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Abstract: Many actual multistage manufacturing processes are not serial structure, but parallel structure or hybrid struc-
ture. The quality relationship model for multistage manufacturing process with parallel structure was developed based on 
state space model. The quality relationship model of multistage manufacturing process with hybrid structure was devel-
oped via the hierarchical iteration method based on the models for the process with serial and parallel structures. The 
PLSR method was using for eliminating the correlation between quality characteristics to make analysis and identify the 
key quality characteristics. The method in the paper provides the solving basis for quality analysis and control in multi-
stage manufacturing process. 
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1. INTRODUCTION 

The multistage manufacturing processes are common in 
modern production. The multistage process is defined as a 
system by which the product is made out through a series of 
process. Production is carried out by steps or stages. Each 
step in the manufacturing process directly or indirectly af-
fects the whole process of quality assurance ability. There 
are a large number of quality characteristics in multistage 
manufacturing processes with a strong correlation between 
them. Due to cost and technological limitation, quality con-
trol personnel cannot monitor all quality characteristics. 
Therefore, we need to identify key quality characteristics to 
analyze and improve the quality of the multi-stage processes. 

For key process quality characteristics identification of 
manufacturing, Boeing defined the key quality characteris-
tics based on the degree of quality loss in the actual process 
of quality management (Boeing, 1991) [1-6]. The identifica-
tion of key quality characteristics in multistage manufactur-
ing process was developed in recent years. Ding (2005) uses 
the pattern recognition method to identify and monitor the 
quality variation in multistage production process of auto 
body. Tsung (2008) developed the identification method of 
key quality characteristics in the multistage process with 
state space wave transmission model. He and Tang (2007) 
developed the key quality characteristics based on house of 
quality method. Zhang et al. (2010) put forward the extrac-
tion model and optimization model of key quality character-
istics for complex electromechanical product based on 
ANNs technology. Jin and Zhou (2006) developed a varia-
tion source identification method based on the analysis of the 
covariance matrix of the process quality measurements of  
 
 

manufacturing processes. Loose (2008) proposed the identi-
fication of key quality characteristics in multistage processes 
based on the eigenvectors of covariance matrix of multivari-
ate measurements. But the researches focused on the single 
variable. The correlation between multiple quality character-
istics was ignored (Wu, 2005) [7-15].  

In addition, the present studies of identification key 
quality characters in multistage manufacturing process fo-
cuses only on the serial structure as the research object, not 
parallel structure. These cases are the most common form in 
the actual production [16-20]. 

2. QUALITY RELATIONSHIP MODEL OF MULTI-
STAGE MANUFACTURING PROCESS 

To establish the relationship of multistage manufacturing 
process quality model is the basis of the identification of key 
quality characteristics. There usually are serial and parallel 
structures in the multistage manufacturing process. The qual-
ity models of serial and parallel structures in multi-stage 
manufacturing process are respectively established in this 
paper. The two quality models were integrated to obtain the 
relationship of multistage manufacturing process with hybrid 
structure.  

2.1. Quality Relationship Model of Multistage Manufac-
turing Process with Serial Structure 

The state space model is the most widely used to analyze 
the variation accumulation and transfer of quality character-
istics in the multistage processes modeling (Thornton et al., 
2000). The state space model was put forward by Jin and Shi 
(1999). Its core is the quality characteristics between various 
processes being described by the linear relationship in 2D 
vector set and superimposed with interference system, as 
shown in Fig. (1) [6, 7]. 
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Suppose a process has a total of N stages. The product 
quality characteristics vector kx  of the stage k process con-

sists of the quality characteristics vector 1−kx  and the quali-

ty influence ku  from the stage. 1−kx  is not only the output 
of the stage k-1 quality characteristics, but also the input of 
quality characteristics in the stage k. ku  is independent. The 

random vector 
 
w

k
 denotes random error variable, where the 

mean is zero. 
 
w

k
 is independent to 

   
u

k
,k = 1,2,!,n . 

According to the linear state space model, quality meas-
urement on the stage k of an in-control process is formulated 
by 
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ij
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Where, 
 
x

ij    
(i = 1,2,!,m; j = 1,2,!,k)  denotes the ith 

quality characteristic of jth stage. 
  
!

i, j"1
x

i, j"1
 denotes the 

transformation of quality variation from the stage j-1 to the 
stage j. 

 
!

ij
u

ij
 denotes ith quality characteristics by the sys-

temic factors in the stage j. The common-cause variation and 
random errors are represented by 

 
w

j
 in the stage j [21-23]. 

Quality relationship model of serial structure multistage 
manufacturing process can be formulated by vector as 
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characteristic vector, 
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quality characteristic influence. 
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 is influence coefficient 

matrix of quality characteristics from j-1th stage to the stage 
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Bj is influence coefficient matrix of quality characteristics 
from jth stage, expressed as 

   

B
j
=

!
11, j

!
12, j

! !
1m, j

!
21, j

!
22, j

! !
2m, j

" " # "

!
m1, j

!
m2, j

! !
mm, j

"

#

$
$
$
$
$
$

%

&

'
'
'
'
'
'

 

2.2. Quality Relationship Model of Multistage Manufac-
turing Process with Parallel Structure 

In order to meet the need of productivity and production 
line balancing, multiple processes or station are often set up 
per stage, forming a parallel structure, in actual production. 
Fig. (2) is a reference of a typical parallel structure of multi-
stage manufacturing process. 

In the figure, the products from three stations will be the 
input of the two station of second phase. The products of two 
stations in second phase will be input of the third stage. 

The state space model was studied only on the serial 
structure, not on parallel and hybrid structure of multi-stage 

Stage 1
X1X0

U1 W1

Stage k-1
Xk-1Xk-2

Uk-1 Wk-1

Stage k
Xk

Uk Wk

Stage N
XN

UN WN

XN-1
··· ···

 
Fig. (1). Multistage process state space model. 
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Fig. (2). The diagram of quality path in multi-stage manufacturing process. 
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processes. Jin, Li and Tsung (2010) researched the control 
method for parallel structure multistage manufacturing pro-
cess. The traditional state space model is improved based on 
the idea of the paper to develop the key quality characteristic 
identification model for parallel structure multi-stage manu-
facturing process in the paper. Fig. (3) shows the state space 
model with parallel structure [24-26]. 

There are three case in the multi-stage manufacturing 
process with parallel structure as follow: 

a) The parallel case 
A parallel situation can be viewed as a cascade process 

which has two inputs without interaction. The quality rela-
tionship model still can be represented by state space model 
with serial structure. Through the recursive iteration, every 
parallel quality flow can be analyzed respectively to find out 
the influence on the process of quality characteristics of this 
process and setup linear relationship quality model of the 
entire manufacturing process. 

b) The dispersion case 

In the dispersion case, the output of the stage k-1 is the 
input of two stages in the stage k. Two virtual variables 

   
!X

k!1,1
 

and 
   
!X

k!1,2
 represents quality characteristics vector of the first 

station in the stage k-1 (Jin, 2010)[18],  
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Where, 
   
!X

k!1,1  and 
   
!X

k!1,2 represent virtual variable of 
  
X

k ,1  
and   Xk ,2 input. 

   
!X

k!1,1  and 
   
!X

k!1,2  has the same distribution. The 
variable 

  
X

k!1
 is the superposition of 

   
!X
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!X

k!1,2 [27]. 

c) The convergence case 

There are 2 inputs in the stage k+1 from stage k. Two vir-
tual variables 

   
!X

k+1,1  and 
   
!X

k+1,2  represents quality characteris-
tics vector of the first station in the stage k-1. 

   

X
k+1

=

!X
k+1,1

!X
k+1,2

!

"
#
#

$

%
&
&
=

A
k

0

0 A
k

!

"
#
#

$

%
&
&

X
k ,1

X
k ,2

!

"
#
#

$

%
&
&

+

U
k+1,1

U
k+1,2

!

"
#
#

$

%
&
&
+

w
k+1,1

w
k+1,2

!

"
#
#

$

%
&
&

 (4) 

Where, 
  
X

k ,1
and 

  
X

k ,2
denote the quality characteristics of 

the stage k. The virtual variable 
   
!X

k+1,1
and 

   
!X

k+1,2
 represents 

the influence from input 
  
X

k ,1
and 

  
X

k ,2
, which has the same 

distribution. The variable 
  
X

k+1
 is the superposition of 

   
!X

k+1,1
 

and 
   
!X

k+1,2
. That is to say, the quality characteristics of the 

stage k+1 are affected by the quality characteristics of the 
stage k. 

2.3. Quality Relationship Model of Multistage Manufac-
turing Process with Hybrid Structure 

Two adjacent stage quality characteristics can be repre-
sented by a linear state space model based on the above qual-
ity relationship. Therefore, the quality relationship model of 
multistage process with hybrid structure is developed 
through the hierarchical iteration method [28, 29]. 
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So, Y denotes the finial quality characteristic of the stage k.  
Based on formula (2), (3) and (4), the Y can be repre-

sented as 
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Xk-1，n

Uk-1,1 Wk-1,1
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··· ┇
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Fig. (3). The state space model of multi-stage manufacturing process with parallel structure. 
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Further, the formula can be expressed as  
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original state before production. If the systemic random error 
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is ignored and let 
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= 0 , the model (6) can be simplified 
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From the formula (8), the complex relation among quali-
ty characteristics of different stages can be expressed by state 
transfer relation. The quality of final product can be ex-
pressed by the quality characteristics of each stage of the 
process. The relationship among the 

 
X

j
,
  
X

j!1
 and 

 
U

j
 in a 

single stage need only be studied to setup the model. The 
quality relationship model of multi-stage manufacturing pro-
cess with hybrid structure can be treated as linear equations 
of product quality Y and quality characteristics 

 
U

j
 in each 

stage [30].  
If the coefficient matrix effects can be obtained in each 

stage of quality characteristics, it can identify where the 
quality characteristics have more influence on the final prod-
uct quality. That is the key quality characteristic of the pro-
cess. 

3. KEY QUALITY CHARACTERISTIC IDENTIFYING 
AND MODELING ANALYSIS BASED ON PLSR 

The multivariate PLSR (Partial Least Squares Regression) 
method can be used to solve a number of related influence 
among the quality characteristics of multistage processes, to 
establish the regression model between the independent vari-
able (input vector of quality characteristics of each stage) 
and dependent variable (the output vector of quality charac-
teristics of each stage) (Wang, Xu and Yang, 2013)[8]. 
Through recursive iteration, the relationship model was setup 
between the quality characteristics of the final product and 
quality characteristics of each stage. Finally through the aux-
iliary technology in PLSR, the significant factors and the key 
quality characteristics can be identified. The identifying pro-
gram is as follow: 

Step 1: Data collection  

Determine the final quality requirements and quality 
characteristics of multistage manufacturing process which 
has influence on the quality of the final product, and collect 
sample data. Y

~
 is the independent variable and it represents 

the final quality of product. The dependent variable 
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1
, !U

2
,", !U

K
 denotes the quality characteristics of stage  k . 

The data includes n groups, that is 
   
( !U

i1
,", !U

ik
, !Y ) , 

   i = 1,!,n . 

Step 2: Data standardization 

According to the formula (2), (3) and (4), the SIMCA-P 
software is used to do PLSR analysis in turn, from the be-
ginning of the quality Y of the final product to input vector 
and output vector of each stage of processes with serial-
parallel structure. According to the aided analysis of PLSR, 
the information of variable importance can be obtained. 

Step 3: Quality relationship modeling 

According to the formula (5), (6) and (8), multiple linear 
regression model of product quality and the quality charac-
teristics can be setup through recursive iteration from the 
quality characteristic Y of the final product to the upper 
stages of process. The regression model is the quality rela-
tionship model of multistage manufacturing process with 
hybrid structure. The model is expressed as 
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Where, 
   
µ
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(i = 1,!,k)  is the Influence coefficient 
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of formula (8). 
Step 4: The key quality characteristic identifying 

The VIP (variable importance in projection) is the index 
to measure the importance of the dependent variable in 
PLSR. For each U1,…,Uk, the Uj with VIPj=1(j=1,2,…,k) 
represents the importance of each Uj for the quality charac-
teristic Y is the same. If the Uj with VIPj>1(j=1,2,…,k), the 
Uj can interpret the quality characteristic Y is better. The key 
quality characteristic can be identified through the value of 
VIPj. (Wang, 2006) [17]. 

CONCLUSION 

The key quality characteristics identification method in 
this paper is developed for solving multistage manufacturing 
process with hybrid structure.  

Firstly, the relationship of quality characteristic was dis-
cussed in the multistage manufacturing process. Three cases, 
that is parallel, dispersion and convergence case were dis-
cussed. Then the quality relationship model for multistage 
manufacturing process with parallel structure was developed 
based on state space model. The quality relationship model 
of multistage manufacturing process with hybrid structure 
was developed via the hierarchical iteration method based on 
the models for the process with serial and parallel structure. 
Because of the correlation between the quality characteristics, 
the identifying program is developed. The PLSR method was 
using for eliminating the correlation between quality charac-
teristics. The VIP is defined as discriminated value to identi-
fy the key quality characteristics. 

The method in the paper had been applied in the actual 
multistage manufacturing process in a cigarette firm. The 
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results are proved to be effective. This method is still insuf-
ficient because it is based on lineal state space model. Mutu-
al influence of quality characteristics is maybe nonlinear in 
multistage manufacturing process. It needs further study to 
solve the case. 
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