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Abstract: This paper is concerned with the determination of nonlinear roll damping moments of ships including similar
floating structures. Using the measured motion response data of ship’s roll motion, an inverse problem is formulated for
the determination. The problem of damping determination is mathematically involved in a Volterra integral equation of
the “first” kind between the roll responses and unknown nonlinear roll damping. This first kind integral equation results in
numerical instability, that is, solutions lack stability property. A regularization method is applied in order to suppress the
instability. Any priori information is not required on the model of the nonlinear damping. The applicability of the present
study is demonstrated through the numerical investigations using the given nonlinear roll equations from the tests.

Keywords: Nonlinear roll damping moment, transient response data, identification.
1. INTRODUCTION
It is well known that a highly nonlinear characteristic is
strongly involved in the roll motion of ships, barges and
similar floating structures. The reason for this is mainly because of a highly nonlinear characteristic in ship’s complex
damping mechanism such as the effect of fluid viscosity. The
more important thing is that the dynamic stability of ships in
realistic sea is dependent on its rolling motion. Thus, the
investigation of ship’s roll dynamics is most crucial unlike
other degrees of freedom of ship motion. For the purpose, it
is generally required to find ship’s roll damping for accurate
prediction of its response to various loading environments
and development of control strategies: this is essential for the
design of ship-shaped structures. However, the determining
of the roll damping is difficult because of its strong nonlinearity.
A number of methods of determining nonlinear damping
have been proposed in last decades. The works of the proposed methods have been usually concerned with nonlinear
damping model through parameters based on intuition. Various assumed models for the nonlinear roll motion in damping can be found in the works [1-9]. For examples, Taylan
[4, 5] and Wellicome [8] have utilized an assumed nonlinear
damping model, expressed as a& + b&2 , while Odabasi and
Vince [9] have used other form of damping model of
a& + b 2& . A cubic nonlinearity in damping, a& + b&3 , was
also considered as a damping model type by Wright and
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Marshfield [1] in their earlier works. However, according to
Taylan [4, 5], the validity of the assumed damping models
appears to be questionable in people’s minds. Thus, it is
needed to develop a new identification method for improving
the validity of the damping models to achieve the accurate
estimation of nonlinear roll damping of ships.
In this spirit, Jang et al. [10] introduced a new method,
based on an inverse formulism that often occurs in many
branches of science and engineering, to recover nonlinear
damping in nonlinear oscillation systems. While, Jang et al.
[11], based on an experiment of free-roll decay test for a
ship, utilized the method [10] to recover the functional form
of the nonlinear roll damping, the present paper is concerned
with an application of the method [10, 11] to identify the
nonlinear roll damping moment of a ship with the (known)
data from the tests [1, 12-15]. For the purpose, we first construct a functional relationship between the roll responses
and unknown nonlinear roll damping as a Volterra integral
equation [10]. On the basis of the constructed formulation, a
procedure for identifying the functional form of the nonlinear roll damping moment for floating structures is described
in this paper. The present study has particular advantages
and remarkable improvements. First, it does not require any
priori information on the model of the nonlinear damping.
Second, this study directly uses transient response data to
identify nonlinear damping moment unlike the earlier works
utilizing roll decrement data. To verify the applicability of
the method, we perform the identification of the nonlinear
roll damping following the suggested procedure [10], in
which we apply the nonlinear roll equations of a ship with
the known data from tests [1, 12-15] to the procedure. We
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succeed in recovering the nonlinear roll damping moment of
a ship in an accurate and stable manner.

In the case of ship roll motion, the roll angle  is governed by a nonlinear ordinary differential equation of motion
in the form:

I && + c(&) + k ( ) = 0

(1)

where I denotes the total roll inertia and c(&) , k ( ) are the
nonlinear damping and restoring functions, respectively. The
nonlinear restoring function usually has the form as odd series in  [16]:



k j j = k1 + k% ( )

(2)

j =1,3,...

where k% the nonlinear part for the restoring function is represented. With Eq. (2), Eq.(1) can be rewritten as
I && + c(&) + k1 + k% ( ) = 0

(3)

For the purpose of the identification of the nonlinear
damping function c(&) , the differential equation for the nonlinear roll motion in Eq. (3) is transformed into an equivalent
nonlinear integral equation: it is generally known that integral operators are stable, whereas differential operators are
usually unstable [10, 11]. From the concept of variation of
parameters or variation of constants [10, 11, 17], Eq. (3) can
be transformed to following nonlinear Volterra integral
equation as follows
 (t ) = 1 (t ) + 2 (t )  

t

1 ( )2 (t )  1 (t )2 ( )

0

IW ( )

 c(&( )) + k% ( ( )) d . (4)

with the initial conditions

 (0) =  , &(0) =  .

(5)

In Eq. (4), 1 (t ) and 2 (t ) are chosen to satisfy the following initial value problems [10, 11]
I &&1 + k11 = 0,
I &&2 + k12 = 0,

1 (0) = 1, &1 (0) = 0
 (0) = 0, & (0) = 1
2

t

0

K (t ,  ) x ( ) d

(8)

where x , y and K are defined respectively as follows,

2. ROLL MOTION’S EQUATION

k ( ) =



y (t ) =

101

(6)

x (t ) = c (&(t ))
y (t ) =  (t )  1 (t )  2 (t ) + 

t

0

K (t ,  ) =

1 ( )2 (t )  1 (t )2 ( ) %
[k ( ( ))] d (10)
IW ( )

1 ( )2 (t )  1 (t )2 ( )

(11)

IW ( )

Eq. (8) appears to be a Volterra type of nonlinear integral
equation of the first kind for x . From theory of first kind
integral equations, it is known that the first kind integral
equation (8) having the regular kernel such as K in Eq. (11)
turns out to be ill-posed in the sense of stability [19]. The
solution is concerned with numerical instability which will
affect the performance of the present nonlinear damping
identification. Unfortunately, the introduction of direct numerical methods only produces a solution with an arbitrarily
large error because of the lack of stability (or ill-posedness).
In fact, a direct discretization of the right hand side of Eq. (8)
results in a matrix in which the condition number is extremely large so that the numerical inverse of the matrix does
not work because the determinant of the matrix is nearly zero
[10, 18, 20-26]. In order to overcome the difficulty of the
numerical instability, a regularization method (i.e., stabilization technique) is introduced. A regularization is known as a
powerful method to solve the unwelcome unstable numerical
difficulty: in fact, it is a stabilization technique which suppresses the lack of stability (or instability) by adding an artificial stability property to the present problem.
The solution x (t ) to the integral equation (8) can be obtained by the following iteration, known as Landweber’s
regularization [10, 11, 18, 20-23, 27],

xm = ( I   L* L ) xm 1 +  L* y , m = 1, 2... ,
for a real positive constant  such that 0 <  < 1 / L

2



and the Wronskian W is defined as

(9)

2

(12)
2
2

where
,
refers to the L2 norm [19]. In Eq. (12), the operator L

is defined as follows, for an arbitrary function b(t),
W (t ) 

1 (t )
& (t )
1

 2 (t )
& (t ) .

(7)

Lb =

2



t

0

K (t ,  )b ( ) d

(13)

*

3. IDENTIFICATION PROCEDURE FOR THE NONLINEAR DAMPING
If the restoring function k ( ) is known a priori and the
(transient) roll angle  (t ) and angular velocity &(t ) are
measured during the roll motion with the initial conditions in
Eq. (5), then Eq. (4) becomes an Volterra type integral equation of the first kind for x (t ) in Eq. (8), because the lefthand-side of Eq. (8) can be known using the initial conditions  ,  in Eq. (5) and 1 (t ) , 2 (t ) which satisfy Eq. (6)
[10, 11, 17, 18]:

and L represents the adjoint operator of L and I represents
the identity operator [19]. Because the iteration converges to
the solution for an arbitrary initial guess x0 , for convenience, we start with the initial guess of zero function in this
paper [10, 11, 18, 20-26]:

x0 = 0

(14)

With the (obtained) x by using the iteration in Eq. (12),
Eq. (9) enables the desired damping function c (&(t )) to be
determined since the angular velocity &(t ) is assumed to be
measured.
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Fig. (1). Time simulations for motion responses of Eq. (15).

Fig. (2). Phase planes for the model equation (15).

4. NUMERICAL INVESTIGATIONS: RECOVERING
NONLINEAR DAMPING MOMENT OF SHIP
In this section, we investigate the identification of the
nonlinear roll damping moment of a ship by using the suggested method above. For the purpose, we first examine the
Gaul disaster [12, 13, 15] in which the roll motion’s equation
of ships are modeled as a nonlinear differential equation having a quadratic damping:
&& + μ1& + μ2 | & | & + k1 + k3 3 + k5 5 = 0

(15)

μ1 = 0.0555 , μ2 = 0.1659 ,
where
k1 = 0.2227 ,
k3 = 0.0694 , k5 = 0.0131 . Comparison of Eqs. (3) and
(15) immediately reveals that

c(&) = μ1& + μ2 | & | & and

(16)

k% ( ) = k3 3 + k5 5

(17)

The solution for Eq. (15) can be obtained by integration
methods such as Runge–Kutta scheme. Since it is usually
convenient to experiment with zero initial velocity, here, we
impose the following initial conditions:
 (0) = 0.3, &(0) = 0

(18)

The simulated time solutions and the phase diagram are
illustrated in (Figs. 1 and 2), where the results for  (t ) and
&(t ) are to be considered as measured data for the present
inverse study.
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Fig. (3). Comparison of the iterative solution xm with the exact solution x (t ) =  c[&(t )] when m = 10 .
3

Fig. (4). Illustration of the identified nonlinear damping function compared with the exact function in Eq. (16).

Now, it is time to follow the inverse procedure as described in section 3 for determining the functional form of
the nonlinear roll damping function: using the data information of the system’s responses  (t ) and &(t ) as shown in Fig.
(1), the ship’s nonlinear roll damping c(&) will be deter-

of stability) as discussed in section 3. Thus, we apply the
Landweber’s regularization method (12) to the integral equation (8) as a stabilization technique. The solutions obtained
by using the iteration are depicted in Fig. (3) (when the
number of iterations m = 103 ). The (iterated) solutions appear
to be quite accurate compared with the exact solution.

mined. This corresponds to solving the integral equation (8).

The nonlinear damping function is then determined by
using the relationship in Eq. (9). The result is seen in Fig.
(4): the determined damping function is in a good agreement

Conventional numerical treatment does not work for
solving Eq. (8) because of the numerical instability (or lack
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Fig. (5). Re-simulated motion responses by using the identified nonlinear damping function in Fig. (4).

Fig. (6). Simulated motion responses of Eq. (19) for the initial conditions  (0) = 0.21 and &(0) = 0 .

with the exact one in Eq. (16). In order to verify the rationality and validity of the present method, the comparison is
carried out in Fig. (4) with those from a conventional scheme
(i.e., parametric identification), which uses the roll decrement data to estimate the coefficient of the prescribed roll
model [16]. For the conventional parametric estimation, the
nonlinear damping model is assumed to be  1& + 2 & & . It is
shown that the result in Fig. (4) is also well coincident with
the one from the well-known conventional method. Finally,
we re-simulate the roll motion of ship through the angular
displacement and angular velocity by using the determined
nonlinear damping function in Fig. (4). Fig. (5) shows the
roll simulation, which is compared to the exact one and the
one from conventional method: it may be hard to find disagreement. This justifies the applicability of the present inverse method to the detecting of the nonlinear roll damping
of a ship.

We finish this section with giving another example of cubic nonlinear damping. The model suggested by Wright and
Marshfield [1, 14, 15] is

&& + μ1& + μ3&3 + 0 2 (1  1.402 2 + 0.271 4 ) = 0

(19)

where μ1 = 0.172 , μ3 = 0.108 , 0 = 5.278 . Thus, in this
case,

c(&) = μ1& + μ3&3 and

k% ( ) = 0 2 (1.402 2 + 0.271 4 )

(20)
(21)

With the initial conditions  (0) = 0.21 and &(0) = 0 , all
the concerning calculations are performed in the same way
just above. (Figs. 6 and 7) show the results for the simulated
motion responses and phase diagrams of the model equation
(19). Through the iteration in Eq. (12), the solution for the
integral equation which corresponds to the motion responses
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Fig. (7). Phase planes for the model equation (19).

Fig. (8). Comparison of the iterative solution xm with the exact solution x (t ) =  c[&(t )] when m = 10 .
3

in Fig. (6) can be obtained: the numerical solution is depicted in Fig. (8) when the number of iterations is m = 103 . It
is clear that the (iterated) solution and the exact solution are
in a good agreement. The results in Fig. (8) enable the desired nonlinear damping function to be determined by the
same way as illustrated in the first (above) example. The
determined nonlinear damping function is shown and compared with the one from the conventional parametric identification method in Fig. (9). Fig. (10) illustrates the resimulated roll responses of ship by using the determined

nonlinear damping function: the comparison of the resimulated result is also depicted. In this second example having cubic nonlinear damping, it is concluded that the present
inverse method is well justified for detecting the nonlinear
roll damping of a ship.
5. CONCLUSIONS
This paper treats the determination of nonlinear roll
damping moments of ships and ship-shaped floating structures. However, the problem of determination is related with
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Fig. (9). Illustration of the identified nonlinear damping function compared with the exact function in Eq. (20).

Fig. (10). Re-simulated motion responses by using the identified nonlinear damping function in Fig. (9).

the first kind integral equation, which leads to an ill-posed
problem. Thus, its solution lacks stability property. Landweber’s regularization is used to tackle the difficulty. Through
the regularization process, the functional form of nonlinear
damping moments is recovered [10, 11]. Two different kinds
of nonlinear model equations for roll motion are introduced
for the numerical investigations: data from the tests [1, 1215] are used for the numerical study. The present study demonstrates that the method [10, 11] can be a good strategy
which identifies the nonlinear roll damping moments of
ships.
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