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Entropy Generation Minimization of a Thermoelectric Cooler

F. Gutiérrez and F. Méndez*

Departamento de Termofluidos, Facultad de Ingenieria UNAM, 04510 Mexico

Abstract: In the present work, we develop a theoretical analysis to minimize the entropy generation of a thermo-electric
cooler (TEC), which can be used to cool a processor. We have applied an analysis of first and second law of the Thermo-
dynamics to a TEC. We consider the entropy generation equation as the objective function and the first law as a restric-
tion, in accordance with the variational calculus theory. The numerical predictions show that minimum entropy generation
and the better performance coefficients (COPs) are achieved with the largest figure of merit, which represents a relation-
ship between the Peltier effect (cooling) and the Joule effect (heating).

INTRODUCTION

Thermoelectric cooling allows changing directly electric-
ity into refrigeration. In 1834 Peltier noticed, that when he
applied electric current to a circuit, which was made with the
junction of two distinct metals, one of the junctions was
heated and the other was cooled. Thermoelectric cooling is
one application of thermoelectricity; it is the set of phenom-
ena related with processing electricity into heat and vice
versa. When an electric current circulates through one or
more semiconductors pairs type n and p, it produces a tem-
perature gradient between the junctions. It is important to
note here that a p-type semiconductor represents a type of
semiconductor in which current passes through a solid via
electron flow into positive 'holes' in a crystal. The holes are
introduced using electron-deficient impurity atoms (doped
crystal). Meanwhile an n-type semiconductor is obtained by
carrying out a process of doping, that is, by adding an impu-
rity of valence-five elements to a valence-four semiconduc-
tor in order to increase the number of free (in this case nega-
tive) charge carriers. Energy crosses easily from the low
temperature reservoir to the high temperature reservoir
through the semiconductor type n, meanwhile energy flows
hardly through material p from high temperature to low tem-
perature reservoir [1]. A typical device showing the above
operation is represented in Fig. 1.

Thermoelectric Studies

Nowadays, it is very well-known that an increment in the
capacity and reduction size of electronic equipment produces
higher heat transfer rates than before [2, 3]. Phelan and oth-
ers [4] made a review study about different and non-
conventional refrigeration systems; concluding that only
TECs can meet the requirements imposed by the electronic
miniaturization and to be commercially available.

Omer and others [5] proposed an experimental design, in
which a phase change of a material was used in combination
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with one thermosyphon in order to that the system achieves a
refrigeration capacity between 150 and 200 W. Cheng and
Shih [6] optimized a set of TECs coupled in cascade using
genetic algorithms. Gordon and others [7] coupled a ther-
moelectric refrigerator with an absorption system; they
achieved higher CPOs than those attained by the systems
individually.

Yang and others [8] reviewed the performance of TECs
employing electric currents varying with time and with val-
ues higher to the recommended. Vikhor and Anatychuk [9]
used segmented semiconductors n and p elements, and they
gotten a better performance of TEC, because they changed
discreetly TEC properties. Cheng and Lin [10] optimized a
TEC geometrically and took the volume used by TEC as a
restriction, solving also the problem with genetic algorithms.
They got the best cooling capacities when they reduced the
characteristic length of semiconductors materials.
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Fig. (1). Outline of a thermoelectric cooler (TEC) device.

In the present work, we have developed a theoretical
analysis based on minimization of the entropy generation to
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describe the basic characteristics of a thermoelectric cooler.
In particular, the main parameter of refrigeration systems, i.
e., the performance coefficient (COP) is optimized as a func-
tion of the involved dimensionless parameters. We justify
the present analysis because the optimization studies based
on thermodynamic analysis have received considerable at-
tention in recent years, [11].

Basic Characteristics of a Thermoelectric Cooler (TEC)

These electric equipments can change directly electric
power in a thermal gradient. They are very reliable, silent,
small and light. TECs can be reduced to very small scales
and do not loss efficiency as it is common in refrigeration
systems. On the other hand, the durability is very high be-
cause they can work more than 100 000 h [1].

The direction of heat transfer is totally reversible and just
depends on the direction of electric current. Thermoelectric
equipments allow supporting a precise control of tempera-
ture in systems, between +0.1°C, with the help of an elec-
tronic device suitable. They are used in harmful environ-
ments or inside of small places for conventional refrigeration
and can work independently from the direction of gravity.

The figure of merit (Z) is one of the most important pa-
rameters that describe the performance of TEC; it is defined
as the quotient S%/(rA), where S is the Seebeck coefficient, r
is the electric resistivity and A is the thermal conductivity.

Entropy Generation

Thermodynamics analysis has three worthy foundations
which basically are described by mass conservation equa-
tion, and the first and second law of thermodynamics. The
conservation of mass law explains the interactions of mass
inside of a system and the first law clarifies the exchanges of
energy, the second law gives a quantitative relation of the
irreversibility of a system through entropy generation.

Entropy generation, here denoted by the symbol S o is

a very important concept because it is related directly with
the lost work (W, ) of the system. The Gouy—Stodola theo-

lost
rem establishes that lost work and entropy generation are
directly proportional through the relationship:

-7$ M

gen
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where T) is a reference or environment temperature [11, 12].
On the other hand, the following expression relates the irre-
versibility of a system with the actual work and with the
ideal work:

W =W =W 2)

equations (1) and (2) show clearly that when entropy genera-

tion is minimum, the actual work W reaches maximum val-
ues.

PROBLEM DESCRIPTION

The present physical system is composed by a thermoe-
lectric cooler (TEC); this device transfers the heat generated
by a processor to a heat sink, so this study emphasizes the
physical performance of a TEC.
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First law of Thermodynamics Analysis

In order to improve the performance of a TEC applied to
cool a processor or chip, we apply an energy balance for the
system sketched in Fig. (2).
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Fig. (2). Schematic diagram of a TEC.
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From the above figure, we can appreciate that QC is the
heat transfer rate from the processor, Q , is the external
power used by the TEC to work continuously, Qh is the heat
transfer rate dissipated in the heat sink. In addition, 7 is the

ambient temperature, T the temperature at the hot side of
TEC, T, the temperature at the cold side of TEC and T’ ; the

temperature of the processor or chip. R; is the thermal resis-
tance between the ambient and hot side of TEC temperature
IeServoirs.

Therefore, the use of the first law of thermodynamics al-
lows us distinguish the energy interactions that take place in
the TEC and for this case, considering the previous discus-
sion can be written as,

0.+0,-0,=",
©r dt &)
dE _
where —— represents the accumulation energy term of
TEC.

Explicit relationships for each heat transfer rates are
given lines below considering the following: the Peltier ef-
fect absorbs energy from the cold junction or reservoir of the
processor; however, together with this effect come another
two unfavorable effects: the Joule effect and heat conduc-

tion. Therefore, we use a relationship for Q. [13], which
considers the inclusion of the above effects and given by:
I’r

=2 T, -—-AG(T-T.)|.
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Fig. (3). Heat transfer interactions in a TEC.

In Fig. (3) are represented schematically these effects.
The first term of eq. (4) is the Peltier effect, the second is the
Joule effect and the third are heat conduction losses. Besides,
N is the number of semiconductors materials » and p, S is the
Seebeck coefficient, [ is the electric current used by TEC to
work continuously, 7 is the electric resistivity, G is a geomet-
ric factor from semiconductor materials (G = Area/Length)
and A is the thermal conductivity of the thermoelectric ele-
ment. On the other hand, the expression to calculate the elec-
trical power used by the TEC to run continuously Qp is

[13]:

2
0, = 2N[IGF+SI(T—TC)], )

where the first term in the above relationship corresponds to
the Joule effect and the second is the Peltier effect between

I
the temperatures 7 and T.. The expression Er +S(T-T))

is obtained from eq. (5) when we extract an electric current
factor [ from it. This expression has voltage units and it
shows clearly the thermal and electric character of the ther-
moelectric systems; because the first term represents the
voltage due to electric phenomena (Joule effect) and the sec-
ond is due to temperature gradient (Peltier effect). The ex-
pression for the heat transfer rate at the hot side of the TEC
can be written as [10]:

2

0, = 2N SIT+;(;_AG(T—1;), ©)

or equivalently using Figure (2):

Tr-T
= a . 7
0, R, ™)

This last expression relates the heat transfer rate at the
hot side of the TEC with the heat sink. On the other hand,

the term aa'li represents the energy change rate, like inter-
t

nal, kinetic or potential energy. We have approximated the
energy £ mainly with the internal energy U as pV'CT; where
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p is density, V volume and C specific heat. Therefore, the
energy change rate can be written as,

dE dT 3
== pyCc T ®)
dt dt
Substituting equations (4)-(8) into eq. (3), considering a
uniform electric current and recognizing that the expressions

of Peltier and Joule effects and the conduction heat have
their origin in constitutive relations; eq. (3) is then,

r 2
oN|siT -1 e -1+
2G

[ I°r T-T

2

AT
_ ol
PP

Dimensionless Equations

In order to reduce the number of physical parameters, we
can introduce the following dimensionless variables, T and i
as:

T-T

0= ¢, (10a)
T,-T.
t

T=—; (10b)
tO
1

i=—, (10c)
IO

where ¢y and [, are a reference time and electric current re-
spectively, which are to be defined later. Substituting these
adimensional variables (eqs. 10a-10c) into the energy bal-
ance (eq. 9); we obtain that,

c

0 +
SG(T1,-T,) T,-T,

rl i’ , L [

_1rli® AGT,-T, (11)
2SGT. SI, T.

1-6 _ pVC do

+ = .
2NSI,R, 2NSIt, dt

From the second term of the left-hand side of the equa-
tion 11, and from the right-hand side of the same equation,
we can define the reference or characteristic electrical cur-
rent /, and the reference time ¢, as:
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_2GS(T,-T,) .

r

I 0 (12a)
and
pVC

by=———; 12b
* = NSl (120)

respectively. Now, we can replace these reference parame-
ters (eqs. 12a, 12b) into the first law (eq. 11), simplifying it
in the following relationship,

P L S "
T,-T, 28°(T,-T,) (13)
v do
+ : (1-6)=—.
4NGS’R (T -T ) dr

In addition, from this expression (eq. 13), we define the
following nondimensional groups:

e M 4
28°(T,-T)’ (i
T, |
B = T -1 (14b)
e = r
4NGS*R,(T, -T.)" (14¢)

a group clusters the main properties from TEC and its defi-
nition is similar to the inverse of figure of merit (Ar/S7).
group is a nondimensional temperature parameter and ¢ in-
troduces the performance of the high temperature sink.

Replacing these nondimensional expressions (eq. 14) into
the first law (eq. 13) and making some simplifications, we
can obtain that

(i—a—£)6+i2+/5i+e=;{z. (15)

Second Law Analysis

The heat transfer coming from the processor and the heat
sent to the heat sink have a strong influence on the entropy
generation. Keeping in mind these two energy interactions,
the production of entropy takes the following form [11]:

S, = [ A (16)
T

Substituting the heat transfer interactions defined previ-
ously (egs. 4 and 6) into the entropy generation expression, it
takes the following format:
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" I’r  AG
S =(1-2N|SI - -—(T-T.
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c
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2
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Defining the non-dimensional entropy generation expres-
sion as:

-
=g 18
s, (18)

where S is the reference entropy generation that will be de-
fined later. Now substituting the entropy generation eq. 17 in
the eq. 18, we obtain

ty 2
S = [ —2N[SI— I'r —m(T—TC)l
J 2GT, T,

c

) (19)
wonlst+ 2T 229 oy |lar
2GT T

And employing the nondimensional variables (eqgs. 10)
into the entropy generation, it can be expressed as:
ILr .,

1
S,® =t,[12N i
e

+Mﬂn—ﬂ)4

T

c

2 20
T Y IS i e
26[1, +(1,-7.)0]

}m

Substituting the definition of the reference electrical cur-
rent (eq. 12a) in the above equation (eq. 20) and using the
nondimensional groups (eqs. 14), the entropy generation can
be simplified to the following relationship,

iq) =1j‘{i2(1+ﬁ)
2NGAt, of p+06

1)
+aﬁ(6— 0 )}d‘[.
p p+06

From the left-hand side of equation (21), we define the
reference entropy generation as:

_ AG(T,~T.)0
T, +(T,~T.)0
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o _2NGh,
T ag (22)

And using the definitions of ¢, (eq. 12b) and a (eq. 14a),
the reference entropy generation can be rewritten as:

_prc
B (23)

with the above definition, the dimensionless entropy genera-
tion simplifies considerably and can be rewritten through the
following relationship,

2 B
q>=£{z (1+p’+9)
(24)
+aﬁ(6— 0 )}dr,

Optimization

SO

With the objective of reducing the non-dimensional en-
tropy generation within an operation period, we can mini-
mize it through the use of variational calculus. We consider
the nondimensional entropy generation (eq. 24) as the func-
tional expression and the adimensional energy balance or
first law (eq. 15) as a constraint in accordance with theory of
variational calculus [14]. We can appreciate that the factor
af appears in the second term of the entropy generation
equation and in the first term of the energy conservation
equation; therefore, we can combine both equations in only
one equation

® =ﬁ{i2(1+ﬂﬁw)+(i—g)0+i2 25)

and in order to solve this functional, we need to solve the
following Euler—Lagrange equation (Rao WILEY 1996)
[14]:

oF d (oF
—=——1=0, (26)
00 dr(&@)

where the functional F is the argument of the previous inte-
gral (eq. 25); applying therefore this formulation, the result-
ing equation can be written as

BB 27
(B+0) (B+6)

which can readily solve for 8 given that

El

(28)
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Here, we only consider the positive roots of the

.2
term /ﬂ(l +op) . Obviously, we assume that the other solu-
i-¢

tion given by g_ _ B +ap) -B has not a physical
i-¢

sense because in this case the physical temperature of the

system 7 would be lower than temperature 7', which is im-

possible to occur.

This expression does not depend on time, then the non-
dimensional entropy generation (eq. 25) can be solved di-
rectly. The corresponding solution, in terms of 0, is given by

d)=z'2(1+ﬁ)+(i—£)t9+i2
p+0

(29)
. de apo
+Pi+e——-—-—.
dt p+6

Nondimensional Heat Transfer

We define the nondimensional heat transfer used to cool-
ing the processor as:
g =2 (30)
O,

where QO is a reference heat transfer that will be defined

later. Using the definition of the cooling heat transfer (eq. 4)
and substituting it into the adimensional expression (eq. 30),
we obtain that

=" |SIT, -—— - AG(T - T, (31
q)c QO c 2G ( L)

taking into account the definition of the nondimensional
variables 0 and 7 (eqs. 10a and 10c, respectively) and substi-
tuting them in the adimensional cooling heat transfer (eq.
31), we obtain

s L

5

2
Iyr ,

_ 2N gy ri-tor
2G

0,
~AG(T, - T,)0]

@,
(32)

by means of the nondimensional groups o,  and the refer-
ence electrical current /,, the expression (32) can write as,

_4NGS*(T, -T.JT. i

ol

c

(33)

ey,
B B
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In addition, we define the reference heat transfer Qo as:

ANGS*(T. -T)T
0, = 7, 0)”; (34)

r
Therefore, the nondimensional expression for the cooling
heat transfer is:
)
.1 (04
g =i-—-%0 . (35)
B B

In a similar way, we can define the nondimensional
power used by the TEC as:

, 0
PQ’

Using the expression for the power used by the TEC (eq.
5) into equation (36):

(36)

2

r Ir 37
Py = 2 E
2GS (T,-T,)T.
+8SI(T-T.)].

Through the nondimensional groups o, B and the refer-
ence electrical current, the nondimensional power input can
readily derive and write as:

1. .
@, = E[IQ +2i%] ; (38)

employing ¢. and ¢, the COP can be expressed as:
[

COP = (39)
@y
which is equivalent to write,
.0
cop =P~ -9 (40)
i0+2i

On the other hand, the nondimensional entropy genera-
tion integrated over a period does not depend on time 7; so
we can generate a set of graphics of the nondimensional de-
pendent variables as functions only of the groups or dimen-
sionless parameters. However, we can simplify the definition
of the nondimensional entropy generation (combining eqs.
18, 23) and writes it as:

L

oV’ “h)

Then, we propose a new reference entropy generation as:
S,y = pVC, (42)

and the adimensional entropy generation should be writ-
ten as
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S
D, =t (43)
SON

or, the new dimensionless entropy generation can be
written by means of the following relationship,

D, =—. (44)

RESULTS

In this section, we present the distributions of the nondi-
mensional temperature 6 (eq. 28), cooling heat transfer @,
(eq. 32), electric power ¢, (eq. 38), COP (eq. 40) and en-
tropy generation @ (eq. 44) as functions of the nondimen-
sional parameters. In all figures, we have used data reported
by Chein and Huang [13] and the TECs manufacturer Mel-
cor [15]. The data is: N=301, $=0.0002 V/K, r=0.00001 m,
2=0.15 Wm'K'!, G=0.1196 m. Besides, the conductivity
value is one order lower than indicated in surveys and the
geometric factor is one order higher. These values corre-
spond to the pink curve.
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Fig. (4). Nondimensional temperature 6 as a function of the nondi-
mensional parameters.

The shape of 0 (Fig. 4) is almost a straight line within the
domain of the used parameters. This means that the figure of
merit parameter, S%Ar, has to be as higher as can be possible
to achieve a lower temperature 7 in the hot side of the TEC.
This condition reduces the requirements in the heat sink. For
the same reason is convenient that the adimensional current
becomes higher than one.

The shape of ¢. (Fig. 5) is asymptotic to S large. This
profile is the result of the competition between the Peltier
and Joule effects and heat conduction, where the last two are
dissipative effects. A large surface and a small length of the
thermoelectric cooler elements yields an increase in the use-
ful cooling power, because G=Area/Length; this result is the
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same as that expressed by other authors like Simons and Chu
[3] or Cheng y Lin [10].
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performance is shown in Fig. (5) by the curve with = 0.9, ¢
=(0.7 and i = 1.15 (solid blue).

The downward trend in ¢, (Fig. 7) indicates that when

0

the 7, - T, increases, the required input power =2 does it
A

also. We obtain the lower useful power with smaller values
of . Again larger figure of merit are preferred with i > 1.

Fig. (5). Cooling heat transfer . as a function of the nondimen-
sional parameters.

The growing behavior of ¢, with § means that when the
temperature at the cold side of TEC is very low the amount
of cooling heat ¢. decreases, according to the definition of §
(Fig. 6); this behavior is similar to that shown by common
refrigeration systems. However, when the temperature dif-
ference T, - T, is close to zero, the amount of heat cooling
capacity increases.

30

20~ n

B(T)
10 — n

0 100 200 300

T

Fig. (6). Graphic of S as a function of nondimensional parameters
and with T, = 300K.

According to the definitions of the adimensional vari-
ables and parameters (eqs. 10, 12 and 14), we achieve large
values of a with small values of the figure of merit Sz/r)L,, I3
can have arbitrary values, but among them when the factor
4NGR); is large, we get lower values of &, this means that the
cooling capacity increases when the number of thermo elec-
tric pairs, area of elements and high temperature sink are
large or the length of elements is short. The amount of elec-
tric current has a direct impact in the performance of TEC,
because the electric current / is higher than the reference
electric current /, the cooling heat transfer increase. The best

4.5
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Fig. (7). Non dimensional power input ¢, as a function of the non-
dimensional parameters.

The growing trend of COP (Fig. 8) shows that by de-
creasing T, - T, is obtained a better performance of TEC.
This result is similar to that of Cheng and Lin [10], whom
mentioned that by requiring a greater cooling temperature
difference COP falls, and the betters COPs are those with
values of o and i large and € small.
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Fig. (8). COP as a function of the nondimensional parameters.

difference T, - T, is small.

The shape of @y is decreasing with ¢ (Fig. 9); physically
this means that the entropy generation decrease when the
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Therefore, it is desirable a great 4NGR, factor, small val-
ues of a, which are gotten with a large figure of merit; fi-
nally the lowers values of @ are achieved when i=1.15.
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Fig. (9). Non dimensional entropy generation @,

The above behavior of the nondimensional entropy gen-
eration @ is similar to that presented by Bejan in a thermal
machine located between two thermal reservoirs [11]. The
interaction of the TEC inside the system has three main tem-
perature reservoirs; these are the temperature from the cold
side of the TEC, the ambient temperature and the tempera-
ture from the heat sink.

The heat transfer interactions are pictured schematically
in Figs (10 and 11). These two diagrams depict the whole
heat transport phenomena. At the beginning, the heat is
“pumped” from the cold side of the TEC to the high tem-
perature sink (Fig. 10), where it is dissipated from this tem-
perature to the ambient temperature (Fig. 11).

Th or
THigh

Qpr+Q’
—>
Qc
Tcor

TLOW

Fig. (10). Heat transfer from the cold side of the TEC to the heat
sink.
The entropy generation of these interactions is:

0.0+,

- (45)
genAd TL TH
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where, S gena 18 the entropy generation of the first stage,

according with the reference; besides, 7 ; and T, ; are the
temperatures at the cold side of the TEC and the temperature
of the heat sink. QC and Q , are the same heat transfer inter-
actions defined previously. The heat rejected to the ambient
is:

Thor

Tngh

g ¥

Fig. (11). Heat transfer from the heat sink to the ambient.
The entropy generation produced by this interaction

S5 18

gen

0.+0, 0.+0,

genB == TH T

a

(46)

E)

Finally, the whole entropy generation according to the
above reference [11], is the sum:

o=S5__,+8

genA genB , ( 47)
this means that,
T -T, Q
Q (48)

aTL Ta .

This expression is similar to that shown by Bejan for a
heat transfer across finite temperature difference. Second
term of the right side (eq. 48) represents the entropy genera-
tion due to heat generated by the input power, because the

heat sink dissipates not only the cooling heat transfer (), but
also the power added to the system in order it works con-

tinuously O, .

The shape of the entropy generation o according to the
reference (Fig. 12) is similar to the nondimensional entropy
generation (Fig. 9). The cooling heat transfer and the power
input are unit and the ambient temperature is 300K.

Different values of O, or O, have a little effect in the

shape of the curve, they can generate more or less entropy
(up or down the curve); however the shape remains.
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Fig. (12). Entropy generation between a finite temperature differ-
ence.

These last two figures are similar, because when we need
a larger cooling temperature (temperature at the cold side of
TEC) the entropy generation increases, according to the
definition of # (eq. 14b) and a low temperature (7) corre-
sponds to small values of f (Fig. 6). In both figures this
situation produces the highest values of generation.

And vice versa when the cold side temperature is similar
to ambient temperature, this means higher values of 7 and £,
the entropy generations (@ and o) decreases to low values.

4. CONCLUSIONS

We used the entropy generation minimization method
with the aim of improving the performance of a TEC;
whereby we used the first and second law of thermodynam-
ics and variational calculus. The best performance of TEC
leads to a greater heat transfer cooling, less useful power
consumption and a higher COPs.

We found a dimensionless temperature expression (eq.
28) through variational calculus; this result matches to those
works where the entropy generation is minimal. By means of
this optimized temperature, we developed the cooling heat

transfer QC , useful power consumption Qp , COP and en-

tropy generation 0] 4 expressions. This set of expressions

tells us, which are the best conditions of operation, such that
the energy interactions to be as close to a reversible behav-
ior.

Entropy generation minimization (17, 29) shows us that
the best performance of TEC is achieved with a small o or ¢
and employing eq. (11); this means large values of Seebeck
coefficient S, thermoelectric pairs number &, thermal resis-
tance R,, geometrical factor G or with a small electrical re-
sistance r, thermal conductivityA. Larger geometrical factors
are obtained when the area of the thermoelectric element is
incremented or when the length is reduced. These conclu-
sions in G, N or figure of merit (8%/Ar) are similar to those
explained by Phelan and others [4], Chen and Lin [10], and
Min and Rowe [16] in their studies.
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APPENDIX
A. Thermo — Electricity

Thermoelectricity involves different phenomena, which
are related with the conversion of heat into electricity and
vice versa. There are five main thermoelectric phenomena,
and they are Seebeck, Peltier, Thomson, Joule, and heat con-
duction effects [17, 18].

Seebeck Effect

Seebeck found in 1821, that a temperature difference
could be turned into a voltage difference. When an electric
circuit of two different metals is heated at one junction, then
a temperature difference between the junctions will be pro-
duced and this will generate an electro motive force (emf).

junction A Voltmeter

<,

junction B

& i

Candle

Fig. (13). Thermoelectric circuit, Seebeck effect.

The Seebeck effect is due to the electrons difference be-
tween the materials and the temperature difference at the
junctions.

Peltier Effect

This effect is opposite of Seebeck, because it produces a
temperature difference at the junctions when an emf is
applied to the circuit. This effect is reversible, this means,
it depends only of the direction of the electric current,
(Fig. 14).

junction A junction B
[ -
[
emf

Fig. (14). Thermoelectric circuit, Peltier effect.
Thomson Effect

It describes the heating or cooling of a conductor at the
presence of a temperature gradient, when a current pass
through it. When the current moves from the cold junction to
the hot, the electrons gain potential energy, and vice versa
when they travel from hot to cold junction they lose energy.

If the current passes trough the same conductor the
changes in potential energy are canceled; however, when it
travels through different conductors, the gradients of poten-
tial energy are not necessarily canceled.
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Heat Conduction

It is due to the heat conduction through the semi-
conductors materials; from the junction of high temperature
to the cold one. Heat conduction is presented both in semi-
conductor n and p. The heat transfer rate is proportional to
the temperature gradient.

Joule Effect

This effect explains the heating of an electric conductor
when a current passes through it.

Coupled Heat and Electric Phenomena

Kelvin, Seebeck, Peltier, and Onsager performed differ-
ent studies, about the analysis of two simultaneous energy
flows through a conductor.

Kelvin proved that the irreversible effects can not be
eliminated through the geometric dimensions of the semi-
conductors materials. He equalized to zero all the entropy
changes and deduced some relations, and Onsager confirmed
them lately. Onsager developed a study about coupled irre-
versible flows, Heikes and Ure [17] present a summary about
its theory.

B. Variational Calculus

This theory allows to finding the extreme (maximum or
minimum) of a functional. A functional is a function of oth-
ers functions within a domain. Variational calculus can solve
problems of optimal trajectories.

Fundamental Problem of Variational Calculus

The main objective of the variational calculus is to find-
ing a function u(x) that minimizes the functional (integral):

A= fF(x,u,u’,u”) dx, (49)

X

where F is a functional, because it is a function of other
functions, and x is the independent variable, then:

u=u(x); (50a)
w=@&9; (50b)
dx
, d’u(x) (50¢)
u'=——-".
dx

Normally, the functional has a physical meaning; in this
study is the entropy generation. For other cases, it could be
potential energy, a trajectory or the surface of a body.

The integral (eq. 49) is well defined within the domain
[x;, x2], where u(x;) and u(x;,) are the boundary conditions of
the problem. The procedure for resolving the problem is to
propose a solution and compare it with the exact solution.

The difference between the exact solution and the pro-
posed is minimized, and this can be done in a similar way as
in the ordinary calculus [14]. Finally, the minimal difference
must satisfy the Euler — Lagrange equation:

Gutiérrez and Méndez

dFf d (oF d (oF
- - P + 72 7” = 0 . (5 1)
dx dx\ou dx”\ ou

When the problem has one or more constraints, the
method of Lagrange multipliers can be applied. For example,
there is a functional B:

du
B=ff Xy Vs Tl Uy Uy, s — .. [dX,  (52)
v dx
and the m constraints:
du
gl x,y,z,ul,uz,u3,...,un,—,... (538.)
dx
du
g, x,y,z,ul,uz,u3,...,un,a,... (53b)
du
g, | X, z,u Uy Uy U . (53n)
dx

Then, based on the Lagrange multipliers, the new func-
tional C to solving is:

C={U#%&+%&+”+M&Jw’ (54)

where f is the argument of the integral B (eq. 52) and A

Ayooo, )\,m are the Lagrange multipliers. To solve this new

functional, we can apply the Euler Lagrange equation to the
argument of C.

NOMENCLATURE
C, = Specific heat
COP = Performance coefficient

= Energy

= Arbitrary functional

= Geometric factor

= Dimensionless electric current

= Electrical current

= Number of semiconductors

Heat transfer rate from the processor
= Dissipated heat transfer rate

= External power

= _p@pz ~ QX
I

= Electric resistivity

R2 = Thermal resistance

S = Seebeck coefficient

S gen = Entropy generation

S 0 = Reference entropy generation
t = Physical time
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C

= Hot side temperature
= Ambient temperature
= Cold side temperature
= Processor temperature
= Reference or environment temperature
= Thermo electric cooler
= Internal energy

= Volume

= Work

= Lost work

= Maximum work

= Figure of merit, SZ /rA

Greek letters

AT M8 S & ™ ™R

= Dimensionless parameter, eq. (14a)

= Dimensionless parameter, eq. (14b)

= Nondimensionless parameter, eq. (14c)
= Dimensionless entropy

= Dimensionless heat transfer rate (proces-
Sor)

= Dimensionless power

= Thermal conductivity

= Density

= Nondimensional temperature

= Nondimensional time
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