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Wave Propagation in Nanodoped Films
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Abstract: We analyze the propagation of electromagnetic plane waves through a dielectric film endo-wed with a nano

doped permittivity made of a sequence of Dirac delta pulses.
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1. INTRODUCTION

The propagation of electromagnetic plane waves through
homogeneous and periodically stratified films has been the
subject of several important works since the first edition of
the Born-Wolf book [1] and after Arzéliés’ publications [2].
We are interested here in the beha-viour of TE, TM har-
monic plane waves incident on the z = 0 face of a dielectric
film 0 < z < d with a nano doped permittivity, the nanodop-
ing being obtained from a sequence of delta Dirac pulses.
We also consider succinctly magnetic composite films nano-
doped with magnetic hol-low nanospheres.With the light
velocity ¢ = 1, the permeability p = 1, the permittivity g, n;
= e, and exp(-iwt) implicit, the components Ey, Hx, H; of
the incident TE wave are [1]inz<0

Eyl_ = Ae vi(X,2) , HXI = — A¢ n1€080j Yi(x,2),

HZI = Ae N18in0j Yi(Xx,2) 1)
Pj(x,2) = exp[ioni(x sinj + z cos6j)] (1a)
while , since 8y = — 6j, the reflected field is

Eyr = Re Yr(X,2) , er = Re N1€080j Yr(X,2),

HZr = Re N3SinBj Yr(Xx,2) 2)
Pr(X,z) = exp[iony (X sinBj — z cosvj)] (2a)

A, R are the field amplitudes and we have similarly for
the_ TM field with components Hy, E, E,

Hy_I = —An N1yi(x,z), EXI = - Ap, cos6j pi(x,z),

E. = An Sindi yi(x,2) €)
Hyr = -Rm Nyr(x,2) , EXr = An €0s8j Yr(X,2),
E.' = R Sindj yr(x,2) @

with the expressions (1a), (2a) of yj, Yy-.

2. TE, TM FIELDS INSIDE A FILM WITH
NANODOPED PERMITTIVITY

We consider a dielectric film with permittivity nano
doped according to the relation
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£(2) = €0+ ™ 8(2/ Zo-m) ,0<z<d, Mzp <d (5)
= €0 N2 Zm=1” 8(Z ~M2o) (5a)

€ ,M , Zo > 0 are constant parameters and § the Dirac distri-
bution.This permittivity has the property to have a first de-
rivative null , the relation f(x) &’(x) = —f’(x) 8(x) implying
e'(2)=0

since 1z is constant.

Now, inside the film, the Maxwell equations are with p = ¢ =
1 and exp(-imt) implicit

aH, - 0,H," + iwe(z2) By =0, 4,E, - 9,E, —iw H, =0
9H, - o;H," + iwe(z) ;' =0, 8,E, - 6;E," - i0H, =0

aH," - o,H, +iwe(2) E, =0, 0,E, - 4.E, - iwH, = 06, 7)
For the TE field, depending only on x,z, the equations (6,

7) reduce to

9E = —iw Hy', 0, = i H,,

M - 9H, +iw e(z) E,' =0 (8a)

and for the TM field

aHy" = iwe(@) E', 0,H, = - iw £(2) E,',

9Ex - 0E, —ioH, =0 (8b)

These fields are consistent with (1-4), just changing ¢(z)
into ¢; and using (1a), (2a).

Eliminating H,', H," from (8a) and taking into account
¢’(z) = 0 gives for EyT the same wave equation as that ob-
tained for H," by eliminating E,’, E," from (8b)

[0, +07+ o’ "N B, H,/}=0, 1" (2) = £(2) 9)
We look for the solutions of Eq.(9) in the form

E, (x,2) = Te exp(imnox sin8")o(2) a)

H,'(x,2) = - ngTrm exp(iwnox sinB")¢(z) b) (10)

no = Veo and T, T, are the field amplitudes. Substituting
(10) into (9) gives the differential equation satisfied by ¢(z)

0,°9(2) + o [n*(2) -no” sin’6'] ¢(2) = 0 (11)

The solutions of (11) are discusssed in Appendix A and
assuming 1 << 1 we get to the 0(n?) order
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#(2) = 9o(2) + N Tn=1" ¢m(2) + 0(n%) (12)
with
do(z) = exp(ino cost’ wz) (12a)
and

dm(2) = (i0ze/27 N cosO') expliony cos’
{mzo + [z - mz[}] (12b)

Now, in the dielectric film, the field reflected on the z = d
face has to be taken into account so that according to (10) the
components E, T(x,2), Hy T(x,z) are

E,"(x.2) = 700 [Te'0(2) + Te* p({d-23)] a)
Hy'(x,2) = = no B'(X) [T 0(2) + T” o({d-23)] b) (13)
in which
B'(x) = exp(iwno X sinB") (14)
Substituting (13a) into (8a) gives
H(x2) =i 0 B'() [T’ (2) + T ¢*({d-23)] )
H,'(x2) = nosiné' B'(x) [Te'¢(2) + Te* 9({d-z1)] b)  (15)
Similarly with (13b) substituted into (8b)

Ex (x.2) = [ino/e(@)] B'(X) [Tm'¢"(2) +

T’ ¢"({d-23)] a)

E.'(x,2) = [no%/e(2)] sin6" B'(x)

[Tn'$(2) + Tr” $({d-2})] b) (16)
We now have all the ingredients to analyze the electro-

magnetic plane wave propagation through the nano doped
dielectric film.

QD

3. ELECTROMAGNETIC WAVE PROPAGATION
3.1. TE Field

The amplitudes of the TE field must satisfy boundary
conditions at z =0 and z = d. Then, notlng first that the Des-
cartes-Snell relation n; sinBj = ng sind' transforms (14) into

B'(x) = exp(imnyx sindj) 17
we have atz =0
Ey (xO)+ Ey (xO) =E (xO)
Hy (x,0) + Hy (x,0) = Hy (xO) (18)

and, taking into account (1), (1a), (2), (2a) and (13a), (15a)
together with (17), we get from (18)

Re + Ac = Te' ¢(0) + Te” ¢(d)
N1 €osBj (Re — Ae) = i[Te" ¢°(0) + Te” ¢°(d)] (19)

Now, to get the TE field E,', H,', H,' outside the film for z
> d, one has just to change in (1) the amplitude A; into A, S0
that the boundary conditions at z = d are

£, (%) = £, (x), Hxa) = H, o) (20)
and, still using (1), (1a) and (13a), (15a), (17), we get

T o(d) + T $(0) =y Ace

i[Te" () + Te? ¢"(0)] = —n1cosBi y Ace (21)
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in which
v = exp(iw nyd sing;) (21a)

So, we get from (19) and (21) four relatlons to determine
the four unknown amplitudes Re, Te! T2 Ay, this set of equa-
tions is solved in Appendix B.

3.2. TM Field
The boundary condltlons for the TM fieldareatz=0
Hy (xO)+H (xO) = H (xO)
Ex (xO)+E (xO)—E (xO) (22)

Then, using (3), (4) with (1a), (2a) together with (13b)
(16a), taking into account (17), we get since £(0) = &, = ng

Ni(Rm + Am) =g [Tm $(0) + Tm ¢(d)]
= An) =i[Tn! ¢°(0) + Tu” ¢’(d)] (23)

Now the TM field in z > d has the expression (3) with A,
changed into A, so that the boun-dary conditions at z = d
are

Hy'x0) = H, (), EX(x.d) = B, (x.) (24)
implying with y given by (21a) since g(d) = ¢, = No?

No[Tr" ¢(d) + T $(0)] =yNy A

i[Tm® ¢°(d) + Ti? ¢(0)] = —=yno c0SB; A¢m (25)

We get from (23), (25) four relations to determine Ry,
Tt T2 Aum Which is made in Ap-pendix B

Ng c0sBj (Rm

4. DISCUSSION

High-k dielectrics are used for instance in semi-
conductor manufacturing process to replace silicon gate di-
electrics, allowing a miniutarization of microelectronics
component with better performances in thin materials such
as dielectric films. Nano doped dielectrics offer the pos-
sibility of high-k dielectrics. Here for instance, the mean
value of the dielectric constant is

e =1/d [y e(z) dz (26)
that is substituting (5) into (26)
e = g0 + nfod [."[U(2) - U(z-d)] Tn"' 8(z-mzo)
= go +n/wd Yu [U(Mzo) - U(Mzo—d)]
=go + Mn/wd (26a)
taking great values when M/w is high.

Incidently, the sum in (5) is the truncated series of the
Dirac distribution [4, 5]
nd[sin(nz/zp)] = >n 8(2/Zo —n) , n integer in (-0, ) 27

The matrix technique [1,2] used to analyze the propaga-
tion of electromagnetic plane waves through homogeneous
and periodically stratified dielectric films is not suitable for
TE, TM fields inside a film with the permittivity (5) which is
neither homogeneous nor stratified be-cause the dielectric
constant is only perturbed by the Dirac pulses at local points.
The impor-tance of ¢’(z) = 0, to get the wave equation (9)
must be stressed.
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We have obtained in Appendix A an 0(n?) approximation
of TE, TM fields in which the Green’s function of the 1D-
Helmholtz equation intervenes rather naturally. The object of
this approximation was only to get a perception of the TE,
TM behaviour, but it is clear that an important numerical
analysis has to be performed when v is not very small.

Finally, it has ben assumed that 1D-nano doping may be
described by a sequence of delta Dirac pulses, the nano dots
being assimilated to points. This postulat could be general-
ized to 2D and 3D nano doping from the relations [5]

8(r) far = 8(x) (y) r = (XC+y?)"
d(r) 12nr? = 8(x) 8(y) 8(z) r = (XP+y*+z%)M? (28)

The following generalization of (5) could be used to de-
scribe nanodoped photonic crystals made of multilayer films

[6]
£i(2) = = €0 +20 Zn=t™ M 8(2 -Mzo) , j=1,2..0 (29)
in which j is the number of layers.

5. MAGNETIC NANO COMPOSITE FILMS

Magnetic nano composite films are used specially to en-
hance the film coercivity [7-11]. that is their resistance to
becoming demagnetized. The non existence of magnetic mo-
nopoles prevents to imagine the doping of these films as
made of nano dots and, we have instead to consider magnetic
hollow nano spheres [12-17]. Then, the permeability p(z) in
0 <z < d may be represented by the expansion

1(2) = po + Ym=1"" v(MZo) 8(z ~Mzo) (30)

mz, is the center of a hollow nano sphere and v(mz) de-
pends on its nature and on its radius [14, 15]. This permittiv-
ity satisfies also the condittion p’(z) = 0.

Proceeding as in (26a), we get from (30) for the mean
value permittivity p of this magnetic nano composite film
giving the possibility to check its coercivity performance.

= po + Uod Yn'v(mzo) (30a)

Then, using(30) and assuming ¢ = 1, it is easily checked that
the equations (8a,b) for TE,TM fields transform into

9,E," = — i n@)Hy', 0,E," = io u(2) H,',

dH - oH, +io E,f =0 (31a)
I Hy =i B, oHy = -0 E,,
9Ex - 0E,' - iop(z) H, =0 (31b)

so that since u’(z) = 0, the components E,", H," are still so-
lutions of the wave equation (9) in which now n’(z) = p(z)
and they take the form (13) with ¢(2) satisfying the differen-
tial equation (12). Substituting (13) into (31a,b) gives the
other two components of the TE, TM fields with according
to (31a)

H(x2) = [I(2)] B'(¥) [Te'¢’(2) + Te? ¢*({d-23)] @)
H,'(x,2) = [no/u(2)] sin6" B (x)
[T'$(2) + Te* ¢({d-2})]

and from (31b)

E.'(x,2) = ino (%) [Tn'¢’(2) + Ton” ¢ ({d-23)] a)

b) (32)
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E.'(x,2) = no’ sinf" B(x) [Tn'¢(2) + T’ ¢({d-2})]  b) (33)

From there, we may proceed as in Sec.3, using the
boundary conditions at z = 0 and z = d to get four equations
to determine the four unknown amplitudes.

As previously stated, ¢(z) is solution of Eq.(11) with
n’(z) = u(z). Let v = Maxnv(mz,) then assuming v << 1 and
consequently v(mzy) << 1 we have to the 0(v?) order
0(@) = 4o(2) +V =t ¢m(2) + O(v?) (34)
with ¢o(2), dm(z)given by (12a,b).

This analysis of magnetic nano composite films reposes

on magnetic hollow nano sphere whose existence requires
further works.

APPENDIX A

We discuss here the solutions of Eq.(11) rewritten for
convenience

3,°9(z) + w’[n*(2) —ne® Sin®0M¢p(2) = 0 (A1)
in which, according to (5) :
n(z) = np? +zo Em=1™ 8(z -mMzo) , Mzo < d (A.2)

We start this analysis with the simple refractive index
n?(z) = np? +nzo 8(wz ~-Mwzo) (A.3)
so that the equation (A.1) becomes
0’(2) + 0N’ cos?0' p(wz) = —wMzo 8(z -Mze) ¢(2)  (A.4)

We assume 1 << 1 very small and we look for the solu-
tions of (A.4) to the 0(n?) order in the

the form

9(2) = 90(2) +  ¢m(2) + 0% (A.5)
Substituting (A.5) into (A.4) gives

0" (2)*+ w’no’ cos’0” ¢o(2) + M [9n”"(2)+ w’no?

c0s’6" gn(2)] = ~w*nzo 8(z -M20) $o(2) (A6)
supplying the two equations
00"’ (2) +0° n? c0s’0" ho(z) = 0 a)

Om’"(2) + ©°No” C0S°0" P(2) = — w20 8(z ~M20) ho(2) b) (A7)
Taking as solution of (A.7a)

do(z) = exp(ino cosb'wz) (A.8)

the equation (A.7b) becomes

Om’’(2) + 0’ng® c0s’0" Pn(z) = —w® Zo exp(ing cos'wz) 8(z
—mzo) = —0° 2o exp(ing cosd’wmzp) 8(z -mzg)  (A.9)

which is in fact the equation satisfied by the Green’s func-
tion of the 1D-Helmholtz equation and this equation has the
solution [3] for the infinite domain

dm(z) = (iwzo/2m Ny cosb') exp
[iwnecosd! {mzo + |z — mzo| }] (A.10)

Now, with the refractive index (A.2), the equation (A.1)
becomes

$""(2) +0? np? cos*0" ¢(2)

= —0"MZg =1 8(z -M20) §(2) (A.11)
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and we look for its solutions in the form

0(2) = ¢o(2) + M Zm=1" Pm(2) + 0(m?) (A12)

Substituting (A.12) into (A.11) supplies the equations
(A.7a) and (A.7b) for m = 1, 2...M with the solutions (A.10)
which achieves to determine (A.12) to the 0(n?) order.
APPENDIX B

To obtain the amplitudes Re, T¢', Tl Ae for the TE
field, we introduce the functions

pe(2) =y c0sb; ¢(2) - 1¢’(2) , 0e(2) = Ny cOsH; §(2) +1i¢’(2)
((B.1)

Then, eliminating R, from (19) and A from (21) gives :

e(0) Te' + pe(d) Te? = 2 ny cosOj A, , 0e(d) Te! + Ge(0) Te?
=0(B.2)

from which Te* and Te? are obtained

Te! = 2n,0050j %.06(0) A, , Te? = —2n;€050j %.0e(d) Ae (B.3)
Xe = [Pe(0) 0¢(0) ~ pe(d) oe(d)]™ (B.3a)
so that we get at once from the first relation (21)

Ave = 2;€080j (e [0¢(0) ¢(d) ~ Oe(d) ¢(0)] v *Ae (B.4)

while eliminating A, from (19) and taking into account (B3)

give

Re = e [06°(0) — 0°(d)] Ae (B.5)
We proceed similarly for the TM field with the functions

Pm(2) = No® cosbi ¢(2) —i ¢"(2) , om(2) = No” COSH; §(2) + i
¢*(wz) (B.6)

Eliminating Ry, from (23) and A;, from (25) gives
Pm(0) Tm" + pm(d) Tm” = 2 noNs c0s6; Am,
Om(d) Tm' + om(0) Tm? =0 (B.7)
from which we get
Tm' = 2n0n1086j Xmom(0) Am ,
Tm? = —2non1050j YmOm(0d)An (B.8)
%m = [Pm(0) om(0) ~ pm(d) om(d)]™* (B.8a)
and, substituting (B.8) into the first relation (25), it comes
Aum = 2N6°c088j xim [0m(0) §(d) - om(d) GO)] v *An  (B.9)
while eliminating A from (22) gives taking nto account (B.7)
Ri = %m [0m°(0) = om’(d)] An (B.10)
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To achieve to determine the TE and TM fields we have
just to express ¢(0) and ¢(d) in terms of the solutions of Ap-
pendix A.
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