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Abstract: Transmission-line transformers are circuits useful for microwave impedance matching applications due to their 
broad operating bandwidth. Multimode feed network is composed of two substructures, which are constituted by the 
transmission-line transformer. Beginning with the broadband transmission-line transformer with 4:1 impedance transfor-
mation, supposing the currents on the two lines are not equal but opposite and with the application of two line transmis-
sion-line theory, the current-voltage relationships of the asymmetrical (current) bifilar even transmission-line are obtained. 
An equivalent model with mutual coupling between the subject transmission-lines has been proposed, and its characteris-
tics for impedance transformation have been analyzed. Also, a useful and effective analytic method for bifilar transmis-
sion-line transformer has been proposed. The calculated values are in good agreement with the metrical values. So in real 
application it can better improve the performance of the component and can be used more efficiently. 
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1. INTRODUCTION 

The multimode feed network of multi-mode multi-feed 
shortwave antenna is composed of impedance transformer 
and isolator [1]. The function of impedance transformer is 
the impedance match. The function of isolator is to divide 
(or synthesize) the power and isolate the signal. Both the two 
substructures are constituted by the transmission-line trans-
former, so they can be analyzed by the method of analyzing 
transmission-line transformer; the equivalent circuits are 
shown in Fig. (1). In the view of substructure cascade, the 
characteristic of feed network can be gained through the 
characteristic of impedance transforming substructure and 
isolating substructure. 

In 1959，based on the hypothesis of equal but opposite 
currents on the two lines，transmission-line equation was 
first applied by Ruthroff to analyze the bifilar 1:4 transmis-
sion-line transformer．And the input impedance of the bifi-
lar 1:4 transmission-line transformer was obtained but not 
found suitable at low frequency [2]. Abrie verified that dif-
ferent currents in the two line conducts must be considered 
[3]. Some scientists analyzed transmission-line transformer 
by applying electromagnetism coupling coefficients and 
even and odd-mode currents [4]. 

In this paper, supposing the currents on the two lines are 
not equal but opposite and referring to the transmission-line 
equation, a four-end network model for the asymmetrical 
(current) bifilar even transmission line is obtained. So a 
method which holds for bifilar even transmission-line trans-
former at both low frequency and high frequency is put for-
ward. This paper also presents an analysis of substructure by 
this method [5]. The result correctly demonstrates the effect 
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of Lp(magnetizing inductance) at low frequency and fits into 
the result gotten with the application of transmission-line 
equation at high frequency.  
 

 
Fig. (1). The feed network configuration. 

2. ANALYSIS OF TRANSMISSION LINE TRANS-
FORMER 

The basic expression for the input impedance of a trans-
mission-line transformer Fig. (2) was first obtained by 
Ruthroff:  
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Where: 

  
! = " LC( )

0.5  

!  =the radian frequency, 

 l =the electrical length of the transmission-line, 

R0 =the characteristic impedance of the transmission-line, 

RL =the load impedance, 
L and C=the resonant inductance and capacitance, re-

spectively.  

If  !<< ! ,
  cos!l "1,sin!l " 0 , then 

  
Z

in
= 4R

L
. With this 

expression, an input impedance of approximately four times 
the load impedance is obtained at the design frequency. The 
formula is based on the usual hypothesis of equal but oppo-
site currents on the two lines [6]. Recently, Abrie verified 
that different currents in the two line conducts must be con-
sidered; Fig. (3). shows the electrical model used for the 
transmission-line transformer analysis. Inductance L/2 and 
mutual inductance M are related to the system geometry. 
Since the currents in the two line conductors are not equal, 
the balanced and unbalanced components should be consid-
ered. The inductance seen by the unbalanced currents (which 
are also called coil-mode currents) will differ from that of 
the transmission-line, as the effect of M is a function of the 
current verse (or direction). 

In the case of equal-verse currents, the equivalent induct-
ance is given by: 

 
L

coil
= L + 2M  (2) 

Note that the network appears to be a coil to the equal-
verse currents. In the case of equal but opposite currents, the 
equivalent inductance is given by: 

 
L

line
= L ! 2M  (3) 

In the practical case where a transmission-line is wound 
on a toroid, the parameters to be considered are the transmis-
sion-line inductance (given by Lline) and the toroid induct-
ance (described by Lcoil): 

 
L

line
=0.92 

  
µ

r
lg(m / r)  (4) 
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Where: 

 ! =the line length(m), 

 
µ

r
=the relative permeability, 

m=the spacing between the centers of the wires(m), 

r =the radius of the wires(m), 

rC=the radius of the coil, 
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Fig. (2).The equivalent model of 4:1 TLT. 
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Fig. (3).The equivalent circuit model of TLT. 
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N=the number of turns, 
R=the radius of the toroid(m),and 

µ =the permeability of the medium inside the coil. 

Using the hypothesis 
 
L

coil
>

 
L

line
 from Eqs. (2) and (3), it 

is determined that: 0<M<L/2 Using Eqs. (2) and (3),it is pos-
sible to define: K=M/(L/2). 

Based on Fig. (3), the following differential equations are 
obtained: 
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 (6) 
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In the frequency domain, these solutions can be written 
as: 
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 Where:
  
µ = ! 1" K( )

0.5 ,
  
! =" LC( )

0.5 ,and  0 < K <1 . 

Note that L=(Lcoil+Lline)/2 here. from Fig. (3): 
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The circuit’s impedance parameters can be written as: 
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Where: 
 
 

 
A = j/[(L0.5 / C0.5)(1! K)0.5] , (16) 

 
B = j(L0.5 / C0.5)(1! K)0.5 / 2 , (17) 

  
Q = -2/[j!(L0.5 / C0.5)(1+ K)!] . (18) 

By solving the above equation, the result can be ob-
tained: 

  

Z
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 (19) 

Where: 
RL=the load impedance. 

3. A NETWORK MODEL FOR THE BIFILAR EVEN 
TRANSMISSION LINE 

  
I

1
!z( )and

  
I

2
!z( ) , the currents in the two lines of bifilar 

transmission-line transformer, are not always equal. For ex-
ample, in Fig. (4). (1:-1 transmission-line transformer),

  
I

1
!z( ) " I

2
!z( ) . So, it cannot be analyzed by using trans-

mission-line equation. 
Fig. (5) shows the equivalent lumped-element circuit of a 

differential unit of transmission line. Its differential equation 
is obtained as follows: 

  

dU

d !z
=

1

2
Z I

1
+ I

2
( )  (20) 

  

dI
1

d !z
=

dI
2

d !z
= YU  (21) 

!  

dU
"#

d !z
=

1

2
ZI

1

 (22) 

Where:
 
Z = R + j!L ,

 
Y = G + j!C . 

From Eq. (21), we can get 
  
I

1
= I

2
+ 2C  (assuming that  c  

is a complex constant). 

Using the hypothesis
  

I =
1
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2
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= I +C，and 
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So the solutions can be written as: 
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Fig. (4). 1:-1 transmission-line transformer. 
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Where: 

 
r = ZY =! + j" ,and 

  

Z
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.  

 r = transmission coefficient , 

  
Z

0
= characteristic impedance. 

In Fig. (6),
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are currents of the respective 

ends, while
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d
 are the voltages (to the ref-

erence point) of the respective ends. From Eq. (23), (24) and 
(25), we can obtain: 
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(27) 

 
Fig. (5).The equivalent lumped-element circuit of a differential unit of transmission line. 

 

 
Fig. (6). A four-end network model for the asymmetrical (current) bifilar even transmission line. 
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From Eq. (26) and (27), the current-voltage relation- 
ships of the four-end network model for the asymmetrical 
(current) bifilar even transmission line are derived as follows:  
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When the currents in the two lines are equal (
  
I

1
!z( ) = I

2
!z( ) ), 

Eq.(28) can be written as follows: 
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(29) 

By all appearances, Eq. (29) is one form of the solution 
of transmission-line equation. 

4. APPLICATION, ANALYSIS AND EXAMPLE 

Because of the different function, the two substructures 
have the different ends which can be connected together, the  
 

different input port and the different output port. In this pa-
per, a divider is taken as an example. Connecting end a and d 
(Fig. 6), we can get divider which input from port a and out-
put from port b and c (Fig. 7). 

The function of divider in multimode feed network is to 
divide (or synthesize) the power and isolate the signal. Con-
sidering that divider is the three-port Indefinite network (no 
grounding), we can convert it into two-port definite network 
by connecting end c to ground, inputting from ac and output-
ting from bc (Fig. 8), So we can use two-port network to 
measure and analyze it conveniently. 

Based on microwave network in conjunction with 
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By applying net cascade, Eq. (28), (30) and (31) can be 
combined as, (supposing transmission-line is loss free, so
 
r = j! ):  

 
 

 
Fig. (7). The divider in multimode feed network. 

 

 
Fig. (8). The definite network model for divider shown in Fig.(7). 
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Eq. (13) describes the Y-parameters of Definite network 
of divider (Fig. 8). Its input impedance can be written as: 
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(33) 

Where: 
 
R

L
= the load connected with port b and c. Refer-

ring to literature [2], when the frequency is not so high, the 
serial impedance of the two lines in the transmission-line 
transformer can be considered as Zl . Taking coupling into 
account ,we can obtain: 
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where: 
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=parallel-reactance , 
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P
= magnetizing inductance, 
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=one-tune inductance, 

 N =the number of tunes, 
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=the permeability of vacuum, 
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coil， 
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=dimension factor of magnetic core (
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effective length of magnetic core,
 
A
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= the effective area of 

magnetic core)． 

Example 

Divider to be exampled consists of eight tunes of coaxial-
line (characteristic impedance is 50 ohm) wound on a ferrite 
core, with outer and inner dimensions of

  0.061mand respec-
tively．The core thickness is 

  0.015m． 

Phase constant of coaxial-line is: 
  
! =

2" f

c
#

eff
 [2] where：

 
!

eff
= the effective dielectric constant of the media inside the 

coil (
 
!

eff
of coaxial-line to be used in this example is 2.1[7])． 

 
j! A

L
can be measured with HP4395A(all measures in 

this paper are done with HP4395A)．And from Eq.(34),   Zl  
can be computed (all computes in this paper are done with 
Matlab9). So, we can derive S-parameters and input imped-
ance (with 

  
R

L
= 200! ) by using Eq. (32) and Eq. (33) re-

spectively．Fig. (9) provides results of measure and com-
pute(1～31MHz). 

Note: In Fig. (9), the real line, dashed and dash dot de-
note the metrical values, the values obtained with transmis-
sion-line equation and the values derived with the model in 
this paper respectively. In Fig. (9), the three lines above are 
the real part of input impedance, while the three lines below 
are the imaginary part.  

CONCLUSION 
Fig. (9) shows that at low frequency, the theoretical val-

ues obtained with the model in this paper fits into the met-
rical values better than the theoretical values derived from 
transmission-line equation, while at high frequency they are 
all consistent with the metrical values.  

The substructure in multimode feed network is mainly 
wound with coaxial-line and twisted-pair. Coaxial-line has 
no magnetic flux leakage, coupling coefficients=1, prefera-
ble shield at both high frequency and low frequency. And, 
the calculation of its characteristic impedance and wave-
length is ripe. So, it is feasible to analyze the substructure 
wound with coaxial-line by using the model of this paper.  

 
Fig. (9). Input impedance of the example. 
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For the substructure wound with twisted–pair, the prob-

lem is the calculation of the effective permeability (
 
µ

e
) and 

the effective dielectric constant (
 
!

eff
) of the media between 

the two conducts. As is shown in Fig. (10), the two conducts 
of twisted-pair do not cling each other and the interval be-
tween them is very small. So, the partly filled medium 
should be considered. Reference [2] provides a compute 
method. Only taking account of air and skin of the single 
conduct, it neglects the magnetic core. 
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Fig.(10). Area of twisted-pair in the substructure. 


