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Abstract: The generalized differential quadrature (GDQ) method is used to obtain the computational results of two-layer 

cross-ply laminated shell under rapid uniform heat induced vibration. In the thermally insulated vibration analyses of a 

laminated shell, the sudden uniform heat input over its lower surface only and temperature load is linear of axial coordi-

nate. The GDQ method provides a method for calculating the time response of axial, circumferential and normal dis-

placements. 

Keywords: Generalized differential quadrature, GDQ, Laminated shell, Rapid uniform heat, Insulated vibration. 

1. INTRODUCTION 

 When a multilayered shell is used in thermally insulated 

vibration problem, there is a normal flow of heat through the 

thickness direction of the shell structure. In 1974, Jadeja and 

Loo made the heat induced vibration study of a rectangular 

plate under sinusoidal heating loads [1]. In 1981, Chung had 

studied the free vibration problem of circular cylindrical 

shells [2]. In 1988, Bert, Jang and Striz had used the general-

ized differential quadrature (GDQ) method to study free vi-

bration of the structure components [3]. In 1997, Shu and Du 

used the GDQ method to make the research of clamped and 

simply supported boundary conditions of beams and plates 

under free vibration [4]. In 1998, Hua and Lam used the 

GDQ method to study the frequency characteristics of a thin 

rotating cylindrical shell [5]. In 2000 and 2003, Hong and 

Jane used the numerical GDQ method to study the thermal 

bending and thermal vibration of laminated plates, respec-

tively [6-8]. In 1973, Dym made the research for the Vibra-

tions of Circular Cylinders [9]. 

 In 2006, Yilbas and Kalyon made the analytical research 
of heating and cooling with laser for multilayer assembly. 
They found that the temperature rises rapidly in the heating 
cycle, but temperature decay is gradual in the cooling cycle 
for the two-layer steel and copper assembly [10]. In 2006, 
Maki, Ishiguro, Mori and Makino present the experimental 
results and studied the thermo-mechanical treatment by us-
ing the resistance heating for aluminum alloy sheets [11]. In 
2004, Huang and Tan made the finite element research of 
both external moment and heating on the thermally re-
strained steel columns. They studied the effects of both rapid 
and slow heating for the columns [12]. In 1957, Boley and 
Barber [13] and in 1958 Brull [14], they made the rapid heat-
ing dynamic response studies for the beams and plates. In 
2007, Hong made the study about thermal vibration of  
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magnetostrictive material in laminated plates with the GDQ 

method. The time responses of center displacement and 

stresses with and without velocity control have been ob-

tained, respectively [15]. Recently, there are seldom studies 

about the thermal vibration of multilayer shell in open litera-

ture or commercial software. In this paper, we study the 

thermally induced vibration of a laminated shell with two 

edges clamped condition under rapid heating loads. The 

GDQ method is used to obtain some numerical time re-

sponse displacements. 

2. DYNAMIC EQUILIBRIUM DIFFERENTIAL 

EQUATIONS 

 We consider a thin generally orthotropic multilayered 

shell under vibration and thermal effect, the thermoelastic 

stress-strain relationship of the 
th

k  layer including thermal 

strain can be given as in the equations of [16, 17]. From the 

Love’s theory for thin multilayered shell under the pulsating 

axial load 
a

N , the thermally dynamic equilibrium differen-

tial equations for a stress field in the 
th

k  layer can be ex-

pressed as in the forms of [5, 16]. Considering the behaviors 

of a multilayered shell constructed of specially orthotropic 

layers, we can rewritten the following equilibrium differen-

tial matrix equations in terms of displacement components 

vu,  and w  [16]: 
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dz  in which  is the density, h  is the 

thickness of shell. Where vu,  and w  are displacement 

components in the directions of axial x , circumferential  

and normal z , respectively. R  is the mean radius. 
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where 
x
 and  are the coefficients of thermal expansion, 

x
 is the coefficient of thermal shear, T  is the tempera-

ture difference between the laminate and curing area, 
ijQ  is 

the transformed reduced stiffness, 

3. DYNAMIC DISCRETIZED EQUATIONS 

 The GDQ method can be represented for example, the 
th

m -order derivative of one-dimensional function ),( txf  at 

the 
th

i  discrete point 
i

xx =  in the x  direction on a grid is 

given as follows [3, 4]: 
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where )(

,

m

jiC  is the weighting coefficient related to the th
m -

order derivative and N  is the number of the total discrete 

grid points used in the x  direction. 

 The following displacement components for the vibration 

case are used: 

)cos()( tnxUu +=  

)sin()( tnxVv +=  

)cos()( tnxWw +=             (3) 

where  (rad/sec) is the natural circular frequency and n  is 

an integer for the circumferential wave number of the 

multilayered shell.  

 The following non-dimensional parameters are intro-

duced: 

LxX /= , hzZ /= , LxUU /)(= , RxVV /)(= , 

hxWW /)(=              (4) 

where L  is the length of shell. 

 For two edges are clamped, symmetric ( 0=ijB ), or-

thotropic ( =
16

A
26

A = 0, 0
2616

== DD , 0=
x

) of 

laminated shell under temperature loading, we applying one-

dimensional GDQ method to discretize the equilibrium dif-

ferential equation (1), then the dynamic discretized equations 

can be rewritten in matrix form as follows [16]: 

}{}]{[}]{[ FUVWFMSUVWDM =+           (5) 

where 
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 The elements of 93  matrix ][DM , 33  matrix 

][FM  are as follows: 
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4. COMPUTATIONAL RESULTS 

 We use the following coordinate for the grid point of the 

GDQ method:  

L
N

i
x

i
)]

1

1
cos(1[5.0= , Ni ,...,2,1=          (6) 

 The convergence studies of the frequency parameter *f  

have been made by the GDQ method [16] and made in series 

solution of Chung method [2]. In the case of rapid heating 

induced vibration of an insulated two-layer shell, the mate-

rial properties of cross-ply ( 90/0 ) laminated shell is con-

sidered as follows: 

 Inner layer:  

25
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 The upper surface and all edges of the shell are consid-

ered to be thermally insulated. The temperature 
0

T  depends 

only on Z  and t , where hzZ /= . ),(00 tZTT =  can be 

found as in the following equation [18, 19]: 
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where 22
h= ,  is the coefficient of thermal conduc-

tivity, 
0

q  is the heat flux. 

 For simplification, we considering the vibration case for 

the condition of expansion strain distribution which is inde-

pendent of x  and  and an even function of z  

( 0===
xx

MMM ), using )0(,/ 11

2
=== NARNNN

axx
 as 

the thermally initial expansion load which is independent of 

x . We assume that the temperature difference T  is line-

arly dependent on x , thus xTT
0

= . The temperature 

),(
2
1

00 tTT =  is applied in the sudden uniform input over the 

lower surface 
2

1=Z  of inner layer only. Also for grid point 

20=N , 500/ =hR , 10/ =RL , h1 = h2 , wave number 

4=n , 080783.0=f , natural circular frequency 

029892.0= /sec under clamped-clamped boundary con-

dition. We study the time responses by the effect of tempera-

ture load T  on the displacement of two layer insulated 

shell at circumferential coordinate 1=  radian.  

 Figs. (1-3) show that the time responses of axial, 

circumferential and normal displacement Luu /= , 

v = v / R  and hww /=  along X , respectively under 

20
sec

2
in

Btuq =  and 
Fin

Btu
°=

sec
002963.0 .  

We find that there are two maximum magnitudes of u  

locate nearly at length positions 3156.0=X  and 

6838.0=X  at each time of 9,5,3,0=t sec. The 

magnitudes of u  is decreasing with the time. The maximum 

magnitude of v  locates at middle length 5.0=X  at each 

time of 9,5,3,0=t sec. The magnitudes of v  is increasing 

with the time. The maximum magnitude of w  also locates 

at middle length 5.0=X  at each time of 9,5,3,0=t sec, 

and the w  magnitude is the dominant one. The magnitudes 

of w  is decreasing with the time. 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. (1). Time response of axial displacement u  along X .  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

Fig. (2). Time response of circumferential displacement v  along 

X . 

 

5. CONCLUSIONS 

 In the study of the rapid heating induced vibration of an 

insulated two-layer shell, the computational GDQ method 
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provides a method for calculating the displacements. Nu-

merical GDQ results show that: (1) Normal displacement w  

along X  is the dominant one for the two edges clamped 

condition. (2) Both the magnitudes of displacement w  and 

u  are decreasing with the time, but the magnitudes of dis-

placement v  is increasing with the time. 
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Fig. (3). Time response of normal displacement w  along X .  

0

20

.8.6.4

10

0.0

X

.5.1 .2 .3 .7 .9
*

30

w

* *
*

*

*

*

*

*

*

* *

*

*

*

*

*

*
*

*
1

** t=0

t=5

t=3

t=9

40


