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Abstract:

Background:

With the progress of technology and people's awareness of environmental protection, more and more used equipment flows into the
market. But the lessee is most concerned about the functionality and reliability of the equipment, because fault downtime and repair
will lead to the loss of production.

Objective:

In order to solve this problem, we propose a maintenance scheme for the used equipment using fixed failure rate reduction method.

Method:

An efficient enumeration algorithm is given to derive the optimal PM policy.

Results:

In case study, the proposed policy is compared with the performance of other approach through examples.

Conclusions:

Numerical examples illustrate that the proposed maintenance strategy is practical and it can provide effective decision support for
leasing company.

Keywords: Preventive maintenance, Minimal repair, Used equipment, Lease contract.

1. INTRODUCTION

Recycling  and  reusing  of  a  used  equipment  has  significant  potential  for  reducing  environmental  impacts,  and
protects  the  environment  by  preventing  the  used  equipment  from  becoming  waste.  On  the  other  hand,  from  the
perspective  of  the  lessor,  they  can  lease  the  equipment  to  other  lessees  to  obtain  maximum  profits  from  the  used
equipment.  But  the lessee is  most  concerned about  the functionality and reliability of  the equipment,  because fault
downtime and repair will lead to the loss of production. In the lease contract, the lessor incurs a penalty for each failure
that occurs over the lease period or the time to repair the failure exceeds pre-specified time. Therefore, the lessor adopts
preventive maintenance (PM) actions to reduce the failure number and slow down the equipment degradation.

In general, there are two categories for maintenance actions considered in a lease contract: corrective maintenance
(CM) and preventive maintenance (PM). CM means all actions performed to restore an item to a specified condition,
whereas PM is the maintenance that occurs when a system is operating, thereby decreasing the likelihood  of equipment
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failure.  Various  maintenance  policies  have  been  extensively  discussed  in  the  literature  [1  -  5].  For  corrective
maintenance, minimal repair is most commonly adopted to restore failed equipment [6, 7]. After minimal repair, the
equipment is restored in the normal operation. However, the failure rate of the equipment remains unchanged.

To reduce the number of failures and possible penalties within the lease period, most lessors undertake PM actions.
Numerous PM policies have been proposed and studied for different situations, such as finite or infinite horizon [8],
periodic or sequential maintenance [6, 9], and perfect or imperfect maintenance [2]. For the imperfect PM actions, two
methods have been studied [6]: (1) age-reduction method (ARM), in which the degree of PM action is described by the
reduction in the duration of the equipment, and (2) failure rate reduction method (FRRM), in which the failure rate of
the equipment is reduced after each PM action. As to the two methods mentioned, we can find detailed description from
these literatures [10 - 12].

But  all  of  the  above-mentioned  references  are  studied  the  new  equipment.  The  literature  is  scant  about  used
equipment. Chattopadhyay and Murthy [13] proposed a model to estimate the expected warranty cost for second-hand
products sold with free replacements or pro rata warranty policies, but they did not consider PM action. Pongpech,
Murthy  and  Boondiskulchock  [3]  proposed  a  model  for  the  lease  contract  of  used  equipment,  but  there  are  (2k+2)
parameters that need to be selected optimally. Yeh, Lo and Yu [14] (henceforth referred to as policy Y) proposed a
model for second-hand products, but it focused on the maintenance strategies when a user buys a second-hand product.
We present a preventive maintenance policy with failure rate reduction(referred to as policy D). Under our approach,
the PM actions are performed sequentially with a fixed maintenance degree. As we will see later on, the performance of
the proposed maintenance scheme is better than Yeh’s scheme [14], and when the initial duration value is zero, the
model is the same as the maintenance model [15].

The remainder of this paper is organized as follows. The mathematical model is developed in section 2. In section 3,
the optimal PM policy is derived and an efficient algorithm is proposed for Weibull distribution of used equipment. In
section  4,  the  impact  of  providing  preventive  maintenance  is  illustrated  through  numerical  examples,  and  gives  a
comparison with the maintenance scheme of Yeh [14]. Finally, conclusions are drawn in section 5.

2. MATHEMATICAL FORMULATION

Consider that an equipment with Weibull lifetime distribution is leased at age A and intended to be leased for a
period of L. The failure rate function of the Weibull distribution is given by

(1)

Where α is called the scale parameter and β is called the shape parameter. The inverse function of λ(t) is given by

(2)

Note that both λ(t) and its inverse function λ-1(t) increase in t when the shape parameter β > 1, and decrease in t
when β > 1. In this article, we focus on the case where failure rate function λ(t) continuously increases in t and λ-1(t)
exists (i.e. β > 1) within the lease period.

Within the lease period, any failure of the leased equipment is repaired using minimal repair by the lessor with a
fixed repair cost Cm and the lessor incurs a penalty cost Cn (we call penalty 1) for each failure that occurs over the lease
period. After minimal repair, the equipment is operational, but the failure rate of the equipment remains the same as that
just before failure. It is assumed that each failure requires a random amount of repair time t which is subject to a general
cumulative distribution function G(t). Furthermore, if the repair time exceeds a pre-specified time limit τ, there is a
penalty cost Cτ (we call penalty 2) to the lessor.

To reduce the number of possible failures over the lease period, n PM actions are carried out at time epoch ti, where
A=tO < t1 < t2 < ... < tn < L + A. After the PM actions, the failure rate of the equipment is reduced by a fixed amount δ ≥
0. In general, the cost to perform a PM action is a non-negative and non-decreasing function of the maintenance degree
δ. In this paper, we consider the case where the PM cost Cp (δ) is a linearly increasing function of the maintenance
degree δ; that is, Cp (δ)= a+b (δ) for any a > 0, b > 0. It is assumed that the time required for performing PM actions is
negligible. After the ith PM action, the PM failure intensity becomes λ0 (ti-A)-iδ for all i=1,2,...,n as shown in Fig. (1).
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Fig. (1). Optimal PM policy under fixed failure rate reduction.

The expected number of failures over the lease period, with the proposed PM actions, is given by

(3)

Define , then Eq. (3) is equivalent to

(4)

Where  denotes the vector of time epochs to perform PM actions.

The expected total cost within the lease period L including minimal repair cost, penalty cost, and PM cost which can
be easily obtained as follows:

(5)

Define , and substitute (4) into (5), then (5) can be rewritten as

(6)

Note that there are n=3 decision variables including the number of PM actions n, PM degree δ, and the time epochs
ti. Hence, our objective here is to find an optimal PM policy  such that the expected total cost in Eq. (6) is
minimized.

3. OPTIMAL PM POLICY

Now we will give a theorem that shows the relationship between the optimal time epoch  and the inverse failure

rate function  in Eq. (2).

Theorem 1. Given any n > 0 and δ > 0, if λO(t) is a strictly increasing function of t when β > 1, then 
.

Proof.

Given any n > 0 and δ > 0, we have , for all i=1,2,...,n. This result indicates that  is

an increasing function of δ, and implies that to minimize  is equivalent to minimize , since  Cp(δ), L and C´

are all constants. Therefore, ti should take the minimum value which is subject to the constraint λ (ti-A)-iδ ≥ 0 for all

i=1,2,...,n. Since λ0  (t) is a strictly increasing function of t, we obtain . Hence, the minimal value of
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 is obtained at  for all i=1,2,...,n.

Theorem 1 shows that optimal value of  is that , with this, the objective function becomes

(7)

There are only two decision variables n and δ to be determined. In order to find the optimal value of n* and δ*, we
suppose that n is given and we find the optimal value δ*. After we find the optimal value δ*, the value n can be obtained
by any search method directly.

In Eq. (7), if  is an  increasing function,  there  is  no need to perform PM
actions. Therefore, we will focus on the  situation  that . Given any n > 0, the theorem below
shows that  if  it  satisfies  some reasonable  conditions,  there  exists  a  unique closed-form solution of  δ*  such that  the
expected total cost is minimized.

Theorem 2. Given any n > 0, if the failure intensity function is subject to Weibull distribution, then the following
results hold:

(1) If , then δ*=0;

(2) If ,  and , then  there exists
 

.

Proof.
Given any n > 0, the first and second partial derivatives of Eq. (7) with respect to δ, we have

(8)

(9)

We know that the inverse function  is strictly increasing in (iδ), so  for all i. Hence, when

, Eq. (8) is positive for all δ which implies that  is strictly increasing function of δ for any
n > 0. In this case, the optimal maintenance degree δ* is zero.

On the other  hand,  if  ,  we obtain   and .  When

, then Eq. (9) is positive for all δ. In this case, Eq. (8) is a strictly increasing function of δ and

changes  its  sign  at  most  once  from  negative  to  positive.  Therefore,  there  exists  a  unique  δ*  >  0,  such  that

. Furthermore, given any n > 0, there is an upper bound of δ, which is . Hence, if

, then ; otherwise, 

For the Weibull case with any n > 0, Eq. (7) becomes

(10)
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where . We take the first derivative of Eq. (10) with respect to δ we obtain

(11)

If  ,  from the  derivation  above,  we  know that  Eq.  (10)  is  positive.  Hence,  the  PM action  is  not

necessary. When , and , let Eq. (11) equal to zero, we obtain the optimal δ:

Using the result of theorem 2 above, the optimal maintenance degree δ* can be obtained easily. Now, there is only
one  decision  variable  n  which  represents  the  optimal  number  of  the  PM  actions  within  the  leased  period  to  be
determined. In order to find the optimal expected total cost, we use enumeration algorithm. Without loss of generality,
we may set  or any other large number and search the optimal value of n from 0 to . The following algorithm
provides an efficient search procedure for deriving the optimal policy .

Step 1: if , then , and stop.

Step 2: set  or any large number, and n=1.

step 3: , such that we obtain .

Step 4: if , then set , and 

Step 5: if , then stop; otherwise, set n=n+1 and go to step 3.

4. NUMERICAL EXAMPLES

In this section, the performance of the proposed optimal PM policy is evaluated through numerical examples.

4.1. Numerical Results Under Fixed Failure Rate Reduction

We assume that the failure distribution for the used equipment(for example: used cars, used computers) is given by
the two-parameter Weibull distribution with scale parameter α=1 and the shape parameter β > 1 which implies that the
failure rate is increasing. We suppose that repair time t is subject to a two-parameter Weibull distribution (2,0.5). If the
repair  time exceeds  τ=2,  then there  is  a  penalty  cost  Cτ  =  300per  unit  time to  the  lessor.  Then,  we obtain  the  total
expected cost to the lessor at each failure is ,  and  the  cost for performing a
PM action with maintenance degree δ is a linear function Cp(δ)=100+50δ. We consider used equipment with age A is
planned to be leased for a period of L = 3 years. To evaluate the performance of the proposed optimal PM policy, we
use  C0  denoted  the  expected  total  cost  without  PM  actions,  and  define   to  denote  the
percentage of cost reduction, where C* denotes the optimal expected total cost. (Table 1) summarizes the numerical
results for various combinations of β,A,Cn,Cτ.

From (Table 1), we make some interesting observations:

When A=0, the results are the same as the maintenance model [15], the model in this paper degenerates to the1.
model in their paper.
As A increases, C0 and C* increase, but the percentage of cost reduction  decreases. This result implies that2.
the PM actions have little impact on the expected cost with the duration of the used equipment increasing.
As β increases, both the optimal number of PM actions n* and the optimal maintenance degree δ* increase.3.
As  penalty  1  increases,  the  optimal  expected  total  cost  C*  increases,  the  optimal  number  of  PM  actions  n*4.
increases, and the percentage of cost reduction  also increases which implies that there is a significant impact
in the PM actions on the expected cost when the lease period is relatively long. The situations of penalty 2,
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penalty 1 and penalty 2 combined are similar to penalty 1.

4.2. Comparisons

In this  section,  the performance of  the optimal  policies  in this  paper is  compared with the model  I  in Yeh [14]
(policy Y).

We consider that used equipment will be leased at age A for a lease period L=5. We assume the each minimal repair
cost  Cm=100,  Cn=Cτ=0,  and  the  cost  for  performing  a  PM  action  with  maintenance  degree  δ  is  a  linear  function
Cp(δ)=100+50 δ. With loss of generality, we suppose α = 1. In comparison with the results of Yeh’s policy [13], we set

.

Table 1. Numerical results for various combinations of β,A,Cn,Cτ.

β A Cn Cτ CO n* C* δ*

2 0 0 0 900.00 2 683.33 1.6667 24.07
0 300 1996.22 3 1015.60 1.3873 49.1

200 0 2700.00 4 1173.33 1.1333 56.54
200 300 3796.22 5 1377.76 0.9605 63.7

0.5 0 0 1200.00 2 1000.00 1.3333 16.67
0 300 2661.62 3 1722.59 1.1373 35.28

200 0 3600.00 4 2133.33 0.9333 40.74
200 300 5061.62 5 2731.04 0.7938 46.04

1.05 0 0 1530.0 1 1372.62 1.4500 10.29
0 300 3393.57 3 2596.35 0.8623 23.49

200 0 4590.0 4 3327.93 0.7133 27.50
200 300 6453.57 5 4422.6 0.6105 31.47

2.4 0 0 0 1396.66 2 1022.0 2.7584 26.82
0 300 3097.82 4 1503.41 1.9445 51.47

200 0 4189.98 5 1722.56 1.6757 58.89
200 300 5891.14 7 2004.04 1.2940 65.98

0.5 0 0 2002.97 2 1664.77 2.0183 16.88
0 300 4442.62 4 2951.57 1.4723 33.56

200 0 6008.91 5 3689.12 1.2769 38.60
200 300 8448.56 6 4781.84 1.1298 43.40

1.05 0 0 2757.64 2 2531.99 1.2866 8.18
0 300 6116.50 4 4948.56 0.9993 19.09

200 0 8272.93 5 6415.74 0.8764 22.45
200 300 11631.8 6 8642.53 0.7822 25.70

Table 2. Numerical results among different maintenance scheme.

β A C(0,0) Policy Y Policy D
n* M* n* M*

1.2 0 689.86 0 689.86 - 1 365.02 47.09
0.06 696.39 0 696.39 - 1 371.56 46.64
0.50 729.92 0 729.92 - 1 405.75 44.41
1.05 761.14 0 761.14 - 1 439.49 42.26

1.9 0 2128.35 3 1259.69 40.81 3 1107.11 47.98
0.06 2176.66 3 1307.04 39.95 3 1155.63 46.90
0.40 2445.94 3 1588.06 35.07 3 1433.68 41.39
0.80 2756.27 3 1913.47 30.58 3 1771.20 35.74

(Table 2) lists and compares the two policies. From (Table 2), we make the following observations:

(1) When β = 1.2, there is no need to perform PM actions for policy Y, policy D has better performance at this time.
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(2) When β = 1.2 and A with different values, the optimal number of PM actions n* is the same between the two
policies, but policy D also has better performance than policy Y.

CONCLUSION

Under  the  failure  rate  reduction  method,  we propose  a  maintenance  scheme for  used  equipment  and derive  the
optimal PM policy for used equipment.  From the numerical examples, we find that the performance of the optimal
policy with fixed maintenance degree is better than the periodical policy with fixed maintenance interval, and when the
initial value of the duration is zero, the model is degenerated to the form of Yeh’s [14].

The proposed model can be extended in several ways, such as the cost of minimal repair increase with duration of
equipment, non-linear maintenance cost, time-dependent penalty cost, or various penalty schemes. We are currently
interested in some of these topics.
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