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Waiting Time Distributions of Actigraphy Measured Sleep
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Abstract: Sleep quality has a large impact on daily performance and general health. Among the different methods of ob-
jectively measuring sleep quality, actigraphy continues to be very popular. It can take continuous activity measurements
over several days in order to determine sleep-wake cycles and calculate sleep variables, including the three standard sleep
variables used in determining sleep quality: total sleep time, sleep efficiency, and wake-after-sleep onset, in which study
analyses use the mean of these variables. In the case of wake-after-sleep onset, which calculates the amount of time be-
tween falling asleep and waking up, the average does not characterize wake-after-sleep times as it does not account for the
total number of awakenings or the frequencies of wake-after-sleep times. Instead, we recommend using the entire distribu-
tion of wake-after-sleep onset times, which we will call waiting time distribution, which better characterizes wake-after-
sleep onset than the average value. Sleep quality for each participant was determined by their total sleep time and sleep ef-
ficiency. Non-parametric statistics were utilized to determine differences in waiting time distributions between partici-
pants with good and poor quality of sleep. Discriminant analysis was performed to show that a distribution of waiting
times discriminates better between qualities of sleep than the average wake-after-sleep onset time does. Waiting time dis-
tributions were also fit to standard probability distributions for utility and ease of understanding. Analyses show that the
waiting time distribution categorizes sleep qualities better than the average wake-after-sleep onset variable, as well as giv-

ing more information and better characterizations.
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INTRODUCTION

Various mathematical and statistical models have been
developed to describe sleep-wake cycles, from sinusoidal
models of circadian rhythm to polysomnographic images of
sleep stages [1-3]. Actigraphy also continues to be a popular
method of analyzing, as well as determining, sleep-wake
patterns. Not only has it been shown to correspond well with
polysomnography [4] for sleep percentage and sleep latency,
but also it allows researchers to collect data for many con-
secutive days, for both sleep and wake shifts.

Actigraphy generates a large set of sleep related vari-
ables, which can be used to categorize sleep quality. Clini-
cians typically look at three of the actigraphy derived vari-
ables: total sleep time, sleep efficiency (the amount of time
spent sleeping while in bed), and wake-after-sleep onset [5-
7].

Those three variables are generally reported with their
averages, from data that are collected over many days. For
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total sleep time and sleep efficiency, the average is a suitable
summery statistic, as both of these variables are usually
normally distributed. However, wake-after-sleep onset is
characterized by multiple awakenings each night, with vary-
ing lengths of sleep before awakening, making it very
asymmetric. The skewness of the distribution also depends
on the length of wake-to-sleep times, making a percentile,
such as the median, a better summary statistic. This set of
awakenings is more appropriately considered as a waiting
time distribution (WTD).

Another benefit of using the entire distribution of wake-
after-sleep onset times is that the distribution itself can be fit
to standard probability distributions. This gives researchers
the ability to use distributional parameters and probability
theory, which can aid in predictive modeling, and even in
survival analysis, as the calculations for these WTDs can
also be viewed as a time to failure problem, where a time of
unbroken sleep fails when the participant wakes up.

We plan to show that using the entire WTD, as opposed
to the average wake-after-sleep onset time, can better differ-
entiate between good and poor quality sleep. Parameters
derived from the WTDs would then also aid in detecting
differences between groups where sleep problems are com-
mon, such as shift workers and emergency response person-
nel.
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Fig. (1). Waiting time distributions for six (randomly chosen) participants, showing up to two hours of data, in time bins of 15, 20, 30, 45,

60, 75, 90, 105, and 120 minutes.

METHODS

In a study of health outcomes associated with stress
among police officers one of the research questions under
study is how stress affects sleep quality, as quality of sleep
has been shown to affect health and overall performance;
moreover, poor sleep can have negative impact on mental
and physical characteristics as well as on social factors such
as shift work [8]. To study this effect, officers were asked to
wear an accelerometer in order to record their movement,
which allows us to determine the quantity and quality of
their sleep. This study uses data from the first 388 of an an-
ticipated 500 officers from the Buffalo Police Department,
NY. Data from the remaining 112 officers have not yet been
collected. Subjects with corrupted data points or who were
non-compliant were excluded from analyses [9], in order to
keep the outcomes from being biased in either direction due
to improper data, giving a final data set of 224 participants.
A general description of the study design, methods, and par-
ticipant characteristics for a pilot study of these officers has
been reported [10].

The Motionlogger Actigraphs were worn for 15 days and
removed only for short periods of time in order to protect
them from water damage (e.g., while bathing or swimming).
All phases, testing, and reports of the study were approved
by the State University of New York at Buffalo Internal Re-
view Board and the National Institute for Occupational
Safety and Health Human Subjects Review Board.

The data from the accelerometers were transferred into
computer files using Action4 software (Ambulatory Moni-
toring, Inc) and sleep was scored using the Primary Integra-
tion Mode. The files were then exported into Excel and fi-
nally transformed into SAS data files.

The R statistical software package (The R Core Devel-
opment team, the R Project for Statistical Computing,
http://www.r-project.org) was used to generate the WTDs for
each participant. SAS version 9.1 (SAS Institute, Cary, NC)
was then used for all statistical analyses.

Distributions were calculated by finding the frequency of
wake-after-sleep events, where each event had its length of
time between falling asleep and waking up recorded. Time
periods analyzed ranged from fifteen minutes to eight hours,
for every fifteen minute interval. Fig. (1) shows an example
of waiting time distributions for six participants, showing up
to two hours of the distribution.

To compare how sleep quality can be classified between
the WTD and the average wake-after-sleep onset variable,
sleep quality was rated as good or poor according to each
participant’s total sleep time and sleep efficiency. Using the
meta-analysis values from a published study [5], we used the
authors’ criteria of categorizing sleep quality; we considered
an average sleep time per night of at least 6.5 hours to and an
average nightly sleep efficiency of at least 85% to be indica-
tive of good sleep quality. If at least one of these scores was
rated good, then the participants had their overall sleep qual-
ity rated as good. If neither of those two variables was rated
good, then the participant was rated as having poor overall
sleep quality.

After calculating WTD and sleep quality for each partici-
pant, the 50", 75" and 90™ percentiles of their time bins
were determined. Since distributions were non-symmetric
and heavily skewed to the right, indicating that the median
and other percentile markers are better parameters to test
than the mean time, non-parametric analyses were per-
formed. Proc Nparlway was used to test for differences be-
tween sleep quality groups (good quality versus poor quality)
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at each percentile using the Wilcoxon and Kolmogorov-
Smirnov tests.

As the WTD can be considered as a time-to-failure prob-
lem, we fit the participants’ data to several of the standard
time-to-failure distributions. The beta, exponential, gamma,
and Weibull distributions were compared to the empirical
distributions to determine how closely they matched, using
Proc Capability. The Anderson-Darling and Kolmogorov-
Smirnov goodness-of-fit tests were performed to determine
if the empirical distribution truly fit the theoretical distribu-
tion.

Parameters for each tested distribution were then aver-
aged together by sleep quality. Analysis of variance using
Proc Mixed was performed to determine if the parameters
were significantly different from each other across sleep

quality groups.

To ensure that the entire WTD can classify sleep quality
at least as well as the average wake-after-sleep onset time,
discriminant analysis was performed to generate error rates
in sleep quality classification, using the previous quality
classifications derived from total sleep time and sleep effi-
ciency.

To help researchers look for differences between groups
with regard to the different lengths of wake-after-sleep onset
times subjects have, survival functions, a function which
finds the probability that an individual from a given group is
still asleep at x minutes, were calculated to determine if there
were differences between sleep qualities with respect to the
probability of an awakening at different time periods, where
the Weibull distribution’s survival function was calculated
with equation 1.

S(x)=exp(—(x")), x=20;y >0, (1)

with shape parameter 7y . S(x) itself falls in the interval
(0, 1), where S(x) =1 whenx=0and S(x) > 0asx > oo.

RESULTS

After analyzing each participant’s WTD, it was noticed
that there were very few occurrences at high time amounts,
indicating that even participants with good sleep quality,
would rarely sleep more than a few hours before some kind
of awakening event. Because of this, the decision was made
to only use time bins for up to two hours, as the frequency of
occurrences where participants slept longer than that before
awakening was much less than 1%.

Nonparametric analysis showed that there was no differ-
ence between the two groups at the 50™ or 75" percentile,

The Open Sleep Journal, 2008, Volume 1 3

but there was a significant difference at the 90™ percentile,
up near the right-hand tail of the distributions. This indicates
that, regardless of sleep quality, most participants have simi-
lar waiting times of sleep to wake, except that those with
good quality sleep can have at least some longer sleep peri-
ods than those with poor sleep quality, indicating that the
median, and thus the mean, wake-after-sleep onset time can-
not accurately differentiate between sleep qualities. The
mean, minimum, and maximum values for all three percen-
tiles by sleep quality and the results of the non-parametric
tests are given in Table 1.

Anderson-Darling and Kolmogorov-Smirnov Goodness-
of-Fit tests show that the Weibull distribution fit the empiri-
cal data best, with 98% of the participants’ data fitting it.
The other distributions that were tested, the gamma, expo-
nential, and beta, performed much worse, with fitting rates of
54%, 3%, and 0% respectively. The Weibull distribution is
frequently used as a way of determining time to failure.
Waiting time distributions of sleep are also time to failure
problems, as we are determining the length of time a partici-
pant sleeps before failing to sleep longer by waking up.
When the empirical WTDs and the respective Weibull pa-
rameters are averaged by sleep quality group (good and
poor), the empirical distributions still fit the Weibull. Both
the shape and scale Weibull parameters are also significantly
different when compared by sleep quality with the scale p-
value = 0.0061 and the shape p-value < 0.001. Fig. (2) shows
an example of the empirical distribution overlaid with the
Weibull distribution for one of the (poor sleep quality) par-
ticipants.

Discriminant analysis results indicate that the waiting
time distribution’s Weibull parameters of shape and scale
can identify sleep quality based on total sleep time and sleep
efficiency better than the average wake-after-sleep onset
value. The WTD’s Weibull parameters correctly identified
over 70% of participants’ sleep quality, with an error rate of
29.56%. The average wake-after-sleep onset value correctly
identified approximately 65% of participants’ sleep quality,
with an error rate of 34.85%.

As the shape and scale Weibull parameters obtained from
WTD analysis better classified sleep quality than the wake-
after-sleep onset average, correlation analysis was performed
to see if there was any correlation between the two parame-
ters and the average onset variable. The Pearson correlation
coefficient for the shape parameter is -0.26 with a p-value of
< 0.0001, indicating it is significantly correlated with the
average wake-after-sleep onset. The scale parameter has a
correlation coefficient of -0.06 and is not significant with a
p-value of 0.33.

Table1l. The Mean, Minimum, and Maximum Time Values for the 50th, 75th, and 90th Percentiles by Sleep Quality and p-Values
from the Wilcoxon and the Kolmogorov-Smirnov (KS) Nonparametric Tests, Comparing Percentiles between Sleep
Qualities
Good Quality Poor Quality p- value
Percentile Mean Min Max Mean Min Max Wilcoxon KS
50th 15 15 15 15 15 15 0.9999 0.9999
75th 15.36 15 30 15 15 15 0.2332 0.9999
90th 25.21 15 60 16.53 15 30 0.0001 0.0001
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Fig. (2). Example of a Weibull distribution being fitted over a participant’s empirical distribution, with the number of occurring frequencies

of time bins.

Survival analysis shows that the probability of a partici-
pant’s ‘surviving,’ that is, not waking up, is higher for those
with good sleep quality. Participants who have poor sleep
quality tend to awaken more often and/or sleep less time
before they awake, regardless of the length of time of the
awake period. Fig. (3) shows the survival curves for good
and poor quality sleep, using the average Weibull parameters
for each sleep quality. The figure shows that participants

with poor quality sleep have a greater probability of waking
up as more time passes.

DISCUSSION

Waiting time distributions offer an additional method of
analyzing sleep data that have the ability to provide even
more information on participant sleep patterns. WTD can be
used in place of the average wake-after-sleep onset variable,
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Fig. (3). Survival curve calculated with the Weibull survival function for good and poor sleep qualities, using the average Weibull parame-
ters for each sleep quality group. The y-axis shows the probability of a participant staying asleep, at the time given on the x-axis, before an

awakening event.
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as the 90™ percentile of the WTD is more capable of differ-
entiating sleep quality than the average is. Although both of
the error rates were fairly high in regards to classification, it
must be remembered that sleep quality is typically catego-
rized using three sleep variables, as opposed to the two used
here, since the third variable is one of the variables involved
in the comparison.

Additionally, the empirical waiting time distributions can
be modeled with the Weibull distribution. Just as the 90"
percentile, the estimated Weibull shape and scale parameters
also categorize sleep quality better than the average wake-
after-sleep onset value. This type of model can also be used
for its distributional properties, which include survival
analysis, moment generating functions, and probability cal-
culations. The Weibull parameters may perform better in
discriminating sleep quality than the average wake-after-
sleep onset because of the additional parameter. The shape
parameter for the Weibull distribution gives some of the
same information as the average wake-after-sleep onset vari-
able, but with the addition of the scale parameter, giving a
more detailed model to help differentiate the sleep quality
classifications.

Although analyzing sleep patterns with WTD takes more
time than using the average wake-after-sleep onset value, it
can add valuable, additional information for the researchers,
as it not only categorizes sleep quality at least as well as the
average wake-after-sleep onset time. Also, as the distribution
of wake-after-sleep times is asymmetric, the sleep-to—wake
onset average is an improper parameter to use; higher per-
centiles differentiate between sleep qualities much better, as
the number of longer wake-after-sleep onset times is much
greater in people with good sleep quality as opposed to those
with poor sleep quality. Waiting time distributions also pro-
vide all of the benefits that the theory of probability distribu-
tions has to offer, including parameter estimation and sur-
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vival time analysis. Compared to the average wake-after-
sleep onset time, waiting time distributions give many more
methods of analyzing participant characteristics, comparing
sleep quality between groups, and modeling sleep.

DISCLAIMER

The findings and conclusions in this report are those of
the author(s) and do not necessarily represent the views of
the National Institute for Occupational Safety and Health.
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