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Abstract: This paper focuses on the pricing of CSI 300 index-linked structured products with barrier option attached to
call option. “Huiying No0.198 of Huaxia Bank™ was characterized by one index linked & multiple observations, and priced
by means of the martingale theory. The pricing formula of barrier option attached to call option was simplified by Girsano
conversion of P and R measures. The option price was calculated through conversion application of Girsanov Lemmas.
The result demonstrates that the theoretical premium rate of Huiying No.198 is 1.4% and martingale theory provides a

concise and straightforward method.
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1. INTRODUCTION

Under inflation and low interest rates on deposits, the ac-
tual rate of return for investors is negative. While the stock
market is high-risk, investors invest in structured products
[1] in order to obtain a high return while bearing a relatively
low risk. The research of pricing of structured products
would help investors choose the right structured products,
help issuers price structured products and be conducive to
national regulation of structured products.

Chen and Sears [2] decomposed spin (standard & Poor's
500 index Subordinated note) into bonds and European call
option, and put forward the pricing model: the theoretical
value of spin = zero coupon bond value + (the value of S &
P500 index option x multiplier). Chen and Kensinger [3]
proposed a payoff formula of MICDs (Market-Index Certifi-
cates of Deposits): 1+ min{K, max[1, 6(S;/S, — 1]},
and the value equation of MICDs was derived from decom-
position technique and the maximum and minimum optimi-
zation model, the pricing and hedging studies were conduct-
ed, empirical studies showed that some SPs were overpriced.
Finnerty [4] decomposed sign into zero coupon bonds and
European calls, and drew the following model: the theoreti-
cal value of sign = zero coupon bond’s value + call option’s
value + tax deferred income + transaction costs and the value
of innovation. Pavel a. Stoimenov, Sascha Wilkens [5] stud-
ied equity-linked SPs in Germany, the result demonstrated
that equity-linked SPs in the German primary market were
overpriced, and the theoretical price were the same as the
transaction price at the mature and perfect.

German secondary market. Diethelm and Wallmeier [6]
priced convertible bonds with multiple assets, the result was
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that 468 multi-asset reverse convertible bonds with knock-
out feature in Switzerland averaged the premium rate of at
least 3.4%. Renmin and Chen Jinlong [7] analysed the struc-
ture of equity-linked guaranteed structured financial products
of foreign exchange, and priced it by means of the Black-
Scholes option pricing method.Chen Jinlong, Renmin [8]
studied the single asset equity-linked guaranteed structured
financial products with hypothesis of "without limit of return
rate” and “limit of return rate” and “proportional transaction
costs ”, and obtained the formula with the impact of ex-
change rate and without the impact of exchange rate, and
priced “CITIC CSI 300 index-linked No. 1 financial prod-
ucts of RMB”. The result demonstrated that the yield design
was reasonable. Chen Jinlong, Renmin [9] priced the multi-
ple assets equity-linked guaranteed structured financial
products —“Shenzhen bank Yingfeng 0706 by means of the
Monte Carlo method, pointed out the revenue function im-
portant, and released the relationship between assets by
means of Cholesky decomposition method. The result
demonstrated that the price of SPs was high, while the actual
rate was low. Guan Chang [10] priced one kind of converti-
ble bonds by means of Martingale theory. Tian Hui [11]
priced “Huaxia bank Hui ying No. 1” by means of Cholesky
decomposition method and the Monte Carlo method.

This paper would make use of martingale theory to price
“Huiying No. 198 of Huaxia Bank” which was characterized
by CSI 300 index linked & multiple observations. Conver-
sion of P,Q and R measures simplified the pricing formula of
barrier option attached to call option. The option price was
calculated by conversion application of Girsanov Lemmas
and MATLAB 2013.

2. METHODS

The martingale theory as a main basis of option pricing.
provides a simple and easy method to understand the pricing
of derivatives. In financial analysis, expected values usually
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are represented by the process of price movement, and mar-
tingale is used to define conditional mathematical expecta-
tion, so martingale and other mathematical concepts could
describe the characteristics of price process of the financial
assets.

Martingale quickly became one of the frontier research in
financial economics. In the 1970s, Strasbourg (France), im-
proved Brownian motion stochastic integral into the semi-
martingale stochastic integrals and promoted the martingale
theory and stochastic process in option pricing. Martingale
theory into a financial option pricing model was solved. Har-
rison in collaboration with Pliska and Kreps respectively,
published two articles about the theory of martingale into
option pricing. These two articles laid a solid foundation to
apply martingale theory into option pricing and provided a
new idea and a new method for option pricing model

2.1. Girsanov Theorem [12]
Let (2, F, P)be a probability space, if 8y<,<r is an ad-
aptation process to meet fot 0% ds < c,and L, is a martingale
t 1t
L, = exp (— J, Bsaws — Efo 02 ds) )

Among them, {WF, 0<t<T} is the standard one-
dimensional probability space of the Brown movement, and
then let

dQ =L, 2
Then under the probability measure Q, defined
Wt* = Wt + fot 95 dS (3)

The random process(W;)y<t<r IS an standard Brown
movement within (2, F,, P!), and

EQ(IA) = EP(LtIA) (4)

For VA € F are established. Among them, E is the ex-
pectation under P measure, E? is the expectation under Q
measure, I is an indicator function.

2.2. The Conversion Application of Girsanov Theorem

Let (2, F, P) is a probability space, F is o-algbra
which is composed of some subset of 2, (W, 0<t<T}
is the probability space of one dimensional standard Browni-
an motion, F; is a natural c-algebra which is generated by
W . The price of the underlying asset is as follow:

Among them, S, represents the stock price at time t; u is
expected stock return; o is volatility;u and o are constant;
dw}F is a Brownian motion moment increment at time t un-
der the probability measure P.

dins, = (1 —30%) dt + odW? (6)
Sy = Spexp (u - %az) dt + cAWF )

Among them, AWF = WF — W obeys normal distribu-
tion N(0, T), WF is Brownian motion value at time T under
P measure. W{ is the initial value.
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2.3. The First Conversion of P measure and Q measure

The definition of Q measure, meet
aQ _ T u-r P 1 pt fu-r 2
f= e (- I awd =317 () ) ®)

— _\2
Letr = exp (= [T Zawd — 25 () aw),

Among them, r is the risk-free interest rate, Q is the
equivalent martingale measure of P through the Girsanov
theorem, and the definition is as follow:

W2 =WE+ [[Edu=wf + 52t (0 <t <T) 9)

The random process (W) _,_. is the standard Brown

movement within (2, F, P).And
EQ(IA) = EP(fTIA) (10)

For VA € F is established. Among them, E¥ is the expec-
tation under P measure, E€ is the expectation under Q meas-
ure, | is an indicator function.

Obviously, relationship between the establishment of the
following:

dW? = dW + == dt (11)
Substitute (11) into (5):

dS, = rSdt + aS,dw,? (12)
By (12), according to Ito theorem,

Sy = Spexp [(r - %02) dt + O’AWTQ] (13)
Among them, AW, = W,° — W,? obeys normal distribu-

tion N(0, T).

Because (12) is independent with the expected rate of re-
turn which has nothing to do with the risk preferences of
investors, so that Q is risk neutral measure. (1) and (12)
shows that: the expected rate of instant reward p is replaced
by risk-fee interest rate r based on the risk neutral. The vola-
tility o of stock is not affected by the transition of probability
measure.

2.4. The Second Conversion of Q measure and R measure

Q measure can be converted into R measure by Girsanov
theorem. Let,

dR T 1t

= exp (fo o dW? =)y o? du) = exp (O'AVVSQ -
L0t
Let, &y =exp (O‘AVVSQ - %azt) Wk = WtQ + fotadu =
WS +5=2t(0<e<T) (14)

By Girsanov's theorem, R is a probability measure, sto-
chastic process (W) o<c<r is a standard Brown movement
under (Q, Fr, R).And

ER(IA) = EQ({TIA) (15)
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For VA € F is established. Among them, E€ is the ex-
pectation under Q measure, E® is the expectation under R
measure, | is indicator function. By (4) - easy to get:

dWR = dWS? — odt (16)
Substitute (16) into (17)
dS, = rS,dt + S, dW,? (17)

By (17), according to Ito theorem, thus,
Sr = Spexp [(r + %02) dt + UAWTR] (18)
Among them, AWE = WE — WL obeys normal distribu-
tion N(O, T).

Obviously, the volatility o of stock was not affected by
the transition from Q measure to R measure.

2.5. The Conversion Application of Girsanov Lemma 1

< 2
let Y = lnsi, p=r—q-— "7 y is the value of barrier.
_ 0
S = max (S), u is the cumulative normal distribution expec-
tation, g is the premium rate.

The distribution function of Y is:

<) =N () (ZE)

2.6. The Conversion Application of Girsanov Lemma 2

c 2
letX =3Iy =2 u=r—q—2=, yis the value of
_ So So 2
barrier. S = max (S), u is the cumulative normal distribu-
tion expectation, g is the premium rate.

The distribution function of X & Y is:

P[X<x, Y<yl=N (%) — 2w/ (%) (20)

3. EMPIRICAL TESTS

3.1. Basic Terms of ""Huaxia Bank Hui Ying No.198" In-
dex-linked Guaranteed SPs Introduction

Table 1. Basic terms of ""HuiYing No0.198".

RMB Denominated Notes, with Guaranteed

Huiying No.198 Profit Limit

Si-liang et al.

Table 1. Contd......

Huiying N0.198

RMB Denominated Notes, with Guaranteed
Profit Limit

Date of establishment

May 14", 2015

Expiry date

May 10", 2016

(Sy) Stock refer-
ence price

The closing price of the date of the establish-
ment (will be postponed to the next trading day
in the case of the stock suspension)

The final price

From the date of the closing price on the expiry

date
Barrier price 125%xS,
Participation rate 25%

Trading day

Effective trading day of the provisions of the
Shanghai Stock Exchange

Observation period

May 14™, 2015 to May 6™, 2016, each trading
day from the establishment date to the settle-
ment date
including. two days of the end

Guaranteed rate

100%

The principal and
interest payment

Customers can not be paid in advance.

Yield to maturity

Case 1: if the stock price index in the observa-
tion period has never been greater barrier price;
the expected annual revenue rate (annual) =
2.00% + max (the final price / initial price -
100%, 0) * participation rate. The participation
rate =25%;

Case2: if the stock price index in the observa-
tion period was greater than the barrier price;
the expected annualized rate of return=3.80%.
The safety of principal, investment income
depends on the underlying performance in the
future. According to the analysis of the yield,
the best case scenario: investors can obtain the
highest expected annual return rate 8.25%; the
worst case: investors receive expected annual
return rate is only 2.00%.

3.2. Case Analysis

Because Huiying N0.198 SPs linked to the stock index

Issuer

Huaxia Bank

The date of issue

From May 7", 2015 to May 12", 2015 (inclu-
sive)

The investment period

On May 14", 2015 —-May 6", 2016

Investment currency

RMB

As the starting point for the amount of 50000

Par value RMB, per 1000 RMB increase
Underlying Index CSI 300 index
Issued price 100%

and contained barrier option, the paper could price it by
means of decomposition method and martingale theory. The
theoretical value would be reached using MATLAB 2013.

Assuming that investors invested 50000RMB to buy the
SPs on May 14™ 2015, which was the minimum investment,
therefore, 50000RMB was the sales price of commercial
banks. The theoretical price of the SPs would be analyzed in
the following.

According to the SPs’ specifications, the guaranteed rate
was 100%, the minimum of return rate was 2%. so the issuer
invests in bond or other short-term assets of good security to
receive 102%xprincipal on the expiry date.
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Fig. (1). CSI 300 index from May 14", 2014 to May 6", 2015.

The return of floating portion of the SPs was decided by
option pricing. Because the underlying index was CSI 300
index, the derivative was the barrier option [13], the paper
could price the SPs by means of martingale theory and
MATLAB 2013. Fig. (1) shows CSI 300 index from May
14™, 2014 to May 6", 2015.

The initial value of CSI 300 index was S,. The trigger
event occured when S; = mxS,,. Set this trigger event B, the
payoff function of the financial products was as follow:
payoff =

Dx(1.02 + 1.8%) ,if max(S;/S,) =m

Dx [1.02 + 25%xmax (Z—T - 1)] ,if max(S;/S,) <m (21)

Among them, D : Principal,t = 5%, y = 0.36%,
m = 1.25,

Thus, investors would get two results from the SPs: if the
event B happened, the investment rate was 2%+1.8%=3.8%,
which is greater than the bank deposit rate. If the event B did
not happen, investors could only ensure safety of initial prin-
cipal and obtain a positive profit 2% and the cap rate was
8.75%. Obviously, by comparing the structure of the SPs and
characteristics of barrier option and call option, this type of
financial product is embedded with a barrier option attached
to call option. So the analysis began from the barrier option
features to be carried out.

The SPs could not be redeemed, and its price was de-
pendent on the path of the underlying index’s trend. SPs’
features were one asset and multi observation periods. It was
difficult to price the SPs by means of the common method.
The paper would decompose the pricing formula of the bar-
rier option attached to call option by means of martingale
theory. Then the sum of barrier option and the discounted
value of the fixed income securities price was the theoretical
price of this financial product

3.3. Pricing of Fixed Income Securities

The revenue of SPs is divided into fixed income and
floating income. There are three types of guaranteed fixed
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type, guaranteed floating type and non-guaranteed type. This
product in the paper was guaranteed floating type, then we
split it into fixed income and floating income. Fixed income
could be used as earnings without risk. Because China's de-
posit interest rate was controlled, and not fully realized the
marketization of interest rate, the one-year deposit interest
rate could be regarded as risk-free interest rate. the research
base was based on the minimum standard of 50000 RMB.

Set the par value of the bonds D, the interest rate r, bond
issuers need to pay a total of n point cash flow to owners.
Issuers need to payA = Dxr interest payments at t =
1,2,...,n—1. Issuers need to pay interest A = Dxr and
principal D. Assuming the discounted rate k within this peri-
od, the bond pricing formula was as follow:

_ vn-1 Dxr
P =X (1+k)t +

In the paper, for the sake of simplicity, set the interest
rate of bond between a year and two years within the speci-
fied period of time as the discounted rate. So the bond pric-
ing can realized accurately.

DXx(1+1)
(1+k)n

(22)

The fixed income portion is the sum of the principal and
interest. We have to calculate the discounted price to price
the bond. According to one year time bond interest rate in
March, 2015, 3.39% was the yield to maturity." from China
Ministry of Finance website. The discounted value of
50000x (1.02) RMB is 50000%(1.02)/(1 + 3.39%) =
49327.79RMB. A RMB’s discounted present value is
1.02/(1 + 3.39%) = 0.9866 RMB.

3.4. Parameter Determination

For a period of one year, in order to estimate the benefit
of products, this paper selects historical volatility and return
rate calculated by closed price of CSI 300 from May 14th
2014 to May 6th 2015. The time distance during the recent

*hitp://www.mof.gov.cn/pub/guokusi/redianzhuanti/guozaiguanli/gzfxpzs/2
01505/t20150504_1226445.html
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period of financial products can effectively reflect index vol-
atility. The paper downloaded CSI 300 index data in sample
time interval from Yahoo Finance. Drew the stock chart us-
ing MATLAB as shown below.

According to information released by the commercial
bank, the initial prices of the CSI 300 index in was
So = 4714.48, Expiration period T=1 year. The trigger con-
dition was used in the historical data, the stock index hit
trigger price was H; = 5893.1. According to the calculation
chart of rough observation and sample data that stock did not
trigger price. Although the stock market was bullish in 2015,
the stock was at a high risk level, stock index had seldom
reached 5893.1 in history. Therefore, Investors expected
stock index not high, investors were willing to invest.

Investigation of the CSI 300 index was almost in accord-
ance with normal distribution. According to the sample data,
using Quantile-Quantile graph analysis. The result was as
shown below:

S1300 inde

Probability
1

A
-0.03 002

Fig. (2). Quantile-Quantile graph of CSI 300 index.

Conclusion based on the result of Quantile-Quantile: CSI
300 index almost obeyed normal distribution, but refused to
accept normal distribution at both ends. Hypothesize the
return rate to obey normal distribution in this paper. Fig. (2)
shows Quantile-Quantile graph of CSI 300 index.

The floating portion of SPs can be treated as the pricing
of a barrier option attached to call option. Then calculated
the historical volatility of index rate. Firstly, the closing
prices of CSI 300 index from the May 14th, 2014 to May
6th, 2015 were processed by logarithm by the formula (23),
CSI 300 index volatility was calculated by the formula (24).

X, = = In(Pisy) — In(P) (23)
— N —X
o= , X = It (24)
N-1 N

Here, N was the number of observations of 241, o repre-
sented logarithmic return average deviation, that was stand-
ard deviation. The trading days of Shanghai stock exchange
was a total of 252, so the annualized fluctuation rate was
o+/252. Finally, it was concluded that stocks’ year fluctua-
tions in the rate of : o, = 0.00983752526252664.
one-year deposit interest rate in March, 2015 as the risk-free
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interest rate was 2.75%, the dividend yield rate was 2.67%.
CSI 300 index at the beginning was 4714.48 on May 14",
2015.

3.5. Pricing the Option

The pricing formula of barrier option attached to call op-
tion was simplified by means of conversion of P,Q and R
measures. The option price was calculated through conversion
application of Girsanov Lemmas and by MATLAB 2013.

C =e "TEQ[25%x max[(S7/So — 1),0] I,] + e "Txr, X
EQ[Iz] = 25%xe " TxEQ[(S;/So)lc] — 25%xe T x
EC[I ]+ e " Txr,XE?[Iz] = 25%XER[I;] — 25%xe~"Tx
E°[Ic] + e TTxryXEQ(I] = 25%XER[I (4_p)] —
25%xe "I XECQ[I (4_py| + e T Xy XE?[I5] = 25%X
[PR(A) — PR(D)] — 25%xe"Tx[P?(4) — P°(D)] +
e "Txr,xP?(B) =

Y1i—u1T 2 —y1—#1T x—pT
25%x% {N (%)_ezﬂl)ﬁ/o' N(#)— [N( L )_

oNT ovT oNT
s (SBT3
(52 o (=22 e
N (ZET) + e2iani/o® N (2E20)} = 0.0120 (25)
Among them, r, = max[(STz/S0 —-1),0], r, =

2
0.018 4y =7 —q+7, pp=r—q—>

0% year = 0.00983752526252664,r = In (1 +
2.75%),q = In (1 + 2.67%)
J > 1.25
SO - ’ !

y: =In(1.25),x =In1=0,
S

c- [ST > so,<—) < 1.25],
So

A= S < 1.25(,B =

= SO . ) =
S

ST < So, (_> < 1.25]
So

3.6. The Price of Financial Products

D=

After reaching the price of fixed income and floating in-
come, summed them and reached the theoretical value of
SPs. The theoretical value of per RMB of “Huiying No.198”
is 0.9986 which is the sum of 0.9866 and 0.0120. The theo-
retical value of “Huaxia Bank Huiying No0.198” is
Val" = 49928RMB by means of the martingale theory and
MATLAB 2013. Relative premium rate by Wilkens and
Stoimenov formula:

_ valM-valT

P = valT (26)

Among them: Val™ is the market price, rp is the premi-
um rate. When Val™ = 50000, rp = 1.4%, and the theoret-
ical premium rate of the SPs is 1.4%, Huaxia Bank would
obtain the theoretical premium of 72 RMB after issuing
“Huiying No.198”SPs of 50000 RMB.
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CONCLUSION

This paper induced the pricing formula of barrier option
attached to call option. The formula demonstrates that it is
concise and straightforward to price some kinds of SPs by
means of martingale theory.

The result demonstrates that the premium rate of Huaxia
Bank is 1.4%. In fact, three main reasons could benefit the
issuer. Firstly, stock market of China is a “policy market”,
which is not risk neutral, the issuer could forecast with a
good accuracy through a deep research on China policy in
the non-efficient market. Secondly, there exists a financial
phenomenon: the volatility is not an accurate indicator of the
slope of the price movement; if the volatility of return rate of
CSI 300 index is at a low level, the index can become higher
and higher. Lastly, banks could shift short-term rolling bonds
into long-term bonds with a operation twist strategy. When
the interest rates of the three and five year certificate bonds
are 4.92% and 5.32%, the price of “Hui Ying No.198” would
be 49208 RMB and 49024 RMB. Above all, “policy mar-
ket”, “financial phenomenon” and “a shift from short-term
bonds into long-term bonds” would make Huaxia bank get a
potential high premium rate.

Further study on the pricing of SPs focuses on the volatil-
ity estimation and how to improve calculation method, such
as using the GARCH model to estimate the volatility, using
the dual variable method and control variable method of
Monte Carlo simulation to obtain more accurate humerical
results. In this paper, study on the pricing of SPs with more
stringent assumption which was the asset price obeying ge-
ometric Brownian motion assumption. But from “Parameter
Determination” of this paper, asset price changed according
to other laws, which required further research.
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