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Abstract: In order to design the traffic network more accurately, the bi-level programming model for the continuous net-
work design problem based on the paired combinatorial Logit stochastic user equilibrium model is proposed in this study.
In the model, the paired combinatorial Logit stochastic user equilibrium model which is used to characterize the route
choice behaviors of the users is adopted in the lower level model, and the minimum summation of the system total costs
and investment amounts is used in the upper objective function. The route-based self-regulated averaging (SRA) algo-
rithm is designed to solve the stochastic user equilibrium model and the genetic algorithm (GA) is designed to get the op-
timal solution of the upper objective function. The effectiveness of the proposed combining algorithm which contains GA
and SRA is verified by using a simple numerical example. The solutions of the bi-level models which use the paired
combinatorial Logit stochastic user equilibrium model in the lower level model with different demand levels are com-
pared. Finally, the impact of the dispersion coefficient parameter which influences the decision results of the network de-

sign problem is analyzed.
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1. INTRODUCTION

Network Design Problem (NDP) is one of the hot issues
in the field of traffic studies, and the research of this problem
has high theoretical and practical significances. Traffic net-
work design problem is within a certain range of investment
constraints, and under the consideration of the route choice
behaviors of users, by expansion the capacity of certain links
or adding new links in the traffic network, so as to achieve
the purpose of getting the optimal system indicator [1]. In
the traffic network, to improve link capacities is called con-
tinuous network design problem (CNDP), and to add new
links is called discrete network design problem (DNDP).

The research content of this study is a continuous net-
work design problem. For CNDP, many experts and scholars
have done a lot of researches. Song and Gao (1998) [2] made
the difference quotient in which the increasing amount of
balanced flow towards the link capacity was the approxima-
tion of the differential quotient, and designed the BLABD
algorithm to solve the continuous equilibrium network de-
sign problem. Yang et al. (2009) [3] adopted the simulated
annealing algorithm to solve the urban traffic continuous
network design problem and made the sensitivity analysis of
different parameters. Xu and Gao (2006) [4] established a bi-
level programming model of urban traffic network design
which considered the reliability of ability, and designed its
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chaos optimization heuristics algorithm. Wang and Lo
(2010) [5] transformed the flow balancing constraint into a
series of mixed-integer constraints and made the travel time
function linearization, this CNDP could be solved by the
existing mixed integer programming methods and got the
optimal solution. Chiou (2005) [6] designed a descent meth-
od based on gradient algorithm for solving the continuous
traffic network design problem, and designed another four
improved algorithms. Wang et al. (2013) [7] constructed a
continuous traffic network design model which considered
the multi-user class and designed a corresponding cut con-
straint algorithm.

In the researches of traffic network design, the bi-level
programming models are used generally. The objective func-
tions in the upper level are normally the system travel costs
minimum, network spare capacity maximum, consumer sur-
plus maximum and multi-objective optimization etc. [8]. The
objective function in the lower level needs to consider the
users' route choice behaviors in urban traffic networks in
order to avoid the condition that the traffic situation worse
and system total costs increase which are caused by Braess
paradox [9]. The objective function in the lower level nor-
mally adopts the deterministic or stochastic user equilibrium
models. In the existing traffic network design models, the
stochastic user equilibrium models (SUE) used in the lower
level function are mainly traditional Logit-based models.
However, due to the independence of irrelevant alternatives
(I1A) and other undesirable characteristics which exist in the
Logit model [10], it could not reflect the true influences on
the route choice behaviors of users which are caused by the
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path overlapping problem. Therefore, it is necessary to adopt
the stochastic user equilibrium model which could overcome
the overlapping problem in the lower level model of the
CNDP model, so as to reflect the route choice behaviors of the
users towards the improved link capacity more objectively.

With the development of Generalized Extreme Value
(GEV) [11] models, the paired combinatorial Logit (PCL)
and other discrete choice models which could overcome the
1A property of traditional Logit model have been proposed,
and the corresponding stochastic user equilibrium model
based on the paired combinatorial Logit (PCL-SUE) [12] is
also established. In this study, the PCL-SUE model is used
as the lower level model of CNDP and a new traffic network
design model is built, and the genetic algorithm is designed
to solve the new bi-level programming model of the contin-
uous traffic network design. Finally, by a numerical exam-
ple, the impacts on the calculation results of CNDP model
established in this study under different demand levels and
dispersion coefficient parameters are analyzed.

2. PCL-SUE MODEL

In the paired combinatorial Logit (PCL) model, the prob-
ability of choosing route k between OD pair rs is as fol-
lowing [12]:
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where ¢, ¢, ¢ and ¢ are the generalized costs of route

k,j,landh between OD pairrs, respectively. @ is disper-
sion coefficient. o}, and o> are the indexes of similarity

between route k and j, and between routel and h in OD pair
rs, respectively.

Based on the choice probability of paired combinatorial
Logit model, the PCL-SUE equivalent mathematical pro-
gramming model could be established as following [12]:
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where g, is the travel demand between OD pairrs, it is set

fixed value. fkr(skj) is the flow on route k (of the route pairkj )

between OD pairrs, and X, is the flow on linka. Eq.(2) is
the objective function to get the minimum value, Eq.(3) is
the relationship between the route flow and OD travel de-
mand, Eq.(4) is the relationship between link flow and route
flow, Eq.(5) is the nonnegative constraints of the route flow.
The derived and proved process of PCL-SUE model could
be found in paper [12].

3. CNDP MODEL BASED ON PCL-SUE

The PCL-SUE model is applied in the CNDP model in
this study. The CNDP model is a bi-level programming
model, the minimum summation of the system total costs
and investment amounts is adopted as the upper level objec-
tive function and the PCL-SUE model is used in the lower
level. The upper level model used in this study is as follows

[8]:
min D=t (%), Ya)% () + ¥, G.(Y.) (6)

st. y,>0, Va U]

wheret, (x,(y),y,)is the travel cost on linka, x,(y) is
the flow on linka, G,(y,)is the investment function of ca-
pacity expansion on link a, w is the coefficient to match the

units of investment costs and system total travel costs, and
Yy, is the value of capacity expansion on link a.

The PCL-SUE model is the lower level model. In the bi-
level programming model of CNDP, the travel cost function

of the links t (x,) needs to be transformed to t (x,(Y).Y,)

which contain the improved value of the link capacity, the
equilibrium link flow x, also needs to be transformed to

X, (y) which contain the expansion value of the link capaci-

ty, and the other parts are the same as PCL-SUE model. Af-
ter the expansion capacity values of the links y:{ya} are

determined in the upper level model, it is left to solve the
PCL-SUE model in the lower level model.

4. ALGORITHM DESIGN

The solving process of bi-level programming model is
relatively complex in general, which is because the bi-level
programming is a NP-Hard problem, and there is no corre-
sponding polynomial algorithm, and because bi-level pro-
gramming problems are generally non-convex, therefore it is
difficult to find their global optimal solutions. Genetic algo-
rithm (GA) [13] has a strong global search capability, and is
a robust search algorithm for optimizing calculation of com-
plex system, therefore the genetic algorithm is adopted to
solve the proposed bi-level programming model in this
study. In the proposed algorithm, the genetic algorithm is
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used to solve the upper level model and the lower level mod-
el is seen as the constraints of the upper level model, and
plays the role of variable transfer in the bi-level program-
ming model. There are several kinds of methods to solve the
PCL-SUE model in the lower level, and we use the self-
regulated averaging (SRA) algorithm proposed by Liu et al
[14] to solve the PCL-SUE model.

(1) Algorithm of the lower level model

After the capacity expansion values of links y = { ya} are

determined, the lower level model is transferred to a typical
PCL-SUE problem. The calculation steps of route-based
self-regulated averaging algorithm are as following:

Stepl: Determination of the valid route set K" between
every OD pair.

Step 2: Initialization. According to the free flow travel
cost t” =t (0), calculate the travel cost c® of all valid

routes, and then get the initial route flow f* according to
Eq.(1)and f” =q_-P"(k), letiteration numberd =1.

rs(d)
k

Step3: Update. Get the link flow x{*) according to f
and Eq.(4), let ¥ =t (x{V).

Step 4: Determination of the descent direction. Accord-
ing to the current travel time of link t'“, compute the travel

cost ¢;*“ of all valid routes, and then get the additional route
rs(d)
flow 9 through Eq.(1) and " =q_-P"(k).
Step 5: Move. Let f*(** = f (9 +;¢“‘)(gf“‘) - fk“‘d’)

where ¥ = L
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Step 6: Test of convergence. The root mean squared error
(RMSE) in Eq.(9) is adopted to test the convergence in this
study.

RMSE @ :\/%Zg(gf(d) _ fkfs(d))2 (9)

where K is the total number of valid routes between all OD
pairs. The algorithm stops when RMSE® gets the specified

convergence precision, otherwise let d =d +1, and return to
Step 3 and continue calculate.

(2) Genetic algorithm design

Genetic algorithm includes the steps of coding, initial
population generation, fitness function determined, selection,
crossover and mutation, according to the characteristics of
bi-level programming model of CNDP in this study, the ge-
netic algorithm is designed as follows:
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Step 1: Population initialization. Set various parameters
of genetic algorithm, including the population size N , the
maximum number of genetic generation M , crossover prob-
ability P, mutation probability P . To improve the accuracy

of this study, we use the real-coded method, and randomly
generate N chromosomes, let iteration numberb =0 .

Step 2: Calculate fitness value. For each individual in the
population, solve the PCL-SUE model in the lower level
model according to the route-based self-regulated averaging
algorithm shown in section 4.1 of this study, and obtain N

sets of equilibrium link flows{xa} . Calculate the objective

function values of the upper level model corresponding to
the N sets of capacity expansion on links, and then get fit-
ness value of each individual.

Step 3: Selection, crossover and mutation. Selection op-
eration uses the roulette selection, crossover operation uses
the two points crossover and mutation operation uses uni-
form mutation. Through the above operations update chro-
MOoSomes.

Step 4: Test of convergence. If the algorithm reaches the

maximum number of genetic generation M , the algorithm
stops and outputs the best individual; if it does not reach the

maximum number of genetic generation M , then let
b =b +1, return to Step 2 to continue the calculation.

5. NUMERICAL EXAMPLE
(1) Structure and parameters of numerical example

In order to verify the validity of the proposed algorithm,
and compare with the existing traffic network design model,
the common used example network in CNDP which is de-
signed by Suwansirikul C et al. (1987) [15] is shown in
Fig. (1). There are 4 nodes, 5 links and 3 valid paths in the
traffic network. Path 1 is composed by link 1 and 4, path 2 is
composed by link 1, 3and 5, path 3 is composed by link 2
and 5. The length of each link is assumed equal and isL.
This example is calculated by using the Matlab software on
the computer with a 2.93GHz Intel Core 13 processor.

Fig. (1). Example traffic network.

Assume there is only 1 OD pairad , total travel demand
q =100, the BPR function added with y, is used as the trav-

el cost functiont, (x,,y,) of linka.
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Table 1. Freedom travel time, maximum capacities and parameter ha of different links.
Link Number
Parameters
1 2 3 4 5
t,(0) /min 4 6 2 5 3
C,/(pcuih®) 40 40 60 40 40
h 2 2 1 2 2
Table 2. Calculation result of network design with differentq .
q Lower Level
Model A Y, A Y, Ys D0 D Improved Percentage
UE 0.48 0.45 0.03 0.34 0.4 824.59 822.39 0.27%
80 MNL-SUE 0.64 0.29 0.04 0.20 0.56 844.41 841.75 0.32%
PCL-SUE 0.57 0.34 0.00 0.25 0.47 831.64 829.29 0.28%
UE 1.34 1.21 0.01 0.97 1.10 1219.17 1200.59 1.52%
100 MNL-SUE 1.52 0.99 0.01 0.73 1.29 1242.77 1223.86 1.52%
PCL-SUE 1.43 1.12 0.02 0.87 1.18 1226.92 1208.28 1.52%
UE 3.26 2.55 0.29 211 2.39 1874.20 1777.98 5.13%
120 MNL-SUE 3.00 2.26 0.12 177 2.55 1896.49 1800.30 5.07%
PCL-SUE 2.87 2.41 0.03 1.95 2.44 1881.01 1784.31 5.14%
UE 6.06 5.50 0.02 4.64 5.28 3773.69 3156.24 16.36%
150 MNL-SUE 6.26 5.24 0.09 4.28 5.46 3790.66 3176.98 16.19%
PCL-SUE 6.15 5.39 0.23 4.57 5.36 3778.47 3162.25 16.31%
0 4 (2) Calculation results
t(x,,y,)=t° [l+0.15(xa/(ca+ya))] (10) _ _ _
The calculation results obtained by using the PCL-SUE

wheret’is free flow travel time of linka, x_ is flow on link

a, ¢, is the maximum capacity of link a.

Obijective function:
D=t (¢, (y), )%, (y) +153 h (y,)’. The free flow

travel time, maximum capacity and parameter h, of each link
in paper [15] are shown in Table 1.

The other parameters used in the model are as follows:
o My and oy can be calculated directly from the network
structure, dispersion coefficient# =1, parameters 4, =1.9,
A, =0.1, population size N =50, maximum number of ge-
netic generation M =100, crossover probability P. =0.40,
mutation probability P =0.03.

model in the lower level model under different demand lev-
els are shown in Table 2. The total system costs D, (before

the network design implement) and D (after the network de-
sign implement) are shown in Table 2. For ease of compari-
son, the calculation results of UE model and SUE model
based on Logit model in the lower level model are also
shown in Table 2.

As can be found from Table 2: (1) the results of network
design are different when the lower level model of CNDP
using different types of models to describe the behavior of
users, which indicates that when the transportation planning
managers adopt the network design model to assist the link
expansion decisions, it needs to choose the model which
could better describe the route choice behaviors of users ac-
cording to the network characteristics, and ultimately to de-
termine the final network design scheme through compari-
son; (2) through the comparison of the results of the UE
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Table 3. Calculation results of network design with different 8.

Li and Lang

0 Lov:jg dljvel A Y, Y, Y, Ys D, D Improved Percentage
MNL-SUE 2.88 0.40 0.06 0.21 2.49 1406.69 1350.69 3.98%
oo PCL-SUE 2.19 0.60 0.02 0.46 1.89 1294.14 1261.38 2.53%
MNL-SUE 2.50 0.45 0.06 0.35 2.26 1368.76 1325.95 3.13%
ot PCL-SUE 1.98 0.70 0.01 0.49 1.75 1277.48 1249.95 2.16%
MNL-SUE 1.74 0.83 0.00 0.58 1.46 1269.44 1248.16 1.68%
o0 PCL-SUE 154 1.00 0.02 0.78 1.29 1236.75 1217.34 1.57%
MNL-SUE 1.52 0.99 0.01 0.73 1.29 1242.77 1223.86 1.52%
+o PCL-SUE 143 1.12 0.02 0.87 1.18 1226.92 1208.28 1.52%
MNL-SUE 142 1.10 0.01 0.88 1.19 1228.61 1210.20 1.50%
20 PCL-SUE 141 1.16 0.02 0.91 1.12 1222.06 1203.55 1.51%

model and other models, it can be found that the capacity
expansion values of UE model on link 1 and 5 are smaller
than the other models, however larger on link 2 and 4. That
is because the traffic flows assigned by UE model on link 1
and 5 are smaller than the other models, and larger on link 2
and 4, which requires more investment to enhance the capac-
ity on link 2 and 4, and so as to relieve congestion situation;

(3) with the increase of the demand level g, , the congestion

of the traffic network is also increased, thus it needs more
investment to relieve traffic congestion, all of the links ex-
cept link 3 need to increase investments. This also shows
that during the network design process, the traffic planners
should not only consider the current traffic demand level, but
also consider the future growth in traffic demand, so as to
make the traffic network design has certain forward-looking;
(4) when it is in the same demand level and different traffic
assignment models are used to describe the different behav-
iors of users, the improved proportion are nearly the same
through the traffic network design, and with the increase of

demand level q_, , the percentage of improved in theory also

ad ’
increases, which indicates that when the road network has
higher degree of congestion, under sufficient capital supply
condition, the effect of traffic network design achieved is
more obvious. However in fact, the government has a certain
budget limit during the road expansion work, therefore the
effect achieved by increasing road capacity is not necessarily
very significant.

The results of traffic network design when the dispersion
coefficient @ varies are shown in Table 3.

As can be seen from Table 3: (1) With the increase of the
dispersion coefficient@, the capacity expansion values of
link 1 and 5 are decreased, and the capacity expansion values
of link 2 and 4 are increased. That is because the flows as-
signed on link 1 and 5 are decreased and the flows on link 2

and 4 are increased when @ increases, thereby result in the
corresponding changes occurs in the capacity expansion val-
ues. This shows that in the traffic network design in reality,
it needs to survey the volumes and directions of traffic flows
sufficiently, and get the reasonable value of dispersion coef-
ficient @ through calibration based on the data obtained, oth-
erwise it will lead to large errors in the results of assigned
flows compared with actual situation because of inaccurate
results, and then reduce the quality of network design
scheme; (2) with the increasing of dispersion coefficienté ,
the improved percentage through the traffic network design
is decreased, that is because the dispersion coefficient de-
notes the familiar degree of the traffic network. With the 8
increases, the users could travel more reasonably, and the
travel of users trend to be stabilized, therefore the improve-
ment degree of the network through the network design re-
duces.

In order to compare the differences in the network design
results of SUE and UE models when & changes, the RMSE
shown in Eq.(11) is adopted as the statistical indicator.

RMSE =\/|%Z(

SUE

Yot =Yt )2 (11)

where| Al is the total number of links in the traffic network,
y:E denotes capacity expansion value of link a obtained by

UE model in the result of network design, y:“E denotes ca-

pacity expansion value of link a obtained by MNL-SUE or
PCL-SUE model. The RMSE of different models under dif-
ferent 6 are shown in Fig. (2).

As can be seen from Fig. (2): with the increase of the
dispersion coefficient@, the RMSE indexes of both MNL-
SUE and PCL-SUE models used in the lower level model
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Fig. (2). RMSE under different 6.
have downward trend, and when 8 = 2, the RMSE indexes of ACKNOWLEDGEMENTS

different models are almost equal, that is because the in-
creased 6 implies that the users master more road network
situations, the users' travel choices tend to be more closer to
certainty choices, the assigned flows are also closer to the
UE model, therefore the network design schemes by using
the stochastic user equilibrium models in the lower level
model are more closer to the results of UE model.

CONCLUSION

The stochastic user equilibrium model based on the
paired combinatorial Logit model is adopted as the lower
level model in this study and the continuous traffic network
design model which could reflect the route choice behaviors
of users objectively is designed. In order to improve the effi-
ciency, for the lower level model, the route-based self-
regulated averaging (SRA) algorithm is designed to solve the
PCL-SUE model and for the upper level model, the genetic
algorithm which has strong global search ability is adopted
and the effectiveness of the proposed algorithm is verified
through a numerical example. The calculation results of the
proposed CNDP model with user equilibrium model, sto-
chastic user equilibrium models based on Logit model and
paired combinatorial Logit model in the lower level model
are compared, and the impacts on the decision results of
CNDP with different demand levels and dispersion coeffi-
cients are analyzed. In the future study, the network design
model and algorithm which are proposed in this study could
be applied to the actual traffic network design works, and the
more efficient algorithms could be designed according to the
characteristics of CNDP constructed in this study.
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