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Abstract: Masks are used in optical image processing. They are used to generate gradient maps. These maps are applica-

ble to the enhancement of feature extraction and edge detection. Lagrange mask is presented in this letter and criteria for 

the characterizations of mask performance are given. Through an illustration the performance of the presented mask is 

demonstrated where it is compared to that of Gabor mask. Results from the illustration support the applicability and suit-

ability of Lagrange mask for the generation of gradient maps from a noise corrupted optical image. 

1. INTRODUCTION 

 Extracting features from complex optical images is con-

sidered a challenging task. Optical image processing tech-

niques are proposed for carrying out such a task where gra-

dient masks are used [1-3]. From the application point of 

view, as gradient masks are applied to optical images, corre-

sponding gradient maps are generated. For example three 

image processing steps are applied in [4] to detect the dis-

tance between two endocardiums from a digitally produced 

optical image. This is useful for the analysis of heart disease. 

The steps are: optical image improvement, detecting edges 

from these images using Sobel gradient mask, and contour 

line generation. In [5] spatial/temporal gradients of the inten-

sity of an optical image are used for accurate passive rang-

ing. In this case, gradient estimation is performed with a 

space/time Sobel mask. In [6] a stochastic gradient operator 

is significantly improved and recommended for the detection 

of edges in noisy optical images. The improvement is 

achieved by incorporating three additional features. Namely, 

robust estimation of the noise variance and the autocorrela-

tion function of the signal, adaptation of a gradient mask, 

and threshold calculation. Notably, an extensive study of 

gradient mask design principles is presented in [7]. In par-

ticular, the performance of the Gabor mask for edge detec-

tion is investigated in [8] using the criteria proposed in [9] 

and gradient maps are produced in [10] utilizing fine and 

coarse Gabor masks. Eventually, the produced maps are used 

for feature extraction through wavelet transform. A presenta-

tion of the basic method used to generate the magnitude of 

the gradient maps of images is given in [11] where it is 

shown to be an inner product between the image and the 

mask. 

 Quality of the gradient maps is an important part of an 

optical image processing procedure in which edge detection 

is a subsequent step. The use of edge detection for feature  
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extraction is one of many applications of vision systems. In 

many applications detection of edges is performed in optical 

images corrupted by noise. In [12] an adaptive method for 

noise reduction and edge detection is developed. This 

method is based on the minimum mean square error esti-

mate. One- and two-dimensional finite impulse response 

filters are used in [13] for dealing with the detection of edges 

of noisy images. In another case, prior to noise reduction, 

logarithmic transformation is applied to a noisy image to 

convert the multiplicative noise to an additive noise [14]. 

Consequently, it is noted here that it would be appreciated if 

the gradient map generating mask was able to increase the 

signal to noise ratio prior to subsequent steps taken toward 

edge detection or feature extraction from a noise corrupted 

optical image. 

 In this letter Lagrange mask is presented. Selected dis-

crete versions of the criteria developed by Canny which are 

given in [15] are used for mask performance characteriza-

tion. The method of using a mask and producing a gradient 

map from an image given in [11] and the edge detector de-

veloped in [9] are applied. For comparison purposes, Gabor 

mask is used. Through a performance illustration the appli-

cability and suitability of Lagrange mask to optical image 

processing is demonstrated. 

 The letter is organized as follows. In section 2 the formu-

lations of Lagrange and Gabor masks are given. Criteria used 

for mask characterization are presented in section 3. In sec-

tion 4 a performance illustration is given in which mask per-

formance results are demonstrated. 

2. LAGRANGE AND GABOR MASKS 

2.1. Formulation of Lagrange Mask 

 Lagrange polynomials of order k  are given as [16] 

 

k ( ) =
(

2
1)LM ( )

M (M + 1)( k )LM ( k )
,       k = 0,1,… , M   (1) 

 Equation (1) exhibit the Dirac delta property 
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k ( j ) = kj =
0,         if    k j
1,          if   k = j{  

and LM ( )  is Legendre polynomial of order M ,  -1 1 , 

0 = 1 , M = 1  and l ,  1 l M 1 , are the zeros of the 

first derivative of Legendre polynomial, 
 
LM ( ) . They are 

the abscissas for Lobatto integration [17]. The result of dif-

ferentiating equation (1) with respect to ,
 kl , is [16] 

 

kl = l ( k ) =

LM ( k )

LM ( l )( k l )
  if k l

M (M + 1)

4
           if k = l = 0

M (M + 1)

4
        if k = l = M

0                          Otherwise

         (2) 

 Equation (2) is used to generate a matrix of size 

(M 1) (M 1) . As seen from this equation, the diagonal 

elements of this matrix are zero except the end elements. 

Furthermore, the upper and lower triangles of this matrix 

form an odd symmetry configuration. This property allows 

for the production of masks of odd symmetry of dimension 

N N ,  N < M 1 . This is a property similar to that of Ga-

bor mask which presented in section 2.2. In contrast to Ga-

bor mask, it should be noted, however, that the nodes at 

which the elements of this mask are generated are non-

uniformly distributed within the interval 1,1[ ] . The charac-

teristics of Legendre and Lagrange polynomials were the 

main reason for proposing Lagrange mask here. 

2.2. Formulation of Gabor Mask 

 A general spatial equation used to formulate Gabor 

masks considered here is [8] 

G(x, y) = e

0.5
x2 + y2

2
sin x cos + y sin( )[ ]          (3) 

 Specifically, Gabor masks can be produced with = 1 , 

= 0 , = 1 , and x  values from the interval ,[ ] , [10]. 

The desired size of the mask dictates the number of points at 

which Equation (3) is evaluated. These points are uniformly 

distributed within the interval from which they are taken. 

3. CHARACTERIZATION CRITERIA 

 Four criteria are used for the purpose of mask perform-

ance characterization. The production of an edge map from a 

gradient map that corresponds to the mask is one criterion. 

The edge detector given in [9] along with the method of pro-

ducing gradient maps given in [11] are used in this criterion. 

The additional three criteria are discrete good detection,  

 

 

exact localization probability, and noise maximum probabil-

ity [15]. Information regarding the four criteria is given be-

low: 

3.1. Image Gradient Map 

 Let S  and I  be the considered mask and image, respec-

tively. The estimated discrete gradient map,GM , that corre-

sponds to I  is produced using [11] 

GM = trace
2
(S
T
I ) + trace

2
(SI )            (4) 

 It is clear from Equation (4) that the characteristics of the 

gradient map of a given image are functions of the character-

istics of the mask used. This process is followed by edge 

detection using the edge detector from [9]. 

3.2. Discrete Good Detection 

 The discrete good detection criterion is a function of the 

mask’s impulse response. It is given as [15] 

CD =

h(k )
k=

0

h
2
(k )

k=

+              (5) 

 The kth  value of the mask’s impulse response is repre-

sented by h(k)  in Equation (5). This criterion is a measure 

of the ability of the mask to maximize the signal to noise 

ratio [15]. 

3.3. Exact Localization Probability 

 A Gaussian random sequence and values of the impulse 

response of the mask are used to represent two correlated 

random variables with zero mean and of same variance in 

[15]. As a function of the impulse response, the correspond-

ing discrete correlation coefficient, , is given as [15] 

=

h k( ) h k 1( )[ ] h k( ) h k + 1( )[ ]
k=

+

h k( ) h k 1( )[ ]
2

k=

+          (6) 

 It is shown in [15] as the value of  increases the prob-

ability that the mask accurately localizes a step in the pres-

ence of white Gaussian noise increases. The dependence of 

this probability on  supports its discrete nature. 

3.4. Noise Maximum Probability 

 In the case where only noise is present, the probability to 

obtain a maximum induced by noise that can be located by 

the mask is given as [15] 

Pn =

cos
1
( )

2
             (7) 

 Values of  close to -1 are desired, where at this value 

Equation (7) is seen to be zero. Here also the dependence of 

this probability on  supports its discrete nature. 
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4. PERFORMANCE ILLUSTRATION 

 In this illustration a red, green, and blue (RGB)  optical 

image corrupted with an additive Gaussian noise of zero 

mean and a variance of 0.15 was used as a test image. The 

signal to noise ratios, in dB , of the R ,G , and B  compo-

nents of the noise corrupted image were 1.2231, 1.1704, and 

1.1231, respectively. The size of the Lagrange, Lm , and Ga-

bor,Gm , masks used to generate their corresponding gradient 

maps from the test image was 7 7 , each. The masks were 

generated using Equation (2) with M = 10  and Equation (3). 

They are given in Equations (8) and (9) below. 

Lm =

-1.0000    - 1.5701    - 1.8634     0    1.8634    1.5701      1.0000
-0.7336   - 1.1114    - 3.1840    0   3.1840    1.1114     0.7336
-0.7918   - 0.9613   - 2.7539    0   2.7539    0.9613    0.7918
-0.7383   - 1.3770   - 1.3770     0    1.3770    1.3770    0.7383
-0.7918   - 0.9613   - 2.7539    0    2.7539    0.9613   0.7918
-0.7336   - 1.1114    - 3.1840    0    3.1840    1.1114    0.7336
-1.0000    - 1.5701    - 1.8634    0    1.8634    1.5701     1.0000

 (8) 

Gm =

 0   - 0.0005   - 0.0021    0    0.0021    0.0005    0
 0   - 0.0061   - 0.0254    0    0.0254    0.0061    0
 0   - 0.0275   - 0.1140    0    0.1140    0.0275    0
 0   - 0.0453   - 0.1880    0    0.1880    0.0453    0
 0   - 0.0275   - 0.1140    0    0.1140    0.0275    0
 0   - 0.0061   - 0.0254    0    0.0254    0.0061    0
 0   - 0.0005   - 0.0021    0    0.0021    0.0005    0

         (9) 

 For the purpose of mask performance characterization 

and map production, the following steps were performed: 

1. The criteria presented in subsections 3.2 through 3.4 

were used to characterize the masks given in Equa-

tions (8) and (9); the results are given in Table 1. No-

tice the closeness of the numbers in each column. 

Table 1. Discrete Criteria Results 

 

Mask Type CD  in dB  Pn  

Lagrange 1.1027 -0.1771 0.2203 

Gabor 0.8253 0.04748 0.2576 

 

2. In this step criterion 3.1 was utilized. Applying the 

method given in [11], two (RGB)  gradient maps 

from the test image that correspond to Gm  and Lm  

were produced. The noise corrupted test image and its 

gradient maps are shown in Fig. (1a) below. 

3. Edge detection was performed in this step. The colors 

in each gradient map were treated individually. As a 

result three edge maps ware generated using the edge 

detector given in [9] with optimum threshold. The 

edge maps due to Lm  are shown in Fig. (1b) and 

those due to Gm  are shown in Fig. (1c). It is noted 

that deductions can be constructed from comparison 

of maps by way of visual inspection [18]. A visual in-

spection of these figures reveals the ability of Lm  to 

locate and accentuate edges from the noise corrupted 

test image. 

 Next, dB  values of signal to noise ratios of the R ,G , 

and B  components were decreased to 1.101, 1.0534, and 

1.0108, respectively. The procedure presented here was re-

peated. Again, the produced maps due to Lagrange mask 

were superior to those due to Gabor mask. On the other 

hand, further simulation experiments indicated that increas-

ing the kernel size produced finer maps and decreasing its 

size produced coarse maps. However, this practice did not 

affect the perspective of the performance of the considered 

masks. 

 

 
Fig. (1a). Noise corrupted test image and gradient maps. 

 

 

 

 

 

 

 

Fig. (1b). Edge maps from (RGB)  gradient maps due to lagrange mask. 

Lagrange Red Edge Lagrange Green Edge Lagrange Blue Edge

Original Noisy Image Gabor Gradient Map Lagrange Gradient Map
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5. CONCLUSIONS 

 Gradient maps of optical images are an important part of 

their processing. They are beneficial for edge detection and 

feature extraction. Gradient maps from such images are gen-

erated using masks. Lagrange and Gabor masks are used in 

this letter for gradient maps generation. These masks share 

the property of odd symmetry. However, the locations of the 

elements of Gabor mask are uniformly distributed and those 

of Lagrange mask are non-uniformly distributed. A noise 

corrupted optical image was used as a test image in this letter 

and four criteria were used to characterize the performance 

of the used masks. Numerical and visual results support the 

applicability and suitability of Lagrange mask for optical 

image processing in the presence of additive Gaussian noise. 

Contributions to the well behavior of Lagrange mask in the 

presence of noise are due to two major sources. The first is 

the Dirac delta property that is inherited in its structure, and 

the second is the non-uniform distribution of the points at 

which it is evaluated. These properties make Lagrange mask 

unique with a novel ability of preserving pixel information in 

the presence of noise. In this way, as it is applied for extrac-

tion of features from optical images a great potential benefit 

is provided. 
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Fig. (1c). Edge maps from (RGB)  gradient maps due to gabor mask. 
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