. Then, conduct the
Hilbert transformation on the three-segment signals, and then
adopt multiple cross-correlations operation among the sig-
nals. The phase difference is obtained by utilizing the prop-
erties of correlation and sine functions. We remark that the
idea of this method is applicable to deal with other phase
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difference with unknown frequency, and the proposed meth-
od has higher measurement accuracy and stronger anti-
disturbance capability, even if the number of signal periods
is not an integer.

The outline of this paper is organized as follows. Section
2 analyzes the error of correlation method. Then, a new
phase difference measurement method for non-integer num-
ber of signal periods based on multiple cross-correlations is
presented in Section 3. Numerical examples are presented in
Section 4 to corroborate the theoretical development and to
evaluate the performance of the proposed method. Finally,
conclusions are drawn in Section 5.

2. ERROR ANALYSIS OF CORRELATION METHOD

Two real-valued sinusoids x(t) and y(t) without dc

offset may be expressed as:

x(t)=Acos(@x+6,)+N,(t)
y(t)=Bcos(amt+86,)+N,(t) (1)

where A and B are unknown tone amplitudes, @ is the
unknown angular frequency, 6,and 6, are unknown initial
phases, N,(f) and N,(¢) are uncorrelated additive white
Gaussian noise.

Calculate the correlation in the following range
(0,kT+AT), T is the period of vibration signal, and & is a

positive integer. Then, the correlation calculations are given
as

1 kT+AT
KT +AT [} sonioa

R, (0)=

AB _ 2
=—008(6, -0, ) + —————cos(@AT + 6, +6, )sin(@AT)
2 20T +AT)
1 KT+AT
R _(0)= Hx(t)dt
-0 k“zATJO x(0)x(0) .
:A—+A—cos(aAT+201)sin(aAT)
2 20(kT+AT)
1 AT
R, (0)= Ny(t)dt
O == o
BB “
=—+—————cos(@AT +26, )sin(@AT)
2 2@kT +AT)
)

Our goal is to evaluate the phase difference A@ between
these two sinusoids. A@ can be given as:

AG=06,-6 = arccos[ZR”(O)J (0)
VR o \/
(5)

Equation (5) is the expression of the cross-correlation
method. It can be seen from (2) to (4) that if the correlation
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calculation range is not an integer number of period, the re-
sult shows bias. The phase difference calculation error de-
pends on the A7 equal to zero or not.

For discrete-time signals, the integral operation of corre-
lation becomes multiplying and addition operation. The for-
mulas from (2) to (4) can be expressed as:

N
R, =%z =—co(0 -0)+ 220052a)n+9+0) 6)

=0 n(]

1 N- AZ N-1

:— :—+— cos(2am + 26, 7

R.( NZO 2]\% ( ) (7)
1 N-1 BZ N-1

R, ( :N ——+ﬁ200s(2a)n+292) ®)
=0 n=0

We can see from (6) to (8) that if the correlation calcula-
tion is not in one period or integer periods, the result of
cross-correlation method shows bias, and the phase differ-
ence calculation error item has 2 times frequency as the vi-
bration signal. When calculate the correlation in integer peri-
ods, this error part is zero. Thus, the main reason that caused
the phase difference error of cross-correlation method is the
number of signal periods is not in integer periods.

3. PROPOSED METHOD

To improve the precision of phase difference measure-
ment with unknown frequency, and remove the bias under
the non-integer number of signal periods, a new method is
proposed in this paper. The main idea of the proposed meth-
od utilizes the Hilbert transformation and multiple cross-
correlations theory.

Firstly, three-segment signals x(n), y(n)and z(n) with
the same frequency can be expressed as

x(n)=Acos(on+86,)+N,(n)
y(n):Bcos(a)n+02)+N2(n) )
z(n)=Ccos(wn+86,)+ N,(n)

Note that the three-segment signals can be easily ob-

tained from the original signals by using short rectangular
window. Besides, we can also regardx(n), y(n)and z(n)as

three individual signals detected by three transducers.

Then, the Hilbert transformation is conducted on the
three-segment signals x(n)> y(n) and z(n), which aims to

make three-segment signals have 90 degree phase shift, as
follows.

x'(n)=Asin(on +6,)+ N/ (n)
y'(n)=Bsin(an+6,)+ N, (n)
Z’(n)=Csin(mn +6,)+ N;(n)

(10)

And then, cross-correlations are computed between x(n),

y(n),x'(n), y'(n) and z(n), z’(n) respectively, as follows.
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In ideal condition, the noise signal is not correlated to vi-

bration signal, and noise signal is not correlated to each oth-
er. So, (11) can be defined as follows:

Zx(n)z(n) R.. Zx (n)z'(n)

2x<n>z (m:iR. (0 Zx (m)z(n)
Zy (m)2'(n)

Zy (n)z(n)

nO

Zy(n)Z(n) Ry

n 0

Zym)z (n);R,. (0

N-1
R (0)=§cos(e3 —01)+%Zcos(2a)n +6,+6,)

n=0

C N-1
— Zcos(Za)n +6,+6,)
n=0

N-1
) sin(2an +6, +6,)

n=0
N]

ZSln(Za)n +0,+6,)

Reo(0) = cos(6,-6)-

R_(0)= A—zcsin(eg _g)+ A€

AC . AC
R.(0)= —7s1n(493 -6)+— 2N

BC BC (12)
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BC BCE
R.(0)= 7005(03 -6,)+ N ZJCOS(an +6, +6,)
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BC . BC
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According to (12), we obtain

(0)=ACcos(6,-6)
_(0)- R” (0)=ACsin(6,-6))
R, (0)=BCcos(6,-6,)

. (0) - Ryz (0)=BCsin(6, - 6,)

(13)

Utilize the properties of sine functions as follows.

sin6, ~§)=sin(6, ~6)~(6,~6,)]
=sin(6, - 6,)cos(d, - 6 ) cos(6 -6))sin(6,-0,)
— (sz' _Rx'z) . (Ryz +RY~’” ) _ (sz +Rx’z’) . (R,“Z' _Ry'z)
AC BC AC BC

cos(6, - 8) =cos[(6,-6)-(6,-6,)]
—cos(H 6,)cos(8, - 0)+sm(0 6,)sin(6, - 6,)
_(R.+R,) (R.+Ry) (R.-R,) (R.-R.)
A BC AC BC

(14)

(15)
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tan(6, - ) = 2:;(9 ‘9))

(@
(R, ”)(R +R.)-(R.+R.)R.-R.)
(R +R)R, +R ) +(R.~R. )R ~R..)

(16)

X

Therefore, the phase difference A@ can be obtained as

(sz' - Rx'z )(R)'z + Ry'z') - (sz u Rx'z')(Ryz' - Ry'z)

(RY:' + Rx'z')(Ryz + Ry'z') + (sz/ - Rx'z )(Ryz/ - Ry'z)
7

From (17), we conclude that even if the frequency is un-
known, the phase difference of the proposed method can be
obtained in high accuracy, without knowing the amplitudes
of the segment signals. What’s more, the proposed method
shows no bias, even if the number of signal periods is not an
integer.

AG=0, -6, =arctan

The double correlation method presented in [10] can be
obtained as follows
tan—l( xy ( )

R, (0)

From (18), we can see that it works even if the frequency
is unknown. But it shows bias, if the number of signal peri-
ods is not an integer.

AG = (18)

4. SIMULATION RESULTS

In this section, simulation experiments are presented to
ascertain the performance of the proposed method. The pro-
posed method is compared with cross-correlation method
and double correlation method. The performances of the
three methods are evaluated in white Gaussian noise with
zero mean. We use Root Mean Square Error (RMSE) to
evaluate the performance of the three methods, and each
RMSE tests from 100 Monte Carlo trials. In simulations, the
signal frequency and the sampling frequency are set to 100
Hz and 2000 Hz, respectively.

Firstly, we compare the RMSE of the three methods with
respect to the SNR, and the SNR varies from 0 dB to 40 dB.
Fig. (1) shows the RMSE of the three methods under the
integer number of signal periods, such as N=20. While Fig. 2
shows the RMSE of the three methods under the non-integer
number of signal periods, such as N=15.

In Fig. 1, when the number of signal periods is an inte-
ger, the accuracy of the proposed method is superior to
cross-correlation method and double correlation method in
different SNR, especially in low SNR, because the proposed
method adopts the multiple cross-correlations, which mark-
edly decreases the effect of the noises. In Fig. 2, when the
number of signal periods is not an integer, the accuracy of
cross-correlation method and double correlation method
show serious bias, while the accuracy of the proposed meth-
od changes hardly.

From Fig. (1 and 2), we can see that the RMSE curves of
the three methods decrease as SNR increases. The RMSE
curve of the proposed method locates below that of cross-
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Fig. (1). RMSE comparison with different SNR at N=20.
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Fig. (3). RMSE comparison with different correlation length.

correlation method and double correlation method all long,
which indicates that the proposed method has higher meas-
urement accuracy and stronger anti-disturbance capability
than the other two methods in different SNR. Besides, we
can see that cross-correlation method and double correlation
method work well only in an integer number of signal peri-
ods, while the proposed method is not affected by whether
integer periods or not, which indicates that the proposed
method has good universality.

In Fig. (3), we investigate the performance of the three
methods against different correlation length. The SNR is
fixed at 20 dB. The correlation length ranges 10 to 60. As

can be seen, the accuracy of cross-correlation method and
double correlation method are affected by correlation length,
while the proposed method is not. In other words, the pro-
posed method is not affected by whether integer periods or
not, while the other two methods are not.

We can also notice a feature of the proposed method
from (17), that it has no bias for number of samples, includ-
ing being applied to only two samples for each sinusoid.
Thus, the proposed method can be applied to calculate dy-
namic phase difference. This is a peculiarly character which
other correlation methods don’t have. In Fig. 4, we just test



New Phase Difference Measurement Method for Non-Integer Number

The Open Automation and Control Systems Journal, 2015, Volume 7 1541

1.06- i - T

1.04

Phase difference/rad

T T

T
True phase difference
Proposed method

0.98 f v
(o) 500 1000

c c c
1500 2000 2500 3000

Iteration index/n

Fig. (4). Dynamic phase difference estimated by proposed method.

the dynamic performance of the proposed method, for the
other correlation methods cannot track the dynamic phase
difference. The SNR and correlation length are set to 20 dB
and 2, respectively. We can see that the proposed method
works well, and the result validates the dynamic perfor-
mance of the proposed method.

5. CONCLUSIONS

A new phase difference measurement method is present-
ed for non-integer number of signal periods based on multi-
ple cross-correlations in this paper, and the proposed method
has three attractive features. First, if the frequency is un-
known, the proposed method is also effective. Second, the
proposed method shows no bias, even if the number of signal
periods is not an integer. Third, the proposed method can be
applied to calculate dynamic phase difference, for it has no
bias for number of samples, including being applied to only
two samples for each sinusoid. The proposed method has
higher measurement accuracy and stronger anti-disturbance
capability. The simulation results demonstrate the perfor-
mance of the proposed method.
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