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Abstract: A mixture solidification model is employed to study the interaction between the melt flow and the growing 

mushy zone. The goal is to address the importance of considering the melt flow and flow pattern (laminar or turbulent)  

in the growing mushy zone. A simple 2D benchmark with parallel flow passing by/through a vertically growing mushy 

zone is considered. Parameter studies with different velocities and flow patterns are performed. It is found that the flow 

velocity and flow pattern in and near the mushy zone plays an extremely important role in the formation of the mushy 

zone. The mushy zone thickness is dramatically reduced with the increasing melt velocity. Simulations with/without  

considering turbulence show significantly different results. The turbulence in the mushy zone is currently modeled with a 

simple assumption that the turbulence kinetic energy is linearly reduced with the mush permeability.  
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1. INTRODUCTION 

 Solidification is a key issue for many industry processes 

such as casting, welding, crystal growth, metallurgy, energy 

conservation, refrigeration, polymer crystallization. Most 

industry materials solidify in a temperature interval, and they 

subject a phase transition from purely liquid state, through a 

liquid-solid two phase region which is also called as mushy 

zone, to a complete solid state. Flow in the mushy zone plays 

an important role in the final solidified microstructure. In last 

decades many experimental and numerical studies have been 

carried out for the solidification of metal materials. Some 

numerical models have been developed to account for both 

fluid flow and heat transfer, and incorporate with solidifica-

tion kinetics as well [1, 2]. However, the knowledge about 

the influence of the flow on the developing mushy zone is 

quite limited, especially when it is exposed to a melt region 

with highly turbulent flow. Most recent solidification models 

incorporate only with laminar flow [3-6]. Only few works 

were reported to handle the turbulence during solidification 

[7-10].  

 In the current paper an existing model [7-10] is employed 

to study the interaction between the flow and the mushy 

zone. A simple 2D benchmark with parallel flow passing 

by/through a vertically growing mushy zone is configured. 

Parameter studies with different flow patterns and flow  

parameters are performed.  

2. NUMERICAL MODEL  

 A mixture continuum
 
[3-6] is used to mimic the mushy 

zone (Fig. 1). This mixture combines liquid l -phase and  
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solid s-phase, which are quantified by their volume fractions, 

l
f  and sf . The morphology of the solid phase is usually 

dendritic, but here we consider the dendritic solid phase as a 

part of the mixture continuum. The mixture continuum 

changes continuously from a pure liquid region, through the 

mushy zone (two phase region), to the complete solid region. 

The evolution of the solid phase is determined by the tem-

perature according to a Tf
s

 relation (e.g. Gulliver-Scheil), 

fs =

0

1 Tf T( ) Tf Tliquidus( )( )
1

kp 1

1

T > Tliquidus

Tliquidus T > TEutectic

TEutectic T .

     (1) 

 Only one set of Navier-Stokes equation, which applies to 

the domain of the bulk melt and mushy zone, is solved in the 

Eulerian frame of reference.  
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 Here 
 

v
us  is the pre-described velocity of the solid phase. 

The momentum sink due to the drag of the solid dendrites in 

the mushy zone is modeled by the Blake-Kozeny law:  

 

v
Smon =

μ
l

K
(
r
u

r
us )            (5) 

 The permeability for steel, for example, is modeled as 

function of the volume fraction and the primary dendrite arm 

spacing
1

 according to Gu and Beckermann [11]: 
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 The energy equation is applied to the entire domain, 

 

h

t
+

v
uh( ) = eff T + Se .          (7) 

 Here h  is the sensitive enthalpy of the solid phase 

hs = href +  cpTref

T
dT . The latent heat released, L, is treated by 

a source term  

Se = L fs t
 
+ L

v
us fs .           (8) 

 A low Reynolds number k -  model was introduced by 

Prescott and Incropera [7-10] to handle the turbulence during 

solidification. 
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Fig. (1). Schematic of the two-phase nature of a solidifying mushy 

zone.  

 The turbulent Prandtl numbers for k : Prt,k =1.0, and for 

:
t,

Pr =1.3. G is the shear production of turbulence kinetic 

energy [7-10]. A simple approach is used to modify the tur-

bulence kinetic energy in the domain which may include a 

mushy zone. It is assumed that within a coherent mushy zone 

turbulence is dampened by shear which is linearly correlated 

with the reduction of the mush permeability. The influence 

of turbulence (standard k-  model) on the momentum  

and energy transports are considered by the effective viscos-

ity 
 
μeff = μl

+ μt and the effective thermal conductivity 

eff = + t
, where μt = Cμk

2 , 
ht,p,tt

Pr
ll

cf μ= , Cμ  

is a model parameter (0.09), Prt,h  is the turbulent Prandtl 

number for energy equation (0.85).  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. (2). Configuration of the benchmark: (left) geometry and 

boundary conditions; (right) schematic of the flow in the calculation 

domain and the mushy zone developed in front of the chill-wall. 

The solid phase is stationary. 

Table 1. Parameters used for the Calculations (Fe-0.34 

wt.%C)
*
 

Thermal Physical Properties Thermal Dynamical Data 

cp =  808.25  J kg K-1
 

=  33.94  W m 1 K-1  

=  7027  kg m 3  

 
μ

l
=  5.6 10-3   kg m 1 s-1

 

L =  256,476.0  J kg-1  

kp =  0.2894   

m =  -8453.0  K  

Tf =  1811  K  

Te =  1426  K  

ce =  0.043   

Tliquidus =  1782  K  

Other parameters  

1 =  4 10-4   m  

Tinlet =  1785  K  

v
uinlet =  0.001  m s-1   (later varied)  

 

* Some modeling parameters were described in section 2. 

3. BENCHMARK SIMULATIONS 

 A 2D benchmark, as shown in Fig. (2), is considered. 

The melt with nominal composition of Fe-0.34wt.%C fills 

continuously through the inlet into the domain with constant 

temperature (1785 K) and constant velocity (
 

v
uinlet =0.01  

m·s
-1

). The mold is adiabatic, except that a chill is placed on 

the left side of the mold to cool the melt. Solidification  

occurs in front of the chill, and the solid phase is assumed  

to be stationary, and it sticks (non-slip) to chill surface.  

The melt passes by or through, and interacts with the  

solidifying mushy zone, and finally leaves the domain  

from the outlet. Turbulence boundary conditions at the  
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mold walls are: zero of k , zero flux of . At the inlet, the 

k  and  are estimated based on the given turbulence inten-

sity I  and hydraulic diameter DH : 
 
kinlet =

v
uinlet I( )

2
3 2 , 

inlet = Cμ

3 4 kinlet
3 2 0.07DH . Other boundary conditions, ther-

mal physical properties and thermal dynamical data are 

given in Fig. (2) and Table 1.  

3.1. Mesh Dependency Analysis 

 To verify the calculation accuracy, mesh dependency of 

the simulation result was studied. The calculation domain is 

enmeshed with structured (square) mesh. 4 different mesh 

sizes are used: x = 1, 0.5, 0.4, 0.1 mm. All simulations are 

made with constant inlet velocity 
inlet

u
v

= 0.01 m·s
-1

, and 

constant inlet temperature Tinlet =1785 K. Only laminar flow 

model is considered for this study. The k-  model is 

switched off. Fig. (3a) compares the steady-state results of 

the mushy zone for the 4 different mesh sizes. Varying the 

mesh size from 0.1 to 1.0 mm, almost no significant influ-

ence on the mushy zone is seen. If we study the liquid frac-

tion distribution across different sections carefully (3 sec-

tions as indicated in Fig. (3a), position 1 - 3), only minor 

difference is seen (Fig. 3b-d). The results with x = 0.5, 0.4, 

0.1 mm are almost imposed with each other, which are 

slightly different from the results with x = 1 mm. The rela-

tively large discrepancy is located near the front region of 

the mushy zone. We can claim that the results with x  

smaller than 0.5 mm can be accepted as grid independent 

result. With further refinement of the grid size would in-

crease the calculation cost, but no significant improvement 

of the accuracy. Note that the criterion ( x < 0.5 mm) may 

not apply generally. When the process conditions change, for  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

a) overview of 4 cases 

 

 

 

 

 

 

 

 

 

 

 

 

b) Position 1 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

c) Position 2 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

d) Position 3 

 

Fig. (3). Sensitivity of the simulation results to the mesh size. 4 simulations with different mesh sizes (0.1, 0.4, 0.5, 1 mm) are performed. a) 

Overview of the mushy zones of the 4 cases: red indicating the bulk melt region, blue indicating the solid region, and other colors indicating 

the mushy zone; b-d) Volume fraction distribution of the liquid phase across the section at Position 1, 2, 3. 
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example, the melt velocity increases finer grid would be  

required. Therefore, for each process condition the similar 

grid indecency proofs should be performed.  

3.2. Evolution of the Mushy Zone  

 A transient simulation result of the mushy zone is shown 

in Fig. (4). We have used a dynamic time step control.  

We start the calculation with an initial time step of 10
-4

 s. In 

each time step a limit of iteration number (100) is set. The 

calculation iterations are carried out until the convergent 

criteria (residual for continuity and momentum equations  

are 10
-5

, and for energy equation is 10
-8

) are reached.  

When the iteration number required to reach the convergent 

criteria is smaller than 30, the time step is increased by  

a factor of 20%. When the iteration number required is  

larger than 50, the time step is reduced by a factor of  

20%. When the maximum iteration number 100 is required 

without reaching the convergent criteria, the time step  

is reduced by a factor of 20%, and the calculation is switched 

to the next time step. With this strategy a relative safe  

and convergent result in each time step can be ensured.  

The simulation does show sensitivity to the time step,  

when the first layer of the solid phase forms near the  

chill surface. Due to the initial high cooling rate, the solidifi-

cation rate at the chill surface region is very high. The high 

solidification rate leads to the high rate of the latent heat 

release, which causes the solution instability of the energy 

equation.  

 As shown in Fig. (4), The whole process proceeds  

to about ca. 1000 s until mushy zone reaches the steady  

state. Due to the continuous flow, the developing mushy 

zone becomes stable afterwards. It means that the rate of heat 

extraction by the chill is balanced by the energy loss of the 

melt when passing through the domain. 

 Fig. (5) shows details of the flow near and in the mushy 

zone. The flow can only penetrate into the mush as deep as 

fs = 20-30%. As expressed in Eq. (6) the permeability of the 

mushy zone drops dramatically with the increase of fs . The 

permeability is a function of the primary dendrite arm space 

(PDAS). If the PDAS is large, the permeability is high, and 

the melt will easily penetrate deep into the mush. The shape 

of the mushy zone shows that the area which face the flow 

(upper region) the mushy zone is thinner because of the 

strong flow entering the mushy zone. In the downstream area 

the mushy zone is much thicker, because the flow is hin-

dered/depressed by the mushy zone there.  

 

 

 

 

 

 

 

 

 

 

 

 

Fig. (5). Melt flow (vector of 
 

v
u

l
) near and in the mushy zone. The 

inlet velocity and temperature are kept constant: 
 

v
uinlet =0.01 m·s

-1
, 

Tinlet =1785 K. Here only the laminar flow is considered, and the 

final steady state result is analyzed. The solid fraction distribution is 

shown with isolines. 

3.3. Influence of the Velocity on the Mush Thickness 

 Influence of the flow velocity on the mush thickness is 

studied by varying the inlet velocity. 4 inlet velocities are 

considered (Fig. 6). The estimated Reynolds numbers of the 

4 cases are 2500, 1500, 500, 50, correspondingly. We as-

sume that the flow pattern is still laminar. In the case of high 

inlet velocity, e.g. 0.05 m s
-1

, only tiny layer of the mushy 

zone is seen. The high heat extraction rate of the chill is bal-

anced by the high flow rate of the melt. The mush thickness 

 

 

 

 

 

 

 

Fig. (4). Evolution of the mushy zone from the initial condition of full melt of T0 =1785 K. During the process the inlet velocity and inlet 

temperature are kept constant: 
 

v
uinlet =0.01 m·s

-1
, Tinlet =1785 K. Volume fraction of the liquid phase is color-scaled: red indicating the bulk 

melt region, blue indicating the solid region, and other colors indicating the mushy zone. 
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increases with the decreasing inlet velocity. As shown in Fig. 

(6), when the inlet velocity is reduced to 0.001 m s
-1

, the 

mush thickness is extended to most of the sample section. 

The flow channel in front of the mushy zone becomes nar-

row. Due to the constant inlet velocity condition, the velocity 

in the channel increases with the decrease of the channel 

section. However, the channel will never be closed by the 

mushy zone. The heat transfer rate through the mushy zone 

into the chill will be balanced by the increasing melt flow 

rate in the narrowing channel.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. (6). Influence of the inlet velocity on the mush thickness. The 

inlet temperature is kept constant: Tinlet =1785 K. Here only the 

laminar flow pattern is considered, and steady state results are  

analyzed.  

3.4. Influence of the Turbulence on the Mush Thickness 

 The influence of the turbulence on the mushy zone is 

significant. Two simulations without and with considering 

the turbulence model are compared in Fig. (7a and b). With 

considering the turbulence, the mush thickness is predicted 

significantly smaller. The assumption of laminar flow applies 

in most region of the calculation domain, but it does not 

apply in the whole domain, as shown by Fig. (7c-d). The 

calculated k  and  in the most bulk region are neglect 

small, but in the front of or near the front of the mushy zone, 

and in the downstream region, they are significantly in-

creased. Due to this fact, μeff  is not equally distributed, and 

it is increased by a factor of 9 in some regions. In this sense, 

eff is increased by a factor 2.4. As the solidification model, 

Eq. (1), stated, the mushy zone thickness is governed by the 

temperature field. If eff is increased due to the effect of turbu-

lence, the temperature gradient increases, the mushy zone 

becomes narrow.  

 To understand the influence of eff  on the mushy zone, 

additional test simulations with an artificially increased eff  

are performed (Fig. 8). The eff  is artificially increased by a 

factor of 2 and 3 uniformly in the entire calculation domain. 

The modeling results with the artificially increased eff  are 

compared with the reference case of pure laminar flow 

( eff = ). It is found that the mushy zone is dramatically 

reduced when eff  is doubled, and the mushy zone almost 

disappears when eff  is increased by a factor of 3. These 

simulations hint that the turbulence in the mush or near/in 

the front of the mushy zone can play extremely important 

role in the formation of the mushy zone. The simulation with 

turbulence model (Fig. 7) shows that k  and  are not uni-

formly distributed. They are obviously increased locally in 

some regions, e.g. near the front of the mushy zone, hence 

the effective thermal conductivity eff  is increased as well. 

Therefore, great care should be taken to account the turbu-

lence effect, and its influence on the formation of the mushy 

zone. 

4. SUMMARY DISCUSSIONS 

 The interactions between the melt flow and the mushy 

zone can be extremely complicated. As schematically shown 

in Fig. (9), whenever flow approaches mushy zone, dendrite 

tips may cause additional perturbation or instability of the 

flow on one hand, the turbulence inside the mushy zone (be-

tween the dendrite arms) will be dampened by the mushy 

zone on the other hand. The influences of the flow on the 

mushy zone include: (1) modify the dendritic morphology, 

(2) induce macrosegregation, (3) cause segmentation, 

brunches and detachment of the dendrite arms, (4) influence 

the mushy zone thickness. In turn the influences of the 

mushy zone on the flow include: (1) modify the flow pattern 

(laminar or turbulence behavior), (2) induce or dampen the 

turbulence. There is no well-defined boundary layer in front 

of the mushy zone, and the thickness/position of the mushy 

zone is a part of solution which can not be pre-defined. This 

article can not cover all aspects of the aforementioned inter-

actions. We focus currently on only one point, i.e. the influ-

ence of flow and flow pattern on the evolution of the mushy 

zone thickness, which is of ultimate importance for metal-

lurgist to understand and control the formation of the solid 

shell in the continuous caster.  

 The mixture solidification model, used for the current 

study, has been verified theoretically and experimentally  

[3-8]. The current authors applied the same model to predict 

the evolution of the solid shell thickness of continuous  

cast steel slab [12, 13], and compared the prediction with the 

experiment on the breakout shell [14]. Good quantitative 

agreement between them was obtained. An improved model 

being able to properly incorporate the turbulence flow 

in/near progressing mushy zone is desirable. The modified 

standard k -  model, suggested by Prescott and Incropera 

[9, 10], has provided a simple approach to treat the turbu-

lence flow in the mushy region. The turbulence is simply 

assumed to be dampened by the mushy zone. The turbulence 

kinetic energy is considered to be linearly reduced with  

the decrease of mush permeability. The numerical simulation  

 

-1sm050 u -1sm010 -1sm030  -1sm0010 sm05.0
inlet

u sm01.0 sm03.0  sm001.0 
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of a Pb-Sn casting has explored some interesting features  

of macrosegregation, which shows qualitative agreement 

with experiments. Considering the complexity of the solidi-

fication process, as schematically shown in Fig. (9), further 

modeling efforts, especially in the presence of turbulent  

flow in mushy region, and dedicated experimental evalua-

tions are required. Some turbulence models were recently 

developed in the disciplinary of porous medium. For exam-

ple, Nakayama and Kawahara have proposed a modified 

two-equation k -  model [15, 16] to consider the turbu-

lence flow in porous medium by introducing two additional 

terms representing the production and dissipation rate of 

turbulence kinetic energy and its dissipation rate. Masuoka 

and Takatsu proposed an even simple zero-equation model 

[17] for flow in packed spherical particles based on the  

consideration of effective eddy diffusivity as the algebraic 

sum of the eddy diffusivities estimated from the pseudo vor-

tex (order of particle diameter) and the interstitial vortex 

between the packed particles. Although the solidification 

mushy zone is generally characterized with its transient  

behaviour and non-homogeneity, it has some similarity to 

the porous medium. The ideas developed in the disciplinary 

of porous medium would certainly stimulate the future work 

to improve the turbulence model in the solidifying mushy 

zone.  

 The current paper has addressed the importance of the 

flow phenomena in the solidification process. Based on  

numerical parameter studies we found that the mushy zone 

thickness is dramatically reduced with the increase of flow 

velocity. When the turbulence is considered, the thickness of 

the mushy zone becomes even further thinner. The general 

effect of the turbulence is to enhance the heat dispersion in 

the flow domain. The turbulence will enhance the local tem-

perature gradient in/near the mushy region. According to the 

fs T  relation, Eq. (1), the larger the temperature gradient, 

the thinner the mushy zone.  

 

 

 

 

 

 

 

 

 

 

 

 

Fig. (8). Influence of the effective thermal conductivity on the 

mush thickness. Simulations with an artificially increased (effec-

tive) thermal conductivity were performed.  

  

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. (7). Steady state mushy zone simulated without (a) and with (b) considering the turbulence model. (c) – (f) are the turbulence kinetic 

energy, dissipation rate, effective viscosity, and effective thermal conductivity in the case of considering turbulence model. The inlet velocity 

and temperature are constant: 
 

v
uinlet =0.01 m·s

-1
, Tinlet =1785 K. Inlet boundary conditions for k  and  are estimated based on the given 

hydraulic diameter DH = 0.04 m and constant turbulence intensity I = 0.07 (root-mean-square of turbulence velocity fluctuation divided by 

mean velocity). 
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Fig. (9). Schematic of interactions between the melt flow and the mushy zone. 

NOMENCLATURE 

c0  1 initial concentration  

ce  1 eutectic concentration  

cp  J· kg
-1

·K
-1

 specific heat  

C1 ,C2 ,Cμ  1 constant of the standard k  model [7-10] 

D  m characteristic length of the flow domain 

DH  m hydraulic diameter of inlet 

 
f
l
, fs  1 volume fraction of liquid and solid phase 

 

v
g  m·s

-2
 gravity acceleration 

G  kg· m
-1

·s
-3

 shear production of turbulence kinetic energy 

h  J·kg
-1

 enthalpy 

href  J·kg
-1

 reference enthalpy at temperature Tref  

hs  J·kg
-1

 enthalpy of solid phase 

I 1 turbulence intensity 

k  m
2
·s

-2
 turbulence kinetic energy per unit of mass 

kp  1 partition coefficient of binary alloy 

K  m
2
 permeability 

L  J·kg
-1

 latent heat 

m  K liquidus slop of binary alloy 

p  N· m
-2

 pressure 

Prt,h  1 Prandtl number for energy equation 

Prt,k  1 Prandtl number for turbulence kinetic energy k  

Prt,  1 Prandtl number for turbulence dissipation rate  

Re  1 Reynolds number 

Se  J· m
-3

·s
-1

 source term for energy equation 

Sk  kg· m
-1

·s
-3

 source term for turbulence kinetic energy  

 

v
Smon  kg· m

-2
·s

-2
 source term for momentum equation 

t  s time 

T  K temperature 

Teutectic  K temperature of eutectic reaction 

Tf  K melt point of pure solvent  

Tinlet  K inlet temperature 

 

Flow (turbulence)

M h h lMushy zone morphology,

Segregation,

Segmentation, brunches, 
detachment,

Modify flow pattern,

Reduce/increase 
turbulence,

No well-defined boundary

Solidifying mushy zone

,

Mushy zone thickness.
No well defined boundary 

layer.
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NOMENCLATURE contd….. 

Tliquidus  K liquidus temperature of alloy 

Tref  K reference temperature for href  

 
v
u  m·s

-1
 velocity of the mixture 

 

v
uinlet  m·s

-1
 inlet velocity  

 

v
u

l
 m·s

-1
 liquid velocity 

 

v
us  m·s

-1
 solid velocity 

x  m mesh size 

 m
2
·s

-3
 turbulence dissipation rate per unit of mass 

 W m
-1

·K
-1

 thermal conductivity 

eff  W m
-1

·K
-1

 effective thermal conductivity due to turbulence 

t  W m
-1

·K
-1

 turbulence thermal conductivity  

1  m primary dendrite arm spacing 

 kg· m
-3

 density 

μeff  kg· m
-1

·s
-1

 dynamic effective viscosity due to turbulence 

 
μ

l
 kg· m

-1
·s

-1
 dynamic liquid viscosity 

μt  kg· m
-1

·s
-1

 dynamic turbulence viscosity  
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