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Abstract: Ultrasonic pulse velocity (UPV) and rebound hammer (RH) tests are often used for assessing the quality of 

concrete and estimation of its compressive strength. Several parameters influence the property of concrete, such as the 

type and size of aggregates, cement content and the implementation of concrete. To account for these factors, both of the 

two tests are combined and their measurements are calibrated with the results of mechanical tests on cylindrical specimens 

cast on site. In this study, the two tests cited above have been used to determine the concrete quality by applying regres-

sion analysis models between compressive strength of in situ concrete on existing structure and the nondestructive tests 

values. With the combined method, equations are derived using statistical analysis (simple and multiple regression) to es-

timate compressive strength of concrete on site. Besides, this paper presents the reliability analysis to nonlinear reinforced 

concrete beams. A First Order Reliability Method (FORM) is used, and the results are compared to the ones given by 

Monte Carlo simulation. 
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1. INTRODUCTION 

Evaluation of concrete properties is of great interest, 
whether to detect altered areas or to control the concrete 
quality and estimate its compressive strength [1]. The stan-
dard methods used to assess the quality of concrete in con-
crete structures on specimens cannot be considered. The dis-
advantage is that results are not immediately known, and the 
number of specimens or samples is insufficient for an eco-
nomic reason. Besides, it does not reflect the reality of the 
structure [2]. 

The main advantage of nondestructive testing method is 
to avoid the concrete damage on the performance of building 
structural components. Additionally, their usage is simple 
and quick [3]. Test results are available on site. Concrete 
testing in structures is demanding in which the cores cannot 
be drilled, where the use of less expensive equipment is re-
quired. 

Several nondestructive evaluation methods have been 

developed. These methods are almost based on the fact that 

some physical properties of concrete can be related to the 

compressive strength of concrete. The Schmidt rebound 

hammer (SRH) [4] and the ultrasonic pulse velocity (UPV) 

tests [5], are combined to develop correlation between ham-

mer/ultrasonic pulse velocity readings and the compressive 

strength of the concrete. These nondestructive measurements 

have been proven to be an effective tool for inspection of 
concrete quality. 

Reinforced concrete structures present significant nonlin-
ear behavior and consequently nonlinear analysis of this kind  
 

of structure has been subject of research for many years [6]. 
In the last decades very accurate structural models were pro-
posed, that can take into account most aspects of the nonlin-
ear behavior of concrete structures. However, reinforced 
concrete structures (as is the case of most structures) are sub-
jected to strong uncertainties, both related to the properties 
of the material and the applied loads [7]. Consequently, the 
design of structures that will need to work under real condi-
tions need to take into account these uncertainties to some 
degree. Until about 1960 these uncertainties were considered 
by applying some safety factor during the design stage. 
However, these safety factors were established only by 
means of “engineering judgment”, and not by a rigorous sci-
entific approach. 

The next step was the design of structures according to 
limit states, that is the approach recommended by most struc-
tural design standards nowadays. In this case, the properties 
of each material and the magnitude of each load is de-
creased/increased according to its respective factor [8]. 
These factors are evaluated based on probabilistic analysis 
and presented as fixed values in design standards. For this 
reason design using limit states is also known as semi-
probabilistic design. The factors were actually evaluated 
using probabilistic analysis, but the designer makes a deter-
ministic analysis using reduced/increased resistances/loads. 

It turns out that design standards are not able to cover the 
full range of application that engineers are able to conceive 
[9]. Even if some kind of design standards are available for 
most kind of constructions (such as buildings, bridges and 
dams), sometimes the engineers need to design some struc-
ture that does not fit exactly in any standard due to its size, 
complexity or multidisciplinary nature. In these cases (or in 
cases that the engineer wants to) probabilistic analysis can be 
pursued. Full probabilistic analysis, where one aims for a full 
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probabilistic characterization of the behavior of the structure, 
needs in general much computational effort. Fortunately, in 
many cases it is enough to study the structure from the optics 
of “fail” versus “do not fail”. In these cases one can substi-
tute a full probabilistic analysis by a reliability analysis, 
where only the failure probability is evaluated. This takes 
much less computational effort, and can be successfully ap-
plied to several structural problems. 

In this paper we first present evaluation methods of con-
crete engineering, and then propose an approach for the reli-
ability analysis of reinforced concrete beams and frames 
using a First Order Reliability Method (FORM). Failure is 
assumed to occur when the displacements are bigger than 
some prescribed limit. Besides, the FORM algorithm is ap-
plied directly to the problem, and thus an efficient approach 
for carrying out sensitivity analysis is also presented. It is 
also proven that the reliability index given by this problem is 
a lower bound for the reliability index when collapse of the 
structure is considered. Finally, two examples are presented 
in order to validate the proposed approach. 

2. EVALUATION OF CONCRETE STRUCTURES BY 
NONDESTRUCTIVE METHODS 

Nondestructive testing (NDT) methods are test methods 
that rely upon physical or chemical principles that can be 
monitored or measured without significantly affecting the 
appearance or performance of the analyzed structures. For 
this reason, NDT methods are favored when testing many 
structural materials and structures. According to Nesvijski 
[3], they allow evaluation in situ during service and enable 
monitoring for an extended period of time.  

2.1. Ultrasonic Pulse Velocity 

Ultrasonic testing is a well-established nondestructive 
technique for the detection of flaws and characterization of 
materials, based on the monitoring of the propagation speed 
of an ultrasonic wave throughout the material. During tests, 
transmitting and receiving transducers are placed on different 
parts of the object, allowing an ultrasonic pulse to be sent 
through the material. If a flaw is encountered, the wave is 
delayed. Using this knowledge, UPV can be used as an as-
sessment tool to help quantify the existence extent and pro-
gression of damage in different structures. 

Although most applications of this test focus on the in-
spection of metals, ultrasonic pulse transmission technique 
has been shown to be useful also for testing concrete ele-
ments. UPV have already been applied to new and old struc-
tures, slabs, columns, walls, fire damaged areas, hydroelec-
tric structures, pipes, prefab, and pre-stressed beams. The 
UPV method is particularly effective, powerful, and flexible, 
allowing in-depth analysis of material homogeneity. It is 
possible to determine concrete uniformity, to control its 
quality, to follow up the deterioration, to check the presence 
of internal flaws and voids using UPV, and to make com-
parisons with reference specimens, it may estimate potential 
compressive strength. Finally, when regularly used, it may 
provide data on the development of problems. 

The evaluation of ultrasonic results is a highly special-
ized and complex activity, which requires careful data col-

lection and expert knowledge and sensitivity to obtain reli-
able diagnosis. In order to map the homogeneity of a struc-
ture, it is necessary to interpret and connect a large number 
of UPV readings. Accurate analysis requires reliable inter-
pretation strategies, but there is not yet a proper widely ac-
cepted method to analyze this data. The research related in 
this work aimed to investigate a strategy to analyze these 
data using 3D mapping techniques used to build topographic 
models. 

2.2. Rebound Hammer 

The rebound hammer test is essentially a surface hard-
ness tester, where an elastic mass is projected against the 
surface and the rebound is measured, resulting in the RH 
number. The rebound mass depends on the hardness of the 
surface against which the mass impinges. Of course there is 
a relationship between rebound number and surface strength 
but deducing concrete strength from the RH number must be 
done with great care, because several superficial effects can 
affect the rebound without affecting concrete resistance. De-
spite the weak theoretical relationship between concrete 
strength and rebound number, several empirical correlations 
have been created and used, with mixed success. 

The key to understand the inherent limitations of the test 
for estimating strength is recognizing the factors influencing 
rebound distance. Essentially, it is a complex problem of 
impact loading and stress-wave propagation. The rebound 
distance depends on the kinetic energy in the hammer before 
impact with the shoulder of the plunger and the amount of 
that energy absorbed during the impact. Part of the energy is 
absorbed as mechanical friction in the instrument, and part of 
the energy is absorbed in the interaction of the plunger with 
the concrete. It is the latter factor that makes the rebound 
number an indicator of the concrete properties. The energy 
absorbed by the concrete depends on the stress-strain rela-
tionship of the concrete. Nowadays, the RH method is 
mostly used to make a preliminary assessment of uniformity 
or to determine suspicious regions where low or damaged 
concrete may be located. Given the easiness of application, a 
quick map of large areas can be done in little time. That is 
the way the test was used in the present study. 

3. STATEMENT OF THE RELIABILITY PROBLEM 

3.1. The Failure Function 

In order to simplify the numerical model and reduce the 
computational effort involved, we assume here an approxi-
mated piecewise linear stress-strain relation as the one 
shown in Fig. (1). In the reliability problem, failure is as-
sumed to occur when the displacement of a given node of the 
structure is bigger than a prescribed limit. Thus, the failure 
function can be written as 

   
f x,q( ) = q

j
x( ) q

max
  (1) 

where 
  
q

j
x( ) is the displacement in a given node, 

  
q

max
is 

the maximum allowable displacement for this node and  x is 
the vector of probabilistic variables, named from now on as 
parameters of the reliability problem. From (1) it can be seen 
that failure occurs when

  
f > 0 , that is, when the displace-

ment is bigger than the allowable displacement. 
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The FORM also uses the gradient of the failure function 
according to the parameters of the problem in order to evalu-
ate the reliability of the structure. The gradient of (1) is  

  x
f =

x
q

j
  (2) 

since q
max

is a fixed value. Thus, in order to evaluate the 
gradient of the failure function it is necessary to evaluate the 
gradient of the displacements according to the parameters of 
the problem. The evaluation of this information is described 
later. 

 

Fig. (1). the parabolic approximation (red) for the stress-strain rela-

tion for concrete under uniaxial compression and the piecewise 

linear approximation (black). 

3.2. The Relationship between the Problem Defined for 
Allowable Displacements and the Problem Defined for 

Collapse 

From the computational point of view, collapse of the 
structure happens when the tangent stiffness matrix becomes 
singular and thus any small load increment leads to very big 
displacements. That is, for a structure that collapses some 
displacements go to infinity. the reliability analysis problem 
for collapse of the structure can be defined as 

   
f x,q( ) = lim

q
max

q
j

x( ) q
max{ }   (3) 

where 
  
q

j
x( ) is the d.o.f. according to which collapse is 

defined. According to (3), the structure would be safe for a 
finite displacement q

j
x( ) and unsafe when this displacement 

goes to infinity. For computational purposes (3) can be re-
written as 

f x,q( ) = qj x( ) b   (4) 

where  b is taken as a sufficiently big number, in order to 
take the role of the limit that appears in (4). Note that in most 
practical cases the displacements are of the order of 10

6
m to 

10
2
m, and taking b = 10would likely do the job. 

In practice, considering such a big allowable displace-
ment would lead to serious convergence difficulties. That’s 
because the FORM would eventually move to a point in the 
design space that leads to collapse of the structure. However, 
in such points the displacements would be very big and the 
evaluation of the failure function and its gradient would 
surely fail. From this step onward, the FORM would start to 
move almost randomly, since the information given by the 
failure function and its gradient would not represent the 

problem appropriately. Consequently, solving the reliability 
analysis problem considering collapse of the structure using 
an approach similar to the ones given by (3) and (4) is not an 
efficient approach. Fortunately, it is possible to evaluate a 
lower bound for the reliability index of this problem. 

4. SENSITIVITY ANALYSIS 

As discussed previously, FORM algorithms need to 
evaluate the gradient of the failure function according to the 
design variables in order to carry out the reliability analysis. 
The procedure involved in evaluating this information is 
known in literature as sensitivity analysis. Suppose that the 
structure being studied has  n degrees of freedom and that 
the sensitivity analysis is made for m design variables (pa-
rameters of the reliability problem). Besides, the design vari-
ables are all grouped in a vector x . In this case, sensitivity 
analysis of the displacements is accomplished when the fol-
lowing matrix is evaluated: 

x
q =

q

x
1

  
q

x
2

  ...  
q

x
m

  (5) 

that is the gradient of the nodal displacements 
 q

accord-
ing to the design variables x . 

The gradient from (5) can be evaluated using some finite 
difference scheme, by applying small changes to each design 
variable and then solving the entire structural problem again. 
However, this approach implies solving the nonlinear struc-
tural problem several times, at least once for each design 
variable. Since the computational cost needed for a single 
nonlinear structural analysis is generally high (since several 
systems of linear equations must be solved for each analy-
sis), evaluating (5) using finite differences can lead to almost 
prohibitive computational costs. 

Another approach for evaluating (5) is by using some 
technique from sensitivity analysis. Some very efficient ap-
proaches are discussed by Haftka and Gürdal (1992), but 
here we use a slightly modified version of a technique that is 
generally applied to linear structural problems. 

First, we differentiate (1) according to some design vari-
able 

 
x

j
and rearrange to get 

M
s

q

x
j

=
F

x
j

q
M

s

x
j

  (6) 

The partial derivative of the stiffness matrix 
  
M

s
is given 

by 

   

M
s

x
j

=
dM

s

dx
j

+
dM

s

dq
ii=1

n q
i

x
j

+
dM

s

dF
i

F
i

x
ji=1

n

  (7) 

where d stands for an ordinary derivative that does not 
take into account the implicit relation between 

  
M

s
and x

j
by 

means of 
 q

or F . 

According to (7), changes to a parameter x
j
can lead to 

changes to the stiffness matrix 
  
M

s
by three different ways, 

namely by its direct influence on the stiffness matrix, by its 
influence on the displacements 

 q
and by its influence on the 

loads  F . In general, the parameters 
 
x

j
will exert small or no 
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influence at all on the applied loads, and thus the last term of 
(7) can be neglected. This is not true when the parameter 
x
j
is actually some applied load, but this case is discussed 

further on. Besides, it is expected that the indirect influence 
of x

j
to the stiffness matrix, by means of the displacements 

will be small if compared to its direct influence. Thus, the 
second term from (7) is also neglected. Consequently, the 
following approximation is made to (7): 

M
s

x
j

dM
s

dx
j

  (8) 

Substituting (8) into (6) we get 

  

M
s

q

x
j

F

x
j

q
dM

s

dx
j

  (9) 

Sensitivity analysis is then made by solving (9) for the 
partial derivatives 

 
q x

j
. Since the system of linear equa-

tions are solved for the same secant stiffness matrix
  
M

s
, de-

composition procedures (such as Cholesky or L.U. decom-
position) can be used efficiently. These techniques decom-
pose the stiffness matrix into a product of two matrices that 
are lower triangular and upper triangular. Each system of 
linear equations involved in obtaining 

 
q x

j
is then solved 

using retro substitution. This is a very efficient procedure 
when one needs to solve several systems of linear equations 
for the same coefficients matrix, since the main computa-
tional effort lies in the decomposition procedure itself, that is 
made only once. 

5. NUMERICAL RESULTS 

The first example is that from Fig. (2). The cross section 
has h = 30cm and b = 20cm. The beam is 4m long and there 
is an applied force at mid span. Three reinforcement bars of 
12mm are used in the upper chord and other three bars of 
12mm are used in the lower chord. The covering distance is 
c = 2.5cm for both reinforcements. The material properties 
are taken as 

 yc

c
= 25MPa, 

 yt

c
= 2.5MPa, 

 yc

c
= 2/1000, 

 yt

c
= 

0.2/1000, 
 uc

c
= 3/1000, 

 ut

c
= 0.3/1000, 

 y

s
= 450MPa, 

 y

s
= 

2.25/1000 and 
 u

s
= 35/1000. The beam is divided into 8 fi-

nite elements of equal length. 
 

 

Fig. (2). Reinforced concrete beam used in the first example. 
 

The displacement at mid span for different magnitudes of 
the applied load are presented in Fig. (3). It can be seen that 
the behavior of the model is consistent. For a load of about 
2.5 tons the concrete is not able to resist tension anymore (it 
starts to crack), and so there is a change on the displacement 
evolution. For a load of about 8 tons the steel starts to yield 
finally leading to the collapse of the structure. This example 
was presented in order to show that even if the structural 
model is very simple it is able to capture the main nonlinear 
behavior of reinforced concrete structures. 
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Fig. (3). Displacement  x applied force for the beam used in 
the first example. 
 

We now address the reliability analysis for this problem. 

The applied load is assumed to be a gaussian variable with 

mean equal to 5E4N(tons) and standard deviation equal to 

0.5E4N(tons). This is called here parameter x
1

. Besides, the 

standard deviation of the concrete yielding stress in com-

pression
 yc

c
 is assumed to have an standard deviation of 

2.5MPa, while the standard deviation of the steel yielding 

stress 
 y

s
is assumed to have an standard deviation of 

10MPa. These variables are named here parameters 

  
x

2
and

  
x

3
, respectively. The other parameters are taken as 

deterministic variables with values as defined previously. 

The reliability analysis of this example is made assuming 

two allowable displacements at mid span, equal to 0.020m 

(Case 1) and equal to 0.023m (Case 2). 

The results are presented in Tables 1 and 2. The reliabil-

ity index for Case 1 is 3.4850, while for Case 2 it is 5.0796. 

As expected, the reliability index increases when a larger 

displacement is allowed. In order to study the influence of 

the probabilistic variables, we increase the standard devia-

tion of the applied load to 1.0E4N(tons), the standard devia-

tion of the concrete yielding stress in compression to 

3.0MPa, and the standard deviation of the steel yielding 

stress to 20MPa. The allowable displacement is taken as 

0.020m. This example is called here Case 3. The reliability 

index for this case is 1.7667 and the results are presented in 

Tabels 1 and 2. This results was also expected, since increas-

ing the standard deviation of the random variables leads to a 

less reliable structure. 
 

Table 1.  Most probable failure point at the normalized space 

for the reliability analysis of the first example. 

Case 
  
x

1
 

  
x

2
 

  
x

3
  

1 3.4317 -0.4387 -0.4201 3.4850 

2 4.9815 -7.1527 -6.8900 5.0796 

3 1.7487 -1.3104 -2.1509 1.7667 
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Table 2.  Most probable failure point at the real space for the 

reliability analysis of the first example. 

Case F (E4N) fc (MPa) fs (MPa) 

1 6.7158 23.9033 445.7988 

2 7.4908 23.2118 443.1099 

3 6.7488 24.6069 445.6983 

 
The second example studied is that of the plane frame, 

that is subjected to a lateral load of magnitude F . The cross 
section of each beam and the material properties are the 
same as used in the previous example. The base of the struc-
ture is b = 4m and each story is h = 4m height. Each beam is 
divided in two elements of equal length. Finally, the horizon-
tal displacement u of the upper left node is measured. The 
displacement u for different magnitudes of the load F is pre-
sented in Fig. (4). 
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Fig. (4). Displacement x applied force for the beam used in the 

second example. 

CONCLUSION 

This paper presents an approach for the reliability analy-
sis of nonlinear reinforced concrete beams and frames, as-
suming maximum allowable displacements. The reliability 
analysis problem is solved using a FORM algorithm, and 
sensitivity analysis is carried out in an efficient manner 
(without using finite differences). The numerical results ob-
tained here agree with those obtained from MC simulation. 
However, MC needs much more computational effort than 
FORM, mainly for structures with a high level of reliability. 

It has been proved that every reliability index considering 
some finite allowable displacement is a lower bound for the 

reliability index when collapse is considered. This allows 
one to estimate the reliability index indirectly by solving a 
few reliability analysis problems considering maximum al-
lowable displacements. The importance of this result is that 
reliability analysis considering collapse can lead to computa-
tional difficulties, due to the very nature of collapse.  

In most cases the designer does not need to know the ex-
act value of the reliability index of the structure, but just 
need to know if the reliability index is bigger than a mini-
mum value. In these cases, the reliability index considering 
collapse can be estimated as described here. Besides, in 
many current practical applications constraints on maximum 
displacements must be enforced in order to guarantee an 
appropriate use of the construction. 
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