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Exact Solutions for Simply Supported and Multilayered Piezothermo-

elastic Plates with Imperfect Interfaces

X. Wang* and E. Pan

Dept. of Civil Engineering and Dept. of Applied Mathematics, University of Akron, Akron, OH 44325-3905, USA

Abstract: Exact solutions are derived for three-dimensional, orthotropic, linearly piezothermoelastic, simply-supported,
and multilayered rectangular plates with imperfect interfaces under static thermo-electro-mechanical loadings. In this re-
search the imperfect interface is described as thermally weakly (or highly) conducting, mechanically compliant and di-
electrically weakly (or highly) conducting. While the homogeneous solutions for one layer are obtained in terms of the so-
called pseudo-Stroh formalism, solutions for multilayered plates are expressed in terms of the transfer matrices for both
the layer and the imperfect interface. Due to the fact that the thermal effect is incorporated, we adopt a special form of the
transfer matrix, resulting in a very concise solution structure for piezothermoelastic multilayered plates. Numerical results
are presented to validate the developed formulas and to demonstrate the influence of the interface imperfection on the dis-

tributions of the field variables.

1. INTRODUCTION

Three-dimensional analytical solutions for simply-
supported plates continue to attract investigators’ attention
[1-9]. Various techniques including the asymptotic expan-
sion scheme [7], the state space formulation [4,7], the Stroh
formalism [6], the pseudo-Stroh formalism [8,9], and the
transfer matrix (or propagator matrix) [2,7-9] have been pro-
posed in these studies. The materials studied encompass
purely elastic [1,2], piezoelectric [3,6,7], piezothermoelastic
[4,5], and multiferroic [8,9] materials. One common assump-
tion in most of the aforementioned works is that the extended
displacement and traction vectors (see [8] for a detailed defi-
nition) are continuous across the interface between two adja-
cent layers. This kind of simplification of the interface is not
enough to reflect various damage occurring on the interface
(e.g., debonding, sliding and/or cracking across the inter-
face), and as a result the concept of imperfect interface
should be incorporated. Up to now various imperfect inter-
face models have been proposed in the context of heat con-
duction [10-12], dielectricity [13,14] and elasticity [15-20].

The main focus of this research is the incorporation of
imperfect interfaces in the three-dimensional analysis of a
simply-supported and multilayered piezothermoelastic rec-
tangular plate. The imperfect interface studied here is me-
chanically compliant and thermally (or dielectrically) weakly
(or highly) conducting. For a mechanically compliant inter-
face, we adopt the linear spring model for the imperfect in-
terface [15-19]. In this model, tractions are continuous but
displacements are discontinuous across the imperfect inter-
face, jumps in the displacement components are further as-
sumed to be proportional, in terms of the ‘spring-factor-type’
interface parameters, to their respective interface traction
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components. For a thermally (or dielectrically) weakly con-
ducting interface [10-13], the normal heat flux (or the normal
electric displacement) is continuous but the temperature (or
electric potential) is discontinuous across the interface, the
jump in temperature (or electric potential) is proportional to
the normal heat flux (or normal electric displacement). For a
thermally (or dielectrically) highly conducting interface
[11,12,18], the temperature (or electric potential) is continu-
ous across the interface whereas the normal heat flux (or
normal electric displacement) has a discontinuity across the
interface, which is proportional to a certain differential ex-
pression of the temperature (or electric potential). It is not a
easy task to address this problem since the interface is imper-
fect in heat conduction, elasticity and dielectricity. Under
isothermal conditions, Chen et al. [21] derived exact solu-
tions for simply-supported and multilayered orthotropic pie-
zoelectric rectangular plates with mechanically compliant
and dielectrically weakly conducting interface by means of a
state space formulation. It should be noticed that in the dis-
cussion of Chen et al. [21], there exists a sign error in the
description of the dielectrically weakly conducting interface
(see Eq. (11)4 in [21]).

2. PROBLEM DESCRIPTION
2.1. Basic Equations

In a fixed Cartesian coordinate system (x;, X, x3), the
constitutive equations including the Fourier’s law of heat
conduction for an orthotropic piezothermoelastic material of
crystal class mm2 with poling in the x;-direction can be writ-
ten in the matrix form as

4 ==kyTys Gy ==kyyTH, g3 =—k33T5, &)
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o qr G 3 0 0 0 0 e | Su (B, ]
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Op| |as &3 3 0 0 0 0 a3 || Sn | | By
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D0 0 0 0 ¢ 0 - 0 0 |-E||O0
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where ¢;, 0;; and D; are the heat flux, stress and electric dis-
placement; T is the temperature change; S; and E; are the
strain and electric field; k;; is the thermal conductivity coeffi-
cient; ¢, e; and g; are the elastic, piezoelectric and dielectric
coefficients; fB; and p; are the stress-temperature and pyroe-
lectric coefficients. The strains and electric fields can be ex-
pressed in terms of the displacements u; (i=1-3) and the elec-
tric potential ¢ as

1
Sy =50 +u) B =0, 3)

In addition the steady state energy equation in the ab-
sence of heat source and the static equilibrium equations in
the absence of body force and electric charge can be ex-
pressed as

4;,;=0, 4)

0;;=0.D;;=0. (5)

2.2. The Boundary Value Problem

Let us consider an anisotropic, piezothermoelastic, and
N-layered rectangular plate with horizontal dimensions L,, L,
(in the x;- and x,-directions) and the total thickness H (in the
x3-direction). Each layer of the plate is orthotropic with pol-
ing in the x3-direction. The Cartesian coordinate system is
established in such a way that its origin is at one of the four
corners on the bottom surface and the plate is in the positive
x3 region. Let layer £ be bonded by the lower interface x;=z
and the upper interface x;=z;.; with its thickness #;=z+1—z.
It is obvious that z;=0 and zy;;=H.

The boundary and continuity conditions to be satisfied
are those at the four edges of the multilayered rectangular
plate, as well as those on the horizontal surfaces and differ-
ent interfaces of the multilayered rectangular plate. These
boundary and continuity conditions are specifically listed as
follows.

6)] Simply-supported, electrically grounded and zero
temperature edge boundary conditions for each layer
[4-8,21]

Uy, =uy=0,,=¢0=T=0 at x, =0,L,

for each layer (6)
U =y =0y, =¢=T=0 at Xy =0,Ly,
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(i)  Thermo-electro-mechanical boundary conditions on
the bottom surface of the plate
O)3= 0103 cos( px, )sin(gx, ),
0y = 0'(2)3 sin( px, ) cos(gx, ),
Oy = 0'23 sin( px, )sin(gx, ),
Dy = Dg) sin( px; )sin(gx, ) or ¢ = q)o sin( px; )sin(gx, ),
Ty—h,T=—h,T, sin(px))sin(gx,),
(x,=0) (7)

where 4, is the surface heat transfer coefficient at x, =0, and

0 0 0 10 4,0 *
013,093,033,D5,0",T, are known values and
niw mn
prP= L_’ q= I 5 (8)
x y

with n and m being two positive integers.

(iii)  Thermo-electro-mechanical boundary conditions on
the top surface of the plate

H .
0,3 = 0,3 cos(px, )sin(gx, ),

H .
0,3 = 0,3 sin( px;)cos(gx, ),

033 = O'g sin( px, )sin(gx, ), (x;=H)
Dy = D3H sin( px; )sin(gx,) or ¢ = q)H sin( px, )sin(gx, ),
Ty+h,T = hy T, sin( px, sin(gx,)

(€))

where A, is the surface heat transfer coefficient at x;=H,

and o/f,6% o, DI 9" T, are also known values.

(iv)  Imperfect bonding conditions between two adjacent
piezothermoelastic layers

In the following we will discuss in detail the imperfect
interface in heat conduction, elasticity and dielectricity one
by one.

Imperfect Interface in Heat Conduction

If the interface x;=z (=2,3,...,N) is thermally weakly
conducting, then it follows from the definitions outlined in
the introduction that the following relationships hold
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q3(x1,x2’27):q3(x],x2,zj_-)a (10)
T(x),%y,25) = T(3,%,,27 ) = =B 3 (xy %77,
where B(Tj) is a nonnegative constant, and the superscripts
“+” and “—” denote the limit values from the upper and
lower sides of the interface z=z;. The case where ,B}’ ) =0
corresponds to a thermally perfect interface, whereas
/3}" ) o stands for adiabatic contact.

On the other hand, if the interface x;=z; is thermally

highly conducting, then it follows from the definitions out-
lined in the introduction that the following relationships hold

+ —
T(xl,xz,zj)=T(x1,x2,zj )7

, (1
q3(x1,xz,z;f)—q3(xl,x2,z;)=Y%])AST(xl,xz,Z;),
92 2
where A =——+—— is the operator of surface Laplacian
; Bxlz axg

[18], 7/ is a nonnegative constant. The case where y/) =0
corresponds to a thermally perfect interface, whereas
%) — o describes contact with a medium of infinite con-
ductivity.

Imperfect Interface in Elasticity

According to the definitions outlined in the introduction,
the boundary conditions on a mechanically compliant inter-
face x3=z; can be expressed as

613(x1,x2,z;) = 0'13(x1,x2,z; ),
(P ,z}’) =0,5(%),X, ,z]_. ),
0'33(x1,x2,z;)=0'33(x1,x2,z;.), (12)
u, (xl,xz,z}r)— uy (%),%5,27) = afj)O'B(xl,xz,z;),
u2(x1,x2,Z;)—uz(xl,xz,zj_.) = chj)O'B(xl,xz,zj_.),

+ - i -
u3(x15x2 2 )_“3(351;3‘72’2_1- )= a§1)0'33(x1,x2 2 ),

where o/),af/),0/) are three nonnegative constants. The
case where o!/),0f/),0{/) =0 corresponds to a mechanically

perfect interface, whereas o/ of/),0{/) — o describes a
completely debonded interface.

Imperfect Interface in Dielectricity

If the interface x3=z; is dielectrically weakly conducting,
then the following relationships hold

+ _
D3(x]’x2,zj):D3(x1,x2,Zj ), (13)
¢(x17x2 ,Z;)_(P(XI,XZ,Z;) = _ﬁ(Dj)D3(xlaxzon_‘)a

where B(Dj) is a nonnegative constant. The case where

ﬁg)zo corresponds to a dielectrically perfect interface,
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whereas ﬁg) — oo describes a charge-free (insulating)
interface.

On the other hand, if the interface x3=z; is dielectrically
highly conducting, then the following relationships hold

(p(x],xzaz;—):gb(x]axz’zj_')a (14)
Dy(x,,%5,25) = Dy(x %77 ) = Vi A 93,3, 2)),
where yg) is a nonnegative constant. The case where

yg)=0 corresponds to a dielectrically perfect interface,

whereas yg) — o describes an equipotential interface.

3. THE PSEUDO-STROH FORMALISM
3.1. Heat Conduction

The temperature T satisfying the zero temperature edge
conditions is chosen to be

T = fe™ sin( px;)sin(gx,). (15)

where f'and 71 are unknowns.

Then it follows from Eq. (1) that the three heat flux com-
ponents can be expressed as

q,= hlenx3 cos(px,)sin(gx, ), g, = hzenx3

(16)

xsin(px, )cos(gx, ), ¢, = genx3 sin( px; )sin(gx, ),
where b =~k pf, hy=—kyqf, g=—knf .

Substitution of Eq. (15) into Eq. (1), then the results into
Eq. (4) for the energy equation, we obtain the following ei-
genrelation

k p2+k q2
nZ_M f=0. (17)
kss

It is apparent that for a nontrivial solution of f, the two
eigenvalues of 7) should be

2 2
ky p” +kyq

>0, 1,=-1,<0. (18)
k3

n=

With the aid of Eq. (16), Eq. (17) can be recast into the
following standard eigenvalue problem

4

where

0 1/ksy
M:-[ , , } (20)
kllp +k22q 0

If we distinguish the two eigenvectors of Eq. (19) by at-
taching a subscript to f and g, then the general solution for
the temperature and normal heat flux (of the x;-dependent
factor) can be expressed as



4 The Open Mechanics Journal, 2007, Volume 1

{TH./’I fz}[e’“"} 0 }[%} 1)
q3 8 & 0 e M |LXs ,

where y; and y, are two unknown constants to be deter-
mined. The two in-plane heat fluxes ¢, and g, (of the x;3-

dependent factor) can be expressed in terms of the tempera-
ture and normal heat flux as

k o r
s o) &
92 kg 0]L43
The eigenvectors of Eq. (19) are actually right ones. The
left eigenvectors of Eq. (19) are found by solving the follow-
ing eigenvalue problem
M'§=28, (23)

where the superscript 7 denotes matrix transpose.

If n and [f.g] are the eigenvalue and eigenvector of

Eq. (19), then A=-n and 8=[-g.f]" are the corresponding

solutions of Eq. (23). Since the left and right eigenvectors
are orthogonal to each other, we then come to the following
normalized orthogonal relationship

{—gz f2i||:fl fz}:[l 0] 24)
a —hller &) [0 1]

The choice of f1, f5, g1 and g, is not unique as long as they
satisfy Eq. (24) or equivalently f, f, =—1/(2k;;n,) . For exam-
ple we can choose f, =1, f, =—1/(2ks3m)), g = k331, &, =-1/2,
which obviously satisfy the above normalized orthogonal
relationship.

3.2. The Electroelastic Field

In view of the simply supported and electrically
grounded edge boundary conditions in Eq. (6), the general-
ized displacement vector can take the following forms

u, a, cos(px, )sin(gx, )
ue | _ &5 a, sin( px, ) cos(gx, )
Uy ay sin( px, )sin(gx, )
[0} a, sin( px; )sin(gx, )

A (25)
¢, cos( px, )sin(gx, )

¢, sin( px; )cos(gx, )
¢y sin( px, )sin(gx, )
¢y sin(px, )sin(gx, )

+ /e

where the first term on the right hand side of Eq. (25) gives
the homogeneous general solution, while the second term on
the right hand side of Eq. (25) presents the particular solu-
tion due to the thermal effect from Eq. (15).

Substitution of Eq. (25) into Eq. (3), and then the results
into the constitutive relations (2) yields the generalized trac-
tion vector as follows
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O3 b, cos(px,)sin(gx, )
O3 | w b, sin( px;)cos(qx, )
O3 by sin( px, )sin(gx, )
5 by sin( px, )sin(gx, )
d, cos(px,)sin(gx, )
d, sin( px;)cos(qgx, )
d,sin(px, )sin(qx, ) |
d, sin( px,)sin(gx, )
Introducing four vectors a, b, ¢, d of dimension 4

(26)

+ /e

T T
a= ["1 a 43 a4] » b= [bl b, by b4] ’ 27)
T T
c:[cl G G C4] ’ d:[dl dy dy d4] ’
then we can find that the vector b is related to a, and d to ¢
by

b=(R +sT)a=—1(Q+sR)a. (28)
S

1 1
d=R’+1T)e~-y, :—E(Q+nR)c+Eyl. (29)

where R’ =-RT | and the three 4x4 real matrices T, Q, R are
defined by

s 000
7|0 a4 0 0

=17 =
0 0 3 a3
0 0 €33 €33
—(¢ 1}72 +c66q2) —pq(cpy +cgq) 0 0 (30)
| patery +ege)  ~(eoop® +exa) 0 0
Q=Q = 2 2 2 20
0 0 ~(essp™ +eqqq”) ejspT +epad”)
0 0 ~(ei5p% +eaa®) &P +expd
0 0 pey pey
el © 0 g gy |
“pess —qeqq O 0
“ras 94 00
and the two real vectors v;,y, are defined as
pﬁll 0
Qﬁzz 0
Y, = =l g | 31)
0 33
0 —P3

In addition, the in-plane stresses and the in-plane electric
displacements can be expressed as

oy 4, sin( px,)sin(gx, ) 5 Sin( px, )sin(gx, )
Oy 5, cos(px;)cos(gx, ) G5, COS(px;)cos(gx, ) (32)
5, |=€"| gy sin(px))sin(gx,) |+ &3 | g5, sin(px,)sin(gx,) |
D, 44 cos(px,)sin(gx, ) G4, c0S(px;)sin(gx, )
| D, gs; sin(px; )cos(gx, ) gs, sin(px;)cos(gx, )
where
911 P 9 G35 &S a
0 0 !
921 C64  Co6P a
_|_ _ 2
B |Z| 7P Tnd 3% s )| ) (33a)
3
44 58 0 esp —&p 4
0 e,,8 e —£ 4
L9511 L 24 249 229 |
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G| |70l Tq a3l el |- By,
42 c6d P O 0 Cl 0
32 |T| 7C2P €4 3N el Cz = By | (33b)
942 ésn 0 esp —&yp C3 0
952 0 €l €4q —En4 ! 0

Now inserting Eq. (25) into Eq. (3), then into Eq. (2), and
finally into the static equilibrium equations (5), we finally
arrive at the following eigenrelations

[Q+s(R+R)+5’T]a=0, (34)

[Q+n(R+R')+n2T]c=yl+rn2. (35)

It can be easily verified that if s is an eigenvalue of (34),
then —s is also an eigenvalue of the eigenequation (34).
With aid of Egs. (28) and (29), Egs. (34) and (35) can be
recast into the following standard eigenrelations

(i)
SHRAN

where

TR’ T! } [0 T! }{71}
N= s Y=- . (38)
l:—Q+RT_1R' —RT! I -RT' Y,

The general solutions Eqs. (36) and (37) can be termed
the pseudo-Stroh formalism [8] for a homogeneous pie-
zothermoelastic layer. Assume that the ith (i=1-4) and

(i+4)th eigenvalues of Eq. (36), denoted by s; and s sat-

i+4°
isfy the relation s, +s,, , =0. We distinguish the eight eigen-

vectors of Eq. (36) by attaching a subscript to a and b. Also
T
[clT dﬂ is the vector obtained from Eq. (37) for n=n,,

T
[cg dﬂ is the vector obtained from Eq. (37) for n=n, .

Then the general solution for the generalized displacement
and traction vectors (of the x;-dependent factor) can be con-
cisely expressed as

[uHAl Az}e%{Kchl cz}{e% 0 }{/‘i 0}{%} (39)
tl [B, B, Kyl ldp dyff o o™ |L0 Sl

where K; and K, are two constant vectors to be deter-
mined, and

38]’

A =[a, a, a5 a,], A2=[a5 3 2, (40)
By =[b; b b, by,

Blz[bl b, b, b4]’ 2
<eSlXX3 > — diag[es‘lx3 eSz)(3 e.Y3X3 e.\'4X3 e*S1x3 e*SZXS €7S3X3 67S4x3 :|.

In view of Egs. (21) and (24), Eq. (39) can also be further
expressed as

CH: Sl
t] |B, B, K,

(41)
2
d 4| fHe —-fh1G]
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The eigenvectors of Eq. (36) are actually right ones. The
left eigenvectors of Eq. (36) are found by solving the follow-
ing eigenvalue problem

N'n=M. (42)

It can be shown that if s and [a,b]" are the eigenvalue

and eigenvector of Eq. (36), then A=—s and n=[-b.a]’ are

the corresponding solutions of Eq. (42). Since the left and
right eigenvectors are orthogonal to each other, we then
come to the following important orthogonal relationship [8]

-Bl Al {Al Az}:[l 0] 43)
B’ —aAT|B B, |01
Thus the orthogonal relationship Eq. (43) provides us

with a simple way of inverting the eigenvector matrix, which
is required in forming the transfer matrix.

Furthermore after tedious derivations, the in-plane
stresses, electric displacements and heat fluxes (of the x;-
dependent factor) can be expressed in terms of the general-
ized displacement vector, traction vector, temperature and
normal heat flux as

o | [(PMyp aMp; 0 0 0 0 My Mg My 0

o | |aMy; pMy 00 0 0 0 0 0 0

Gy | [PMpy gM3, 0 0 0 0 Mz; Myg My 0 ‘: ,(44)
D |=| o 0 0 pMy, Mys 0 0 0 0 ol

D, 0 0 0 g¢Msy 0 Msg O 0 0 0y

a 0 0 0 0 0 0 0 0 pMg O

0 0 0 0 0 0 0 0 0 ¢My O

where M;; are only related to the material properties given by

2 2
_ Cis€yy + 201385303, —C33€y;

M .
" N 2 1B
3333t e
M. = 3623833 +C13033€ ¥ Cr303303) ~C3301€p (45)
2= > ~ 2
C33€33 33
C1E17 T 0y € C)1€77 — Cqq€-
_ G3E3t % _ G393~ 633
M, == s Mig=—" 7
€33t e C33€33 153
M _ Ci3(€33Bsy —es3p3) + €3 (€33 B33 + €3303) B
9= 2 i
C33€33t e
M

21 = %6>
2 2 2
_ 333+ 20y53503 —C33€3, _ Oy tesess
My, = 5 ¢y M3y = 5
C33€33 1 €53 C33€33t €53

M., = 3937 %3% C23(E33Bs3 —e33p3) + €3y (€533 + c333)
38 = »Msg = Bas

. /’.7 3 12
338331353 C33€33 1 €33

k.

2 2

Css€p T e e Cuu€ry te e.
M, = 55711 15 M,. = 15 —_ 44722 24 M., = 24 M, = M
4477 ’ 45~ ’ MSA_ ’ 56 69 T k, 22"

T Mg =7
s 5 Ca4

The above expression Eq. (44) demonstrates that once the
generalized displacement vector, generalized traction vector,
temperature and normal heat flux are known, all the other in-
plane field components can be easily obtained through an
algebraic operation.

4. TRANSFER MATRIX AND SOLUTION OF LAY-
ERED STRUCTURE

For a certain layer k with its lower surface at x; =z
(k=1,2,---,N), it follows from Eqs. (21) and (24) that y,

and y, can be expressed in terms of temperature and normal

heat flux at its lower surface x; = Z,: as
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HENA M
2l o oalle &l lal
B e_TI]Zk 0 |:—g2 f2 :||:T:|

0 enlzk 81 _fi q3 z;

Then the temperature and normal heat flux at any posi-
tion within this layer are related to those at its lower surface

X, =z, as follows

T T
LJ:Pk s _Zk){qzlz ’ *7)

where

fzgle’nlxz _flgzenlxz flfz(enlxz _e’nlxs)

Pk(x3)=[ . (48)

glgz(e’nlxa — M ) fzglenl"s _ flgze’nl’%
is the transfer matrix for heat conduction of layer k. Appar-
ently P, (0) is a 2x2 identity matrix.
Similarly for a certain layer k& with its lower surface at
x3=z; (k=1,2,---,N), it follows from Egs. (41) and (43)
that the unknown vectors K; and K, can be expressed in

terms of the generalized displacement and traction vectors as
well as the temperature and normal heat flux at its lower

_ -t
surface x; =z, as

T T
Kl L SuZ _BZ A2 u S
S I IR I I G
2 B -4 2
BT AT ¢, o [/ HH T
| 772 2 [ 1 2}{ 18 i)z }{ ]
B -AT |4, & | K&y /1]l z
Then the generalized displacement and traction vectors at

any position within this layer are related to the generalized
displacement and traction vectors as well as the temperature

(49)

and normal heat flux at the lower surface x; = z,t as follows

T
[l:i|=Ek(x3—zk)|:l:iL; +Sk(x3_zk)|:q3:|z+ s (50)

T T
_ Al A2 s X _B2 A2
()
B

T T
B, _A]

}{_ﬂgze”‘ﬁ fihe™ } (s51)
2 fzgle*nl'% _flfze’nlxs

2
j||:_flg2 Ity }

2
2L He N

>

Cl C
d
Cl C
_E"(x3)[dl d
Apparently E, (0) is an 8x8 identity matrix, and S, (0) is

an 8x2 zero matrix.

Now that Egs. (47) and (50) can be concisely written
together as follows

Wang and Pan
u u
t t
FE Y=z | (52)
93 93 B
where
E S
Y, () =| A 09 Sela)) (53)
k273 0 P, (x;)
2x8 kN3

is called the layer transfer matrix for the piezothermoelastic
problem of layer £.

To handle the imperfect interface, we now introduce the
interface transfer matrix. Actually by using the boundary
conditions Eqgs. (10)-(14) on the imperfect interface, the so-

lution at Xx; = Z,: can be related to that at x; =z, through

the following propagating relation

u u
t t

=7 s 54
- f| 7 (54)
q3 ]+ q3

Zk Zk

where the 10x10 matrix Z, defined below is the so-called

interface transfer matrix for interface X; =z,

Lixa  Zig Oy
L= Ly Yy 040 (55)
Oyxa Opes  Zs

with Z;, and Z,; two 4x4 matrices, and Z3; a 2X2 matrix.

More specifically if the interface is thermally weakly
conducting, then

1 — (k)
Z33=[0 ﬁf ] (56)

On the other hand if the interface is thermally highly
conducting, then

1 0
Z., = . (57)
33 l:—?’(rk)(pz +4%) 1}

If the interface is mechanically compliant and dielectri-
cally weakly conducting, then

. k k k k
z, :d1ag[(x§ ) ag) ocg ) —ﬁ(D)}, Z,, =0, (58)

On the other hand if the interface is mechanically com-
pliant and dielectrically highly conducting, then

z,,=diag[af") o a9 0], 2y =diag[0 0 0 —W(p?+4*)] (59)

It is observed that when the interface x; =z, is thermally

or dielectrically highly conducting, the interface transfer
matrix Z; is dependent on the values of p and ¢. It can be
easily checked that Z; is an identity matrix when the inter-

face x; =z, is perfect. Consequently, the solution at the top
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surface x; = H of the layered plate can be expressed by that

at the bottom surface x; = 0 of the layered plate as

u u
t
=Q 60
Sl =e ], (60)
q3 H q3_0

where the 10x10 matrix Q is determined by

E vy
Q:L) @ = N(hN)XZNXYN_l(hN_l)
2x8 _

XLy XX Y, (hy )X Zy XY, (),

(61)

with E being an 8x8 matrix, ¥ an 8x2 matrix, ® a 2x2 ma-
trix.

There are twenty unknowns in Eq. (60). Once the ten
thermo-electro-mechanical boundary conditions Egs. (7) and
(9) on the bottom and top surfaces of the layered plate are
imposed, all the unknowns in Eq. (60) can be uniquely de-
termined. To demonstrate this more clearly, Eq. (60) can be
equivalently rewritten as follows

[U(H)} _ [U(O)}r‘l{ 7(0) }
t(H) t(0) 4;(0)
{T(H)}:cb[ T(O)}‘
q3 (H) q3 (0)

By imposing the thermal boundary conditions Eqs. (7)s

and (9)s, the temperature and normal heat flux at the two
surfaces of the layered plate can be uniquely determined as

[1]

(62)

ro)] [Kn, 1 0 o] [alar

GO | oo KPR 1| | KNnT (63)
T(H) o, ®, -1 0 0

] | @, @, 0o -1 0

where the superscripts (1) and (N) refer to the thermal con-
ductivity coefficients of the bottom and top layers, respec-
tively; ®;; (i,j=1,2) are the components of ®@.

Consequently by imposing the electromechanical bound-
ary conditions Eqs. (7)14 and (9),4, the generalized dis-
placement and traction vectors at the two surfaces of the lay-
ered plate can be uniquely determined. We present the re-
sults below for four different combinations of the electric
loads on the two surfaces of the layered plate.

e The normal electric displacement is given on the two
surfaces of the layered plate:

T
0 0 0 0
t(o):[cls Oy O3 D3}’
T
t)=[of} ol off D],
u(0) = Z31t(H) =231 Ept(0) ~E ¥ T(0) = EW005(0), (64)
u(H)=E, E5t(H)+(E;, —E,,551 5y, )t(0) +

(W - 511:21“’21)”0) +(Wy, - & 15511“’22 )45(0),
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where 2 (i,j=1,2) are 4x4 block matrices of &; ¥ (i,/=1,2)
are 4x1 block matrices of V.

e The electric potential is given on the two surfaces of the
layered plate:

f(0) = I:O'los 0-33 0-303 ¢O :II P

~ 1

t(H) =[0@' ol ol ¢" ] ,

i(0) = &, |t(H) - &, E,,t(0) - é*“i'ﬂm) —E,1¥,,4,(0)

i(H) =E,Et(H)+(E,, - ,5;|5,,)10) +
(‘i,]] _én:z]]‘llzl)T(o)"'( _éllé;]l 22)95(0), (65)
where
i=[u, w, u, D], (66)
and
|:é]| é|2:|:|:Jl J2:||:Ell El2:||:Jl J2:|

E2I EZZ JZ Jl EZI E22 J2 Jl

I:li’ll ‘~I’I2:| — |:Jl J2:||:Tll T12:|

\P21 \P22 J2 J] lI121 lI’22

J, =diag[l, 1, 1, 0], J, =diag[0, 0, 0, 1]. (67)

e The normal electric displacement is given on the top sur-

face, while the electric potential is prescribed on the bot-
tom surface:

)=o)y o3 o ¢'7.

t(H)=[G]F3' afi crg DH]T

(0) = 5 t(H) - £, 8,,1(0) - E,/¥, 7(0) - E,,'¥ 1,45 (0),
u(H)=E& & t(H)+(E, -E,5,5,)t0)+

(P, —5,E7,)T(0)+ (¥, ~ &, 5, ¥,,)q: (0), (68)

m

where

[én 12}:|:En 512j||:’]] Jz}
E 22 ) »dldy I, (69)

with @, J; and J, being defined in Egs. (66) and (67).

o [
[l

e The normal electric displacement is given on the bottom
surface, while the electric potential is prescribed on the
top surface:

t(0)=[(7]03 023 0'% D30 ]T,

W) =[of oh o ¢"7].

u(0) = £, #(H) — E,8,,t(0) — E;} ¥, T(0) - £, ¥,,45 (0),
W(H)=E, &, t(H)+(E, - él]ég;ézz)t(0)+

(¥, —E,5,1¥,)7T(0)+ (¥, - &, 5,¥,,)q(0), (70)

where

E21 Evz J2 Jl

|i\i,11 li,12:|=|:']| J2:||:‘I’]I T12:|
‘I’Zl lI’22 J2 Jl ‘le \Pzz (71)



8 The Open Mechanics Journal, 2007, Volume 1

with @, J; and J, being defined in Egs. (66) and (67).

Consequently the generalized displacement and traction
vectors as well as the temperature and normal heat flux at
any position within the layered plate can be determined by
using Egs. (52) and (54). In addition the in-plane field com-
ponents can also be easily determined by using Eq. (44) once
the generalized displacement and traction vectors as well as
the temperature and normal heat flux are known.

5. NUMERICAL STUDIES

Here we consider a nine-layered plate of square shape
with L=L,=L,=1m and H=0.1m. The bottom eight layers are
made of graphite-epoxy composite with the fiber orientation
90°/0°/90°/0°/0°/90°/0°/90° with respect to the xj-axis, and
the top layer is made of a PZT-5A piezoelectric material. All
the layers have the same thickness. The material properties
of the graphite-epoxy [4,6] and PZT-5A [4,6] piezoelectric
layers are given in Table 1. As in [6], we treat the graphite-
epoxy layer as a piezoelectric material with the piezoelectric
moduli set equal to zero. Furthermore we focus on the ther-
mal loads by setting

T = sin( px; )sin(gx, ) (°C), x;=0,
T=0, x;=H,

0 _ 0 _ 0 _0_ H_ _H_ _H_,H_
Oj3=0)3=033=0 =03 =03 =033=¢" =0,

with n=m=1.

This boundary value problem was numerically studied by
Xu et al. [4] using the state-space formulation with the inter-
face being assumed to be perfect. When the interface is per-
fect, our results are in complete agreement with those calcu-
lated by Xu [4]. For example we demonstrate in Fig. (1) the
through-the-thickness variation of the shear stress 073 when
the interface is assumed to be perfect. Thus the developed
formulas based on the pseudo-Stroh formalism and transfer
matrix are validated.

Here we are more interested in the influence of the im-
perfection of the interfaces on the variations of the field vari-
ables. More specifically we consider the following mechani-
cally compliant and thermo-electrically weakly conducting
interfaces described by
A

() _ DD gD s A pp_s H (=2-9
7 =6 0N o =0y =0y =6, a’ By’ =9 o’ Y )
33

33 33

where 0y, 6, and 0; are three dimensionless nonnegative pa-
rameters. Fig. (2) shows the distributions of the normal stress
033 along the thickness direction for different values of the

dimensionless imperfect interface parameter 6 =0, =0, =05 .

The horizontal variables are fixed at the center x;=x,=L/2. It
is observed from Fig. (2) that the magnitude of normal stress
is very small for 6=0.35. On the other hand the magnitude is
very high when 6=10. As a result the imperfect interface
parameters can be properly designed to reduce the thermal
stress level. We also notice that the imperfection of the inter-
face can change the nature of the normal stress from com-
pression to tension.

Wang and Pan

Table 1. Material Properties of the Graphite-Epoxy and
PZT-5A
0° Graphite-Epoxy PZT-5A

1 (GPa) 183.443 99.201

¢ (GPa) 11.662 99.201

¢33 (GPa) 11.662 86.856

12 (GPa) 4363 54.016

c13 (GPa) 4363 50.778

23 (GPa) 3918 50.778

c44 (GPa) 2.870 21.100

¢ss (GPa) 7.170 21.100

ces (GPa) 7.170 22.593

e3 (Cm™) 0 -7.209

e (Cm™) 0 -7.209

3 (Cm™) 0 15.118

e (Cm™) 0 12.322

15 (Cm™) 0 12.322

& (10"°Fm™) 153.0 153.0

&, (107"°Fm™) 153.0 153.0

&3 (107"°Fm™) 153.0 150.0

B (10° NK™'m™) 2.000 3314

B (10° NK~'m™) 3.506 3314

B (10° NK'm™) 3.506 3.261

p3 (10° CK™'m™) 0 -8.609
e (WK ™'m™) 1.5 1.8
Jy (WK™'m™) 0.5 1.8
Js (WK™'m™) 0.5 1.8

CONCLUSIONS

We have derived exact solutions for three-dimensional,
orthotropic, piezothermoelastic, simply-supported and multi-
layered rectangular plates with imperfect interfaces under
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Fig. (1). Through-the-thickness variation of shear stress ¢;; when the interface is assumed to be perfect. Hybrid multilayered plate subjected

to temperature change. L=L,=L,~1m and A=0.1m.
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Fig. (2). Distribution of normal stress 033 along the thickness direction of the plate for different values of the dimensionless imperfect inter-

face parameter § =6, =8, =5, . Hybrid multilayered plate subjected to temperature change. Z=L,=L,~1m and H=0.1m. The horizontal vari-

ables are fixed at the center x;=x,=L/2.
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static thermo-electro-mechanical loads. We developed a new
and simple formalism that resembles the Stroh formalism so
that the solutions in a homogeneous piezothermoelastic layer
can be obtained in a concise and elegant form. We also in-
troduced the interface and layer transfer matrices in order to
treat the multilayered case with imperfect interface condi-
tions and with the thermal influence. It is found that through
introduction of the 10x10 interface transfer matrix for the
general imperfect interface conditions, all imperfect inter-
faces (e.g., weakly or highly conducting interface) can be
discussed within a common framework. Our solutions can
also provide benchmarks for various plate theories and nu-
merical methods.
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