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Abstract: The percolation mechanism and regularity for stepped horizontal well in multi-layer complex fault block res-
ervoir are complex. A percolation mathematical model based on unsteady flow mathematical model is built up in this pa-
per. In the model, the reservoir couples with one horizontal well in sealed reservoir which perforates through mutually un-
connected formation. Laplace transform, Stehfest inversion and Conjugate gradient are used to solve the model. The pres-
sure distribution results of different time and production distribution results of different well section can be obtained. The 
results of pressure drop and pressure drop derivative calculated by this model are close to the results calculated by the 
Saphir software, and the agreement rate is 99%, which proves the model is of great reliability. Compared with Saphir 
software, the capacity of horizontal section through multiple sand at the same time can be calculated, which is the ad-
vantage of this model. It is not suitable for heterogeneous reservoir and the reservoir with supply boundary, which is the 
limitation. A two-layer block fault reservoir has been used to carry out the field study through the model, simplifying the 
irregular shape of reservoir for rectangular reservoir at first. Then a double-stage horizontal well is used to pass through 
the upper layer and the lower layer orderly in this reservoir, the simulation calculation of the well can use the double-stage 
horizontal well model, and the model can calculate the average pressure drop and pressure drop derivative of various pro-
duction phases in the bottom hole accurately .The reservoir flow stage and the flow time in different periods can be judged 
through pressure drop and pressure drop derivative in the bottom hole, which can also calculate the distribution of produc-
tion along the horizontal section in different periods at the same time. It can provide theoretical foundation of reservoir re-
search engineering and production engineering design for reservoir development with stepped horizontal well in multi-
layer complex fault block reservoir.  
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1. INTRODUCTION 

High-efficient development of oil and gas reservoir with 
complex fault block, low well control and multilayer are the 
technological problems that the oilfield is facing in our coun-
try [1]. Directional well, horizontal well, multilateral well, 
cluster well and stepped well have always been applied in 
such reservoirs domestically and in other countries over the 
world. The stepped horizontal well which is adopted in re-
cent years, becomes a new type, and the well structure is 
complex [2-4]. The percolation mechanism on such wells 
with complex well configuration mainly refers to the study 
of horizontal well and vertical well. In fact, the studies need 
to be further improved [5-10]. 

A percolation model is established with one or more 
wells in the bounded reservoir based on single-phase flow 
pressure gradient model built by Ouyang [11, 12], coupled 
with flow model in wellbore and reservoir for cluster well 
inflow performance in infinite reservoir built by Ouyang 
[13], and source function on bounded reservoir flow equa-
tion built by Gringarten and Ramey [14]. Each well may 
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have several multilateral wells, and each multilateral well 
may have vertical well section, inclined well section and 
horizontal well section. Each well is located in one bounded 
reservoir or perforates through a reservoir which is not mu-
tually connected. The solution of the model contains many 
rapid linear algebraic calculation methods, such as Laplace 
changing numerical algorithm by Zhao and Thompson [15], 
numerical Laplace inversion algorithm by Stehfest [16], and 
Conjugate gradient methods [17]. Furthermore, the model is 
applied in pressure and production calculation of complex 
wells in fault block oil reservoir. 

2. RESERVOIR FLOW EQUATION 

It is supposed that there are one or more oil wells or wa-
ter wells in the rectangular reservoirs, which are intercon-
nected or disconnected. Each well may have vertical well 
section, inclined well section and horizontal well section. 
The restricted conditions are as follows: 

(1) Each layer has the same or similar initial flow poten-
tial energy before it is developed. 

(2) Each layer is in the same pressure system after perfo-
ration, but pressure transmission of non-communicating lay-
ers is connected with wellbore. 
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(3) Suppose that oil layers are disconnected, and each 
layer is homogenous and anisotropic. But each layer has the 
various characteristics of porosity, permeability and total 
compressibility. 

(4) Each layer has a different coordinate system in order 
to deal with anisotropic feature of oil layers. 

(5) Each oil layer has a closed boundary. 
(6) Properties of oil layers do not change with pressure. 
(7) Suppose that formation fluid is single phase and it is 

with weak compressibility. The fluid of each layer may have 
diverse compressibility and viscosity, but they are constant. 

Thus, the flow equation in the jth layer is: 
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where the compressibility is: 
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Usually we assume that the positive direction of Zj is 
vertically up. If we suppose the fluid density ρ is a constant, 
the potential energy of formation fluid φ can be calculated 
by: 
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In order to make the result of equation (1) universal, we 
should make it dimensionless. 

The dimensionless fluid energy is defined as: 

 
!Dj =

!i !!(x j , y j , z j ,t)
!i  

(4) 
The dimensionless time is defined as: 
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The dimensionless coordinate is defined as: 

 
xDj =

x j

L
K

Kx j

 
(6) 

 
 
yDj =

y j

L
K

Ky j

  
(7)

 

 
 
zDj =

z j

L
K

Kz j

  
(8)

 
 

Putting the dimensionless variables into equation (1), a 
dimensionless flow equation can be gotten: 
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Equation (9) shows that all the aeolotropism problems 
can be solved by translated into isotropy problems. 

Initial conditions of the system: 

 !Dj =!Di   
(10)

 

Boundary conditions of the system：  
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Equations (10) and (11) can be solved by the originated 
function, which is generated from the Green function. 

3. WELLBORE FLOW EQUATION 

The flow pressure gradient of wellbore could be defined 
by the equation: 
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τw is defined by: 
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where f is wall friction factor. 
As to production well: 
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And equation (12) can be expressed in the gradient form 
of fluid potential energy: 
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4. MODEL SOLUTION 

Use a well through two disconnected reservoirs as an ex-
ample to establish the equation and solve it. It is of high de-
gree similarity to the case of multi-layers and multi-wells. 
The model is illustrated as in Fig. (1). 

Assuming that the dimensionless potential energy of 
point 1A is φD1A(t) , the dimensionless production is QD, at 
any time t, the equations can be gotten as follows: 
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Fig. (1). Model illustration. 
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m+n+1 equations are concluded in equation (17) and 
equation (18) through which m+n+1 unknown counts can be 
solved. Assuming that QD is known, m+n+1 unknown counts 
are  !D1A,q1A,q2 A,......qnA,q1B ,q1B ,......qmB . All the items in the 
originated function can be calculated by the Newman multi-
plication principle. The equation (17) and equation (18) need 
to be solved by the Iterative method. And the changing items 
of the dimensionless potential energy are the functions of 
production. The changing items could be defined by the 
equation below: 

  (19) 

where !Df12 (t)  represents the potential energy difference 
caused by the wellbore friction between points 1A and 2A at 

any time. Where !Da12 (t) represents the potential energy dif-
ference caused by the acceleration between points 1A and 2A 
at any time.   !L12 represents the length from point 1A to 
point 2A. V12 represents the axial velocity of flow. q12 is the 
average flow rate of the well wall, parameter f will be deter-
mined by equation (14) and equation (15). Thus, the poten-
tial energy difference of other well sections can be solved by 
the similar method. 

Equation (17) and equation (18) can be solved by 
Laplace transform, and it can be evidenced from the 
convolution of Laplace transform: 

  (20)  

 

! D1A(s) = qDiA(s)S1iA(s) +
i=1

n

! qDjB (s)S1 jB (s)
j=1

m

!  

! D2A(s) =! D1A(s) + !! Df 12 (s) + !! Da12 (s)

              = qDiA(s)S 2iA(s) +
i=1

n

" qDjB (s)S 2 jB (s)
j=1

m

"
 (21) 

! D(m+n)A(s) =! D1A(s) + !! Df 1(m+n) (s) + !! Da1(m+n) (s)  

 = qDiA(s)S (m+n)iA(s) +
i=1

n

! qDjB (s)S (m+n) jB (s)
j=1

m

!
 

Equation (20) and equation (21) are obtained through 
equation (17) and equation (18) respectively on Laplace 
space. They can be calculated from Iterative method and 
translated into the actual space by Stehfest method. 

5. MODEL VALIDATION 

In order to validate the effectiveness of the model, the 
model is used to calculate the drop of pressure of horizontal 
well and the drop of pressure derivate in one-sand body. The 
final results are compared with the Saphir software 
calculation results. 

The verified parameters of the model are: sand body 
length: xe=2.3km, width: ye=2.0km, height: ze=10m, flow 
internal diameter:0.1m, k: 40mD, formation porosity: 0.2, 
formation compression factor: 5×10-4/MPa, oil viscosity: 
1mPa.s, daily productivity: 100m3/d, horizontal well location: 
x=1-1.3km，y=1km，z=5m. 

According to the Fig. (2), the calculation of pressure 
derivative shows that the reservoir flow is unsteady flow at 
the beginning of the well production from 0.02 days to 10 
days. Ten days later, the flow reaches the boundary, and the 
reservoir flow is the quasisteady state flow. For both 
pressure and pressure derivative, the results calculated by 
this model are almost consistent with the results calculated 
by Saphir software; the deviation lies only in the early part 
of the flow, which means the production time is less than 0.1 
days. The pressure derivative results calculated by this 
model are a little greater than simulation calculation results 
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Fig. (2). Calculated pressure drop and pressure drop derivative using current model contrast with applying Saphir calculation (horizontal 
well). 
 
Table 1.  Parametric table listing the reservoir properties. 

Sand body Oil area 
Km2 

Effective 
sickness 

m 

Porosity 
% 

Permeabil-
ity10-3μm2 

Viscosity 
mPa.s 

Length 
m 

Width 
m 

Dimension-
less length f 

Dimension-
less width f 

Dimension-
less thick-

ness f 

46 up 2.60 18.5 18.75 74 2 2000 1300 1 0.65 0.00923 

48 up 3.12 12.5 20.51 92 2 3180 981 1.59 0.49 0.00625 

 

 
Fig. (3). Oil-bearing area diagram of the reservoir (the left is“46 up”, the right is“48 up”). 
 
by using Saphir software, but its deviation is less than 1%. 
The whole self-agreement of results calculated by the model 
and by the software reaches 99%, which shows that the 
results calculated by the model are reliable, and hence the 
model can be extended to calculate capacity in reservoir that 
contains more than one-sand body. 

6. PRACTICAL EXAMPLE OF CALCULATION 
ANALYSIS 

A fault block oil reservoir is used for a typical example. 
The reservoir consists of two-sand bodies (“46 up” and “48 
up”). Their properties are shown in Table 1 and the oil-
bearing area of sand body is shown in Fig. (3). The reservoir 
is controlled by oil rate target at 100m3 per day, so the drop 
of pressure, the drop of pressure derivative, and production 
of a well through the two-sand bodies can be calculated at 
the same time by the model as is mentioned in this paper. 
According to the geometrical shape of oil-bearing area, the 
two-sand bodies are simplified. We assume that a horizontal 

well penetrates the left sand body of “46 up” in the middle of 
left side, goes out at right side, then goes down to “48 up”, 
and passes through it at right side (Fig. 4). The average 
dimensionless pressure drop and the dimensionless pressure 
drop derivative at the bottom of the wellbore in different 
times are as shown in Fig. (5). The production distribution at 
different levels of time and different horizontal sections is as 
shown in Fig. (6).  

Because the simulation in this well is under the constant 
production rate condition, the production in the whole 
process is certain. However, because the spread range of oil 
well in different periods is different, the initial spread range 
is small, but the spread range is large at the end of the 
period, until the pressure wave blocks all the boundaries. 
Therefore, the flow of the oil wells can be divided into 
different stages according to the bottom hole pressure drop 
and pressure drop derivative in different periods. 
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Fig. (4). Simplified graph of reservoir case. 

 
Fig. (5). Horizontal well pressure and pressure derivative. 

 

 
Fig. (6). Production in different well sections at different time of horizontal well. 
 

Bottom hole pressure drop trend consists of three stages: 
radial flow stage, linear flow stage and pseudo steady-state 
flow stage. The pressure drop is not obvious at radial flow 
stage. When pressure drop delivers to upper and lower 
boundary of the formation, the linear flow stage starts and 
pressure drop increases significantly. The pseudo steady-
state flow stage starts when pressure drop delivers to 
horizontal boundary of the formation. However, pressure 
drop derivative increases linearly along with time. 

The productivity can be judged in turn according to the 
size of the pressure drop; that is, when the oil wells are under 
the same production, the smaller the bottom hole pressure 
drop, the greater the production capacity is, the greater the 
bottom hole pressure drop, and the smaller the production 
capacity is. 

In the process of under the condition of constant 
production rate in the oil well, although the total productions 
remain unchanged, the pressure in different well sections of 
horizontal wellbore in different periods is not the same, 
which contributes differently to the total production of 
horizontal well in different production periods. This is 
because the spread range of puessure wave is different in 
different periods. 

Owing to the horizontal well section of “46 up” nearly 
penetrates left side of “46 up”, the yield distribution of each 
section is basically consistent. Since the sections penetrated in 
"48 up" are not from the same end, the first nodal point has a 
high yield whereas the other nodal points’ outputs basically 
remain unchanged. Wellbore initial output of “46 up” is less 
than that of “48 up”, because the length of the horizontal well 
section that is penetrated in “46 up” is less than that of “48 
up”. As the time goes by, after the fluid reaches the boundary, 
the volume size of the sand bodies becomes the leading factor 
that influences the yield. The wellbore output of “46 up” is 
slightly higher than that of “48 up”. 

7. DISCUSSION 

on the basis of the simplified multi-layer fault block 
reservoir, the production pressure drop, pressure drop of the 
derivative and well production distribution under the 
constant production rate condition in multi-layer fault block 
reservoir can be accurately calculated by the model proposed 
in this study. Furthermore, the flow state in reservoir and oil 
well productivity can be judged in different periods, which 
provides theoretical support for oil reservoir capacity 
calculation and well location optimization of selecting well 
in multi-layer fault block reservoir, making up for the 
inadequacy of the existing business well test software. But 
this model also has certain limitations and therefore, it needs 
indepth study in the future. The study mainly includes: (1) A 
model is put forward and set up for closed fault block oil 
reservoir; in order to solve the oil reservoir with supply 
boundary, the boundary conditions are required to set up 
again; (2) The proposed model however, is not suitable to 
calculate the intraformational heterogeneity, interlayer 
channeling and other complex flow conditions in the 
reservoir: (3) It is used without considering wellbore storage 
effect, so the flow pressure drop and pressure drop of the 
derivative calculated by the model can appear with a larger 
deviation at the beginning of the flow period. 
CONCLUSION 

The results show that the advancement of this model 
mainly reflects in the following four aspects:  
(1)  The model has used the unsteady state flow mathematical 

model, which is more close to the actual flow condition 
to describe the flow reservoir fluid better. 

(2) The transient flow mathematical model is established 
under the reservoir and the complicated wellbore cou-
pling conditions. The fluid friction and momentum 
change are considered in the wellbore flow model. 
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(3) Each well can contain many vertical, slope and horizon-
tal well sections in the model. Therefore, the case of one 
well crossing over many disconnected formations is al-
lowed, which complies with the development of practical 
fault block reservoirs.  

(4) The model adopts rapid linear algebraic calculation 
methods such as source function for flow equation of 
bounded reservoir by Gringarten and Ramey, numerical 
algorithm for Laplace transform by Zhao and Thompson, 
numerical algorithm for Laplace inversion by Stehfest 
and Conjugate gradient methods for equation solving. It 
is trustworthy both in computational accuracy and speed. 

SYMBOL INSTRUCTIONS 

Ф—flow potential energy, f 
x、y、z—coordinate 
µ—viscosity, mPa.s  
K—permeability, mD 
B—volume factor, f 
P—formation pressure, MPa 
L—reference length, m 
q1—flow capacity in unit wellbore or flow capacity in unit 
wellbore, m3/d 
V—axial flow rate of corresponding segment (q1and V take 
the positive value in the case of production well, take the 
negative one in the case of injection well), m/s 
D—shaft diameter, m 
g—acceleration of gravity, m/s2 
gc—conversion factor of gravity acceleration 
ρ—wellbore fluid density, Kg/m3 
t—time, d 
C—compressibility, 1/MPa 
ф—porosity, f 
θ—angle of the wellbore and horizontal direction，° 
τw—wellbore friction stresses, MPa 
f—wall friction coefficient 
NRe—Reynolds number 
subscript j—number of layer 
subscript D—dimensionless quantity 
subscript A, B—sand body symbol 
subscript m, n—localization in the horizontal well 
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