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Abstract: In this paper we present an analytical model to optimize the thermal and electrical layout for multilayer struc-

ture electronic devices through the solution to the non-linear 3-D heat equation. The thermal solution is achieved by the 

Kirchhoff transform and the 2-D Fourier transform. The model is general and can be easily applied to a large variety of in-

tegrated devices, provided that their structure can be represented as an arbitrary number of superimposed layers with a 2-

D embedded thermal source, so as to include the effect of the package. Moreover, it is independent on the specific physi-

cal properties of the layers, hence GaAs FETs, HBT and HEMTs as well as Silicon and Silicon-On-Insulator MOSFETs 

and heterostructure LASERs can be analyzed.  

The proposed model has been applied to a multifinger GaAs FET and to a power Si/SiGe Heterojunction Bipolar Transistor.  

Keywords: Multilayer structure electronic devices, thermal simulation, electrothermal modelling, layout optimization. 

1. INTRODUCTION 

 The general evolution of electronic devices for high fre-
quency applications and the recent interest in integrating 
power devices on Microwave Monolithic Integrated Circuits 
(MMICs) emphasize the growing importance of the thermal 
problem during the design process, where analytical models 
for the temperature evaluation are useful tools to calculate 
the optimal set of geometrical parameters that minimize the 
device thermal phenomena. 

 Particularly in GaAs technology, one of the main prob-
lems to overcome is the low thermal conductivity of the 
semiconductor, which focuses the designer interest on the 
thermal optimization when good reliability has to be 
achieved. Nevertheless, if on one hands a great effort on the 
package thermal analysis and optimization can be recog-
nized, there is a lack of physical-based analytical electro-
thermal models at the device level. 

 The analytical electrothermal modelling of electronic 
devices is such a difficult problem to deal with that the ana-
lytical models that have been proposed until now are either 
over-simplified or rather inefficient from a computational 
point of view. The reason for that lies in the complex struc-
ture of an integrated device and in the non-linear thermal 
properties of the materials. This is the main reason which 
justifies the use of numerical methods such as finite-element 
(FE) [1], finite-difference (FD) [2], transmission-line matrix 
(TLM) [3] and boundary element (BE) [4]. In particular, the 
foregoing techniques can accurately take into account the 
non-linear temperature-dependent and doping-dependent 
properties of all the layers that compose the considered 
structure.  
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 However, only a physical-based analytical model can 
give the proper physical insight in order to understand the 
connections between a number of geometrical and techno-
logical parameters and the device electrothermal perform-
ance. Unfortunately, an analytical model suffers the un-
avoidable simplifying hypothesis by which the numerical 
calculation can be carried out. In spite of that, the analytical 
model for the temperature evaluation is a useful tool during 
the design process to calculate the optimal set of geometrical 
parameters that minimize the thermal phenomena in an inte-
grated device. 

 Examples of analytical solutions to the heat equation 
based on the separation technique [5], Green function [6] or 
Fourier transform [7], can be found in literature. The main 
disadvantage of the first two methods is the large computa-
tional effort to calculate the temperature in each point of 
interest.  

 The Fourier transform has been applied in [8] up to a 
five-layer structure and an integration algorithm for the dou-
ble inverse transformation has also been proposed. However, 
this approach is impractical in case of a large number of lay-
ers; furthermore, both the temperature dependence of the 
thermal conductivity and the interaction between the tem-
perature in the active layer and the device current have not 
been considered in [8]. 

 An electrothermal solution of the heat equation for 
MMICs based on the 2-D Fourier series was also presented 
in [9]. Unfortunately, in this case the ipothesis of uniform 
channel temperature was assumed, which, on one hand, 
greatly reduces the computational effort with respect to a 
fine discretization of the heat source, but, on the other hand, 
neglects the non-uniform power dissipation under the gate, 
which is a well-known phenomenon. Furthermore, in case of 
multifinger devices or thermal coupling between contiguous 
devices, the inaccuracy introduced by the ipothesis of uni-
form channel temperature can be relevant. 
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 In this paper an analytical model for the solution to the 3-
D steady-state heat equation with temperature-dependent 
thermal conductivity for a single integrated device or a given 
configuration of two or more devices is proposed. A weak 
coupling between electrical and thermal solution is imple-
mented by calculating the device current and, hence, the dis-
sipated power, as a function of the actual channel tempera-
ture. A multiple layer structure approximating the effect of 
the package has been considered as the spatial domain in 
which the heat equation has been solved. 

 Section 2 outlines the proposed mathematical model, 
whereas in Section 3 two examples of application to a GaAs 
FET and to a power Si/SiGe HBT are shown and the nu-
merical results of the simulations are discussed.  

2. THE PROPOSED METHOD 

The aims of the proposed method are: 

• to solve analytically the non-linear 3-D steady-state 
heat equation 

• to take into account the dependence on temperature of 
the thermal conductivity 

• to take into account the interaction between two 
neighbouring devices 

• to implement the coupling between the electrical and 
thermal behaviour of the device to determine the ac-
tual channel temperature 

• to take into account the presence of the package 

• to develop a full general model useful to simulate any 
multilayer electronic and optoelectronic device 

• fastness and accuracy 

• to implement it on a Personal Computer. 

 The Fig. (1) shows the cross section of a typical electron 
device including coating, die attachment, mounting and heat 
sink. 

 In particular, the problem of the heat generation and con-
duction has been solved with reference to a structure, which 
is composed of m layers, as shown in Fig. (2), and approxi-
mates a typical device with the die mounted on a substrate 
and covered with a cap layer. 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. (1). Typical electron device including coating, die attachment, mounting and heat sink. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. (2). The multiple layer structure approximating the device and the package. 
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 For this structure, to determine the temperature distribu-
tion, the following non-linear steady-state heat equation has 
to be solved [10-13]: 

kTH T( ) T(x,y,z) = QV (x,y,z)          (1) 

 Where, T(x,y,z) is the temperature field, kTH is the tem-
perature-dependent thermal conductivity and QV(x,y,z) is the 
dissipated power density.  

 The basic assumptions of the model are: 

1. the device and package structures can be represented 
as a set of superimposed homogeneous layers; 

2. the thickness of each layer is constant; 

3. the extension of the layers in the x and y directions is 
infinite; 

4. the contact thermal resistance is neglected; 

5. the thermal source is modeled as a 2-D geometrical 
shape QS(x,y), located at the interface between two 
contiguous layers, say the k-th and the (k+1)-th.; 

6. the device self-heating is due to the Joule heating and 
other contributions are neglected. 

 Eqn. (1) can be solved considering the following expres-
sion:  

kTH T( ) T (x, y, z) = 0           (2) 

and accounting for the heat source in the Boundary Condi-
tions (BCs). 

 Dirichlet and Neumann BCs can be expressed as: 

Ti (x, y, z) = Ti+1(x, y, z) i = 1...m 1         (3a) 

kTH1(T1 )
T1(x, y, z)

z
= 0          (3b) 

Tm (x, y, z) = T           (3c) 

kTHi (Ti )
Ti (x, y, z)

z
= kTHi+1(Ti+1 )

Ti+1(x, y, z)

z
       (3d) 

  
k

THk
(T

k
)

T
k
(x, y, z)

z
k

THk+1
(T

k+1
)

T
k+1

(x, y, z)

z
= Q

S
(x, y)        (3e) 

 Eqn. (3b) and (3c) refer to an adiabatic top surface and to 
an isothermal bottom surface with reference room tempera-
ture T  respectively, whereas Eqn. (3e) refers to the interface 
containing the heat source. Eqns. (3a) and (3d) impose the 
temperature and heat flux continuity across the interfaces. 

 In order to linearize Eqn. (2), the Kirchhoff transforma-
tion can be applied to each layer in the following form: 

i (x, y, z) =
1

kRi
kTHi ( )d

T

Ti (x,y,z )

i = 1...m          (4) 

 In Eqn. (4) i(x,y,z) is the transformed temperature or the 
so-called “pseudo-temperature” of the i-th layer, Ti(x,y,z) is 
the actual temperature, kRi is the temperature-dependent 
thermal conductivity kTHi(T) evaluated at T = T . 

 Hence, Eqn. (2) is transformed into the well-known 
Laplace equation:  

2
i (x, y, z) = 0             (5) 

 Unfortunately, applying the Kirchhoff transformation to 
Eqns. (3a) ÷ (3e), the non-linearity of the problem equation 
is shifted to the boundary conditions. Thus, if a first order 
Taylor expansion for the inverse transform is considered, i.e. 
T   +T , the resulting problem is linear in each layer. 

 Furthermore, to simplify the mathematical steps, the 2-D 
Fourier transform can be applied to Eqn. (5) in the following 
form: 

i ( , , z) = i (x, y, z)e
j xe j y

++

dxdy  

 This leads to the one-dimensional ordinary differential 

equation: 

d 2 i

dz2
( 2

+
2 ) i = 0            (6) 

with the following solution in each i-th layer: 

i ( , , z) = Cie
z
+ Cie

z
           (7) 

and with the transformed BCs: 

i ( , , zi+1 ) = i+1( , , zi+1 )         (8a) 

kR1
d 1( , , z1 )

dz
= 0          (8b) 

m ( , , zm ) = 0            (8c) 

kRi
d i ( , , z i+1)

dz
= kRi+1

d i+1( , , zi+1 )

dz
        (8d) 
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)

dz
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Rk+1
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( , , z
k+1

)

dz
= Q

s
(x, y)( )    (8e) 

 In Eqn. (8e), the right-hand side is the Fourier transform 
of the 2-D heat source, which can be easily calculated once 
the geometrical shape has suitably been described. The heat 
source can be modeled as a rectangle located at the active 
layer-to-substrate interface but, to account for the non-
uniform power dissipation, it is more convenient to ap-
proximate the 2-D shape as a set of elementary point 
sources. In order to link the power dissipation to the device 
current, each point source has been associated with a part of 
the device dissipation region assuming that the whole current 
can be expressed as the sum of contributions, corresponding 
to elementary devices. In this way the original problem re-
sults split in elementary problems in which a unit hot spot is 
associated with a unit device. Since the problem (6) with the 
BCs (8a) – (8e) is linear, it is possible to solve the elemen-
tary problem and then reconstructing the overall solution by 
applying the superposition of effects. 

 The right-hand side of (8e) for a point heat source is: 

  

Q
s
(x, y)( ) = Q

0
(x a) ( y b)e j xe j ydxdy

+

= Q
0

+

 

 Where (x-x0) is the Dirac function centered in x0 and Q0 
is the power dissipated by the unit device. The electrother-
mal feedback can be implemented by evaluating the current 
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of each elementary device at the actual channel temperature, 
which is approximated with the hot spot temperature. 

 The solution to (6) can be calculated by substituting (7) 
into (8a) - (8e), which leads to the linear system:  

  
M ( )C( , ) = U ( , )             (9) 

 Where 
2
 = 

2
 + 

2
, M( ) is the 2m 2m coefficient ma-

trix, C is the integration constants vector containing the un-
knowns C1 , C1 , .., Cm , Cm  and U is the column vector 
containing the Fourier transform of the heat source and hav-
ing only the (k+1)-th non-zero entry. It has to be remarked 
that M is a function of  and not of  and  separately, while 
this is not generally true for C and U but results in the case 
of point heat source. 

 Unfortunately, the solution to Eqn. (9) is not a trivial 
problem since M( ) is not a numeric matrix but contains the 
Fourier frequencies  and  as parameters. It could be possi-
ble to give a closed-form expression of (7) after solving (9) 
by applying the Cramer rule and substituting C1 , C1 , .., Cm , 
Cm  into (7), but just for a limited number of layers, e.g. five. 
However, it would be a very tedious and almost impossible 
operation to carry out for a large number of layers. Further-
more, Eqn. (7) has to be back-transformed involving a dou-
ble integration in a large domain of a very complicated ex-
pression. In this work the Discrete Fourier Transform (DFT) 
has been applied in order to show that the linear system (9) 
can be solved for any m and the simultaneous solution of the 
pseudo-temperature i of all layers can be obtained. 

 The proposed technique consists of sampling Eqn. (9) 
i.e.: 

  
=

p
, =

q
M (

pq
)C(

p
,

q
) = U (

p
,

q
)          (10) 

which can be easily solved since it is a numeric system: 

C( p , q ) = M
1( pq )U( p , q )          (11) 

 Thus, after substituting (11) into (7), the samples of the 
2-D Fourier transform are: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. (3). Flow-chart of the main mathematical steps involved in the 

proposed method. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

Fig. (4). Flow-chart of a possible implementation of the analytical 

solution including the electrothermal feedback. 
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i ( p , q , z) = Ci ( p , q )e
pqz

+ Ci ( p , q )e
pqz        (12) 

 Where the index i refers to the i-th layer.  

 In order to perform the 2-D inverse DFT, which is a 
computationally advantageous approach, it is useful to 
evaluate (12) on specific surfaces, e.g. on the interfaces be-
tween contiguous layers, so as to obtain samples of the 2-D 
function i(x,y,zi). It can be easily shown that if the point 
thermal source is normalized to unit, Eqn. (9) can be solved 
just once and the inverse transform of (12), referred to the 
(k+1)-th, represents the normalized unit thermal profile on 
the source surface. It can be used to calculate the whole 
thermal field by multiplying it by the dissipated power of a 
specific elementary device and by shifting the resulting func-
tion to the device location. Updating the elementary dissi-
pated powers and solving iteratively, the device current re-
sults in consistency with the actual channel temperature. 

 Using this technique, it is possible to analyze not only a 
single multi-gate FET but any arbitrary configuration of con-
tiguous FETs.  

 Fig. (3) shows the proposed technique of solution while 
in Fig. (4) the iterative scheme of implementation is pre-
sented. 

 

 The proposed method allows its application to a wide 
variety of integrated devices, provided they are described for 
the electric part with the appropriate I-V characteristics and 
its structure can be reasonably represented as set of superim-
posed layers. 

3. NUMERICAL RESULTS 

 At first the proposed model has been applied to a seven-
layer structure, described in Table 1, with temperature-
dependent thermal conductivity.  

 The source is supposed to be located at the interface be-
tween active and undoped layers of a multifinger GaAs FET 
with the following geometrical features: gate length L = 1 
μm, unit gate width Wu = 100 μm, number of gate n = 5, 
doping density ND = 6.5 10

22
 m

-3
, active layer thickness a = 

0.34 μm, gate-to-gate spacing S = 40 μm, source-to-gate and 
gate-to-drain spacing Lcg =1 μm. 

 A one-dimensional I-V FET equation [10] has been im-
plemented in order to consider the feedback between the 

device current and the active layer temperature distribution. 
The most widely accepted empiric relations between FET 
physical parameters and temperature have also been taken 
into account [12-13]. 

 In Fig. (5) the cross section of the overall thermal profile 
for the given device is shown. In this case the dissipated 
power is P = 1.18 W. The solid line refers to the temperature 
profile along the y-axis after the Kirchhoff transform 
whereas the dash-dotted line refers to the same profile before 
the transformation.  

 

 

 

 

 

 

 

 

 

 

 

 

Fig. (5). Cross section of the thermal profile on the source surface 

along the y direction: comparison between the results after the 

Kirchoff transform (solid line) and before the transformation (dash-

dotted line). 

 

 As one can clearly see, the difference becomes relevant 
in the device area, which confirms that the non-linear de-
pendence of the GaAs thermal conductivity cannot be ne-
glected. Furthermore, as the peak temperature rises above the 
reference temperature (300 K) is about 140 K and the mean 
temperature rises in the active area is about 110 K, the linear 
approximation of the boundary condition leads to a 6% error, 
which is acceptable. 

 In order to study the influence of geometrical parameters 
of the device on its thermal performance, we have evaluated 
the thermal resistance RTH of the device and the peak channel 
temperature Tp versus S, L and n, for a dissipated power P = 

Table 1. Physical and Geometrical Parameters of the Considered GaAs Multilayer Structure 

Layer Material Thickness [μm] Thermal conductivity kTH(T) [W/m/K] Reference kTH0 [W/m/K] 

Cap layer Epoxy mold compound 500 0.4  0.4 

Metallization Gold 3 - 0.065 T + 336.67  317 

Active layer n-doped GaAs 0.34 52720 / T1.2  56.16 

Bulk undoped GaAs 100 54400 / T1.2  57.95 

Die-attachment Epoxy mold compound 25 4  4 

Mounting Alumina 500 - 0.0976 T + 36.26 36 

Heat spreader Copper 1000 - 0.075 T + 423.33 401 
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1 W, as shown in Figs. 6 (where n = 14), 7 (where L = 1 μm) 
and 8 (where L = 1 μm) respectively. 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. (6). RTH versus L and S. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. (7). RTH versus n and S. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. (8). TP versus n and S. 

 

 Moreover in Fig. (9) the peak channel temperature versus 
drain-to-source voltage is shown for a set of gate voltages. 

The self-heating effect does not become negligible as the 
dissipated power increases, i.e. in saturation condition. The 
dependence of Tp on VDS results to be quadratic in the con-
sidered voltage range. 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. (9). Peak channel temperature Tp versus drain-source voltage 

VDS for a set of gate voltages VGS. 

 

 These figures allow the designer to determine the pa-
rameter values which optimize the thermal and electrical 
layout. 

 Moreover, in order to demonstrate that the proposed 
method is independent on the specific physical properties of 
the layers, it has been applied to a power Si/SiGe Hetero-
junction Bipolar Transistor with multiple emitter fingers [14-
16], as shown in Fig. (10). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. (10). Possible structures of a power Si/SiGe Heterojunction 

Bipolar Transistor with multiple emitter fingers. 

 

 In this case, from the analysis of the various thermal pro-
files, it has been possible to define the electrothermal opti-
mal layout of the considered HBT with three fingers having 
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area 20 μm x 3 μm, spaced of 35 μm. Fig. (11) shows the 
relative thermal profile in the (x,y) plane, while in Fig. (12) 
we have reported the 3-D thermal field on the surface con-
taining the heat source. 

 The calculation time for both examples can be quantified 
in a few minutes for the main part of the algorithm, that is 
the temperature field of the elementary source and the cur-
rent of the elementary device, and in less than a minute for 
the graphic routines. To perform all the simulations we have 
used a common Windows-based PC, equipped with a 
Pentium IV CPU and main memory of 1 GB.  

 It is worthwhile to remark that the software, by which all 
the calculations have been carried out, has been implemented 
just for academic non-commercial purpose. 

4. CONCLUSIONS 

 An analytical model to optimize the thermal and electri-
cal layout for multilayer structure electronic devices through 
the solution to the non-linear 3-D heat equation has been 
presented. The model is general and can be easily applied to 
a large variety of integrated devices, provided that their 
structure can be represented as an arbitrary number of 
superimposed layers with a 2-D embedded thermal source, 
so as to include the effect of the package. The proposed 
method is independent of the specific physical properties of 
the layers, hence GaAs MESFETs, HBT and HEMTs as well 
as Silicon and Silicon-On-Insulator MOSFETs and 
heterostructure LASERs can be analyzed. Moreover, it takes 
into account the dependence of the thermal conductivity of 
all the layers on the temperature; the heat equation is solved 
coupled with the device current-voltage relation in order to 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. (11). Thermal profile in the (x,y) plane for the power Si/SiGe HBT having optimal layout. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Fig. (12). 3-D thermal field on the surface containing the heat source.  
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the device current-voltage relation in order to give physical 
consistence to the experimental evidence that a temperature 
increase causes a degradation of the electrical performances 
and that the electrical power is not uniformly distributed. 
The limitation in the number of layers allowed by previous 
presented methods has also been overcome. 
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