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Abstract: We consider the reduced Wada's representation of the pure braid group, namely P, - GL,(Z[t",t;',t;",t;']) . We

then specialize the parameters t,1,,t;,, to nonzero complex numbers Zz,, Z,, Z,, Z, . Our main theorem asserts that the

reduced Wada's representation, ¢, : P, = GL,(C), is reducible if and only if 212 = Z§ = Z§ = ZZ .
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1. INTRODUCTION

Let B, be the braid group on n strings. We consider a
normal subgroup, namely the pure braid group, denoted by
P,. In section 2, we define Wada's representation of pure
braid group on four strings. Under that representation, the
automorphism corresponding to o; , takes X; = XX\ X,

X;,; = X; ; and fixes all other free generators. We then spe-
cialize the indeterminates used in defining the representation
P, —» GL,(Z[t",...,t;']) to nonzero complex numbers a,b,c

and d. In [1], it was shown that the reduced Wada's
representation B, — GL,_,(C) is irreducible if and only if n

is an odd integer. In section 3, we consider the question of
the irreducibility after we restrict the representation to the
normal subgroup of B,, namely the pure braid group P,. In

other words, we determine necessary and sufficent con-
ditions under which ¢,(a,b,c,d): P, - GL,(C) is reducible.

2. DEFINITIONS
Definition 1

The braid group on n strings, B,, is the abstract group
with presentation

B, =1{0,..0,,/0,0,,,0, =0,,0,0,,fori =1,..,n-2,0,0,

=o,ciif|i- j|>1}.
The generators o,,0,,...,0, are called the standard
generators of B, (See [3]).
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Definition 2

The pure braid group, denoted by P,, is defined as the
kernel of the homomorphism B, — S, defined by o; — (i,
i+1), 1<i<n-1(See [2]). It is finitely generated by the
elements

-1

LLlsi<j<n

_ 2 -1 ~1
A, =0,,0,,..0,,0,0,,..0,,0

Let F, be the free group of rank n, with free basis
X;,..., Xy- According to Wada's representation, the action of
braid generators o; on the basis {X,...,X,} is defined as
follows:

X = XXX
Gi 19 Xip = X

xj > xjforje {i,i+1}

By applying the Magnus representation to the image of
the pure braid group under Wada' s representation, we

determine the linear representation P, — GL,(Z[t",...,t;']).
Now we specialize the indeterminantes t;,...,t, in Wada's

representation to nonzero complex numbers a, b, ¢ and d
respectively. We then conjugate this representation by a
matrix T defined by

Having done this, we observe that entries (2,1), (3,1)
and (4,1) of the images of all the generators of P, under

Wada's representation are zeros. Therefore, we may delete
the first row and the first column to obtain a representation
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of degree 3, and we denote the representation by ¢,. For
simplicity, we still call T"'A;T by A; for 1<i<j<4.
Definition 3

For (a,b,c,d) e (C)*
¢,(a,b,c,d): P, > GL,(C) is given by

, the reduced Wada's representation

2 ac(b2 +ac) a(b2 +ac)
% 0 0 1+ o o 0
b 2 2
| a+b , _ b(b” +ac) -b
A, =|- . 1 0)°A; = e — 0},
_atb 0 0 1
b
b(b+c¢)
1 2 0 1 0 0
b2 A —|o cZ+cd+d®  —c(c+d)
A23: 0 CT 0 34 d2 d2 ’
o Db+o) | o otd _c
¢ d d
| ac’(ac’ +b%d) a(c+d)(ac® +b%d) —ac(ac’ +b>d)
T bd? b’d?
—c(c+d)
Ay = 0 1 e
c(b?d +ac?) (b2 +ac)(ac’ +b2d) c
b’d b*d d
and
b(c+d)(c? +bd) b(c? +bd)
T T
A o c* +b(c? +bd)(c+d) —b(c? +bd)
24 c4 03
0 (¢* +bd)(be* +¢” +b'de+b’d?) (¢’ +bc*d+b’d?)
b2ctd be’d

3. IRREDUCIBILITY OF ¢,

We determine necessary and sufficient conditions under
which the complex specialization ¢,(a,b,c,d) is irreducible.

Lemma 4

For (a,b,c,d)e(C*)*, the reduced Wada's represntation
¢4(a,b,c,d): P, - GL;(C)

b2 #c?

is irreducible if a®=#b? or
or c¢?=d?%
Proof. Let a’=#b”. We diagonalize the matrix that

corresponds to the pure braid A,, by an invertible matrix
M defined by

0 0 l-ab”!
M=|0 1 1
1 0 1

Direct computations show that
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(10 o )
M‘A12M=L 01 0 J
0 0 a’b?

Now we conjugate the reduced Wada's representation,
¢,,by M to get an equivalent representation of degree 3.

For simplicity, we still denote M’lAijM by A; for

1 <i < j £4. The matrices are given by

—c*  abn pn ne abdn
bd (a—by® (a—b)pic’d bid (a— b)c*
A - abn q abdn
" (-a+b)c’ (a-b)c* (a—h)* ’
b’n —b’n(c+d) ~_b’dn
(a—b)c’ (a—b)c* (a—b)c*
( a(b® +ac) —a(b® +ac)(—b* +ac - bc)
(a—b)p’ (a-b)p*
-b? a(b2 +ac) —h(b* +ac) . a(b® +ac)(b(b + c)+ac)
ac (a b)b® a’c (a—b)b*
—a(b’ +ac) —b°® —ab’c+a’c* — a’bc?
(a—b)b? (a—b)b*
( acm  ac® mb’+ac) mac+d) mc  am(bn-—ac’)
(b-ap’d® bd  bid b’d’(a—b) b’d  b'd*(a—b)
—acm N am(c+d) —amc’ L am
(a-b)b’d’ (a-byb’d? b'd> ' (a-b)b’d
acm —am(c +d) a’ct  m
(a-b)b’d? (a-b)b’d? b*d>  (a—b)bd
_ 3
—C c+d 0
d d
Ay =| —c(c+d) c*+cd+d? ,
d? d? 0
0 0 1
| —ab(b+c¢) ab(b +c)
(~a+h)® (a-b)c?
A | o —b*(a+c) (b+c)@ab-ac+hc)
3 (-a+b)? (a-b)c? ’
-b*(b+c¢) . -b*(b+c¢)
(a—b)c’ (a-b)c’
where
m =ac’ +b*d,
n=c’+bd,
p=abc’ —b’*c* +ac’ —bc’ +ab’cd +ab’d?,
g=abc’ +ac* —bc* +ab’cd + abc*d +ab’d’.

Suppose to get contradiction that ¢, is reducible. Then
there exists a proper nonzero invariant subspace S, where
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the dimension of S is either 1 or 2. We will show that a
contradiction is obtained in each of the following cases.

1. Assume that the dimension of S is one. From the
diagonal matrix, A,,, we see that the subspace S has to be
generated by e +uUe,, e, or e,, where u is a complex

number.
Case 1.
S=<e +ue >. e +ue, €S, it follows that

A,.(e, +ue,) €S, which implies that (b+c)u=0. We have
to consider the case b+ ¢ =0 and the case u=0.

(a)Let b+c=0.

e Ifu=0, then A,(e +ue,) ¢S, a contradiction.

Since

If u=0, then A,e €S and A,e €S. This implies
that a+b =0, a contradiction.

(b)Let u=0.

e Ifc+d=0, then A,e ¢S, a contradiction.

e If c+d=0 and b-c=0, then A,e ¢S, a
contradiction.

e If c+d=0 and b-c=0, then A,e ¢S, a
contradiction.

Case 2.

S=<e,>. Since ¢, €5, it follows that A,;e, €S which
implies that b+c=0. If b+c=0, then A,e, ¢S, a
contradiction.

Case 3.

S=<e,>. Since e, €5, it follows that A,e, €S which
implies that b+c=0. If b+c=0, then A,e, ¢S, a
contradiction.

2. Assume that the dimension of S is two. We consider
the cases <e,,e, > and <eg, +Ue,,e; >.

Case 4.

S=<e,,e,>. The proof goes along exactly same lines as
Case 2.

Case 5.

S=<e +ue,,e;>. Since e +ue, €S, it follows that

A (e +uUe,) eS. This implies that
(C + b)(u — w)u =0.
ab
(a)Let c+b=0.
2 _h?
e Ifu#0 and u¢%, then Aj(e, +Ue,) &S,

a contradiction.
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e If u=0 and b-d=0, then A,e ¢S, a
contradiction.
e If u=0 and b-d=0, then A,e ¢S, a
contradiction.
2 2
o Ifu= w, then A;e; ¢S, a contradiction.
a
ab—ac+bc
b) Let u=————.
(b) ab
2
o If d= SS and di%, then A ,e, ¢S, a
contradiction.

_ap2
o Ifd="2 and a’+ab+bc=0, then A,e, ¢S, a

b2
contradiction.
—ac’ 5
o If d= o and a~+ab+bc=0, then

A, (e +Uue,) ¢S, a contradiction.

o If d:% and c#b, then A,(e +Ue,)gS, a
contradiction.
o If d= % and c=b and b= _Ta, then

A, (e +Ue,) ¢S, acontradiction.

o Ifd =% and c=Db =_7a, then A;(e +ue,)eS, a
contradiction.
(c) Let u=0.

If c+d =0 then A, ¢S, a contradiction.

If c+d=0 and b-c#0, then A,e ¢S, a
contradiction .

If c+d=0 and b-c=0, then A,e ¢S, a
contradiction.

Almost the same proof, as in the case a’ # b’, is applied

to each of the cases b> #c* and ¢’ #d”. In each of these
cases, we conjugate the corresponding representation by the
invertible matrices

(o1 1 ) (01 o0 )
N=[ 0 0 1—b‘cJandP=L1 0 cd‘J
1 0 1 1 0 1
respectively.
Lemma 5.

For (a,b,c,d) e(C")*, the reduced Wada's represntation
o,(a,b,c,d): P, - GL,(C)
=d°.

is reducible if a’=b?>=c¢’
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Proof. It is clear that we have 2° cases. They are
(I)-a=+b=+c=+d
2)+a=-b=+c=+d
(B)+a=+b=-c=+d
4)+a=+b=+c=-d

S)+a=+b=-c=-d
(6)+a=-b=+c=-d
(7 +a=-b=-c=+d
8)+a=+b=+c=+d.
Under each condition, we find a proper nonzero invariant

subspace of the complex specialization of the reduced

Wada's representation ¢,. The subspaces for (1), (2), (3),
(4), (5),(6), (7) and (8) are <eg, >, <e +6€,+e,>, <g, >,
<e, >, <e+e >,

<e +e€,>, <e+e> and

<e —6,,e +6, >, respectively.
Combining Lemma 4 and Lemma 5, we get our main

theorem:
Theorem 6.

For (a,b,c,d) e(C")*, the reduced Wada's represntation
¢,(a,b,c,d): P, > GL,(C) is reducible if and only if
a’=b’=c¢*=d>.
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