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Abstract: In the present study, influence of three zone asymmetric apodizer on the resolution of composite image of two 

object points with given intensity ratio ‘c’ has been investigated. The proposed pupil function and its transmittance is for-

mulated and studied. Fourier analytical properties of three zone aperture systems are studied by applying the modified 

sparrow criterion. The results are discussed in terms of sparrow limits obtained as a function of the degree of coherence of 

the illumination, intensity ratio of two object points and apodization parameters. Additionally, a test for the resolvability 

of the point sources from various set of observations is presented. It is established that for certain cases of illumination, 

the presence of amplitude and phase apodizer leads to an improvement in the resolution of optical imaging systems. The 

dependence of these characteristics on apodization controlling parameters is studied and reported.  
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1. INTRODUCTION 

In imaging science, resolution is always an important 
classical problem. Since it is not explicitly defined, it is in-
terpreted in many ways. Current paper work examines the 
concept of two-point resolution. Using pupil filters the two-
point resolution of optical imaging system can be altered 
such that the resolution limit increases as the degree of co-
herence increases. Technically feasible applications for this 
consequence include e.g. superresolution or increased in-
strumental light shaping, detecting the direct image of fading 
object in the close proximity of the bright object. Earlier 
studies in this direction are limited to a few cases [1-17]. In 
many past approaches, images were calculated mathemati-
cally thus so-called classical resolution criteria, such as Ray-
leigh criterion [18]. It provides resolution limits that are ex-
clusively dogged by the calculated shape of the PSF associ-
ated with the imaging aperture and the wavelength of inci-
dent radiation. But in real practice, such images do not oc-
cur.  

Here we investigate the effect of three zone asymmetric 
apodizer on two-point resolution by utilizing Sparrow crite-
rion. Two object points can just be resolved when the second 
derivative of the total intensity distribution in the composite 
image is zero [19]. The influence of defocusing on the reso-
lution of rotationally symmetric optical systems with shaded 
apertures was studied extensively [20]. These studies are  
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basis for present investigation. It is clear that the current 
study is dealing with an effect of three zone amplitude and 
phase filter on resolution of asymmetrically apodized optical 
systems for two object points in close proximity. The axial 
spatial resolution of imaging system depends on the sum of 
the numerical apertures of illumination, incident wave front 
and the imaging optics [21]. 

The concept of asymmetric apodization introduced by 
Cheng and Siu [22] and succeeded in improving the resolu-
tion of point spread function. In extension to their work [23] 
they succeeded in achieving low optical sidelobes and sharp 
central maxima on one side of the PSF termed as ‘good side’ 
at the cost of aggravating its counterpart termed as ‘bad 
side’. Studies on asymmetric apodization are found to be 
important in fields like confocal imaging [24-26], medical 
imaging, spectroscopy, communication engineering and as-
tronomical observations [27]. This paper is organized as fol-
lows: in section 2, we briefly review the formulation and the 
transmittance of the pupil function and its numerical simula-
tion is also described by employing the optimized method of 
numerical integration. In section 3, we discussed the ap-
plicability of the proposed apertures for improving the reso-
lution of optical systems. Section 4 is forming conclusions of 
the study. 

2. THEORY 

Considering two distinct self-luminous point sources can 
be imaged by two-dimensional diffraction limited imaging 
systems. According to geometrical optics each individual is 
not imaged as a point itself due to the diffraction at the aper-
ture. According to the wave theory of fraunhofer diffraction, 
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the composite intensity distribution in the image plane pro-
duced by two point sources together is given by [20] & [21]: 

I(X) = |A(X – B)|2 + c|(A(X+B)|2 + 2
 

c  (X0)|A(X – 

B)||A(X+B)| (1) 

Where 2B = X0 is the actual severance between the point 
sources, c is the ratio of their intensities and (X0) is the true 
part of the complex degree of spatial coherence of the illu-
mination. X is the dimension less diffraction co-ordinate in 
the image plane. A(X+B) and A(X – B) are the normalized 
complex amplitude whim response functions of the optical 
imaging system corresponding to the point sources, each of 
which is located at a distance of X0/2 on both side of the 
optical axis. The amplitude impulse response function A (X 
± B) is known by: 

  

A( X ± B) = 2 f ( )
0

1

J
0
[( X ± B) ] d

 (2) 

  
f ( )= (1 4 2

+ 4 4 )
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Where J0 is the Bessel function of the first kind and zero 
order [20], f( ) sets for the pupil function, here ‘ ’ is the 
distance of the reference point on the exit pupil uttered as a 
fraction of the radius of the pupil and  is the amplitude 
apodization parameter which decides the degree of non-
uniformity of transmission of central circular region of the 
pupil function. The spatial distribution of transmittance in 
the plane containing exit aperture referred as the pupil func-
tion. Hence, the generalized expression for amplitude im-
pulse response is given by [22, 23]: 
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(4)  

Taking into consideration the requirement for resolving 
the composite image of two object points in close proximity 
with given intensity ratio ‘c’, we propose the two-
dimensional complemetary pupil function. In the present 
context the word ‘composite image’ refers to an overlapped 
pattern of visible light of photons collected in the focal 
plane. Fig. (1) shows model of the complemetary pupil func-
tions. It consists of two semicircular edge zones of equal 
width ‘b’ with opposite phase transmittances of the form +i 
and -i and the central circular zone is being amplitude 
apodized and its corresponding phase is zero. For proposed 
amplitude apodizer, the transmittance at the center of the 
aperture (  = 0) t( ) = unity i.e. maximum. It decreases to-
wards the edge of the aperture as  goes to 0.5 for all values 
of . It is clear that t( ) is minimum at edges for any degree 
of amplitude apodization.  is the apodization parameter 
controlling the degree of non-uniformity of the transmittance 
over zone of radius (1-b). The range of values it takes is 
0 1. It is clear that for =0, the transmittance of this zone 
is uniform. Transmittance over rest of the two zones of cir-
cular aperture of unit radius is unity. Here b is the certain 
width of semi-circular ring. It is illustrated in Fig. (2) in de-
tail. 

In the presence of three zone apodizer the intensity dis-
tribution in the image plane is derived by combining Eq. 4 
into Eq. (1). When the second derivative of the image inten-
sity distribution vanishes at a certain point (x=x0

1) between 
two Gaussian image points, with the condition that this 
point x0

1 should be a solution for the first derivative of the 
image intensity distribution becoming zero. It can be written 
as: 
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3. RESULTS AND DISCUSSION 

In the present paper the resolution of composite image of 
two point sources has been evaluated by employing a  
 

 

Fig. (1). General scheme of the two-dimensional three-zone aperture. 
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twelve-point Gauss quadrature numerical method of integra-
tion. It has been applied to find the sparrow limits of resolu-
tion for various set of observations, are tabulated and pre-
sented. These values are obtained for the Airy case (b = 0,  

 = 0) and the non-Airy case (b 0, 0). It has been found 
that the results of Airy case count with apodized case (three-
zone aperture) to better understand the efficiency of apodiza-
tion. By employing Eq. (1) the intensity distribution in the 
composite image of the two-point sources formed by a com-
plemetary pupil function of optical imaging system has been 
computed. Study has done as functions of various parame-
ters: width of semicircular edge ring element b, amplitude 
apodization controlling parameter , the intensity ratio of 
two point sources c, the degree of coherence of illumination 
 and the actual distance of separation between two points 

Xo.  

With the aim to increase the resolution we designed three 
zone apodizer by adopting the procedure as mentioned in the 
section 2. For composite intensity distribution of two distinct 
point sources with c = 0.2, the sparrow limit decreases al-
most linearly with the increase of the semicircular edge ring 
width b (>0.06) for zero amplitude apodization (  = 0) under 
any condition of coherence of illumination. Analogous trend 
is found for  = 0.2 under same conditions. This can be seen 
in more detail from the listed values in Table 1. This study 
clearly manifests that initially the resolution of two object 
points is increased as the b value approaches 0.04 for all co-
herence conditions of illumination. On further rise in b value 
the resolution is degraded.  

For c = 0.4 and  = 0, initially the sparrow resolution lim-
it increases as b increases from 0 to 0.04 and then decreases 
with b values under incoherent illumination. For incoherent  
 

 

illumination the sparrow limits are 3.6982 (Airy Case), 
3.8629, 3.9373, 3.8936, 3.7706 and 3.6290. Similar trend is 
noticed for  = 0.2, 0.4 and 0.6, where as in the case of co-
herent illumination the sparrow limits are 5.1084 (Airy 
Case), 5.2528, 5.1153, 4.7319, 4.3824 and 4.1778, respec-
tively. It specifies that initially modified sparrow limit in-
creases with semicircular edge ring width b and then after 
exhibits a decreasing trend. In this case sparrow limits are 
obtained than that of unapodized case (Airy). This effect is 
further improved by degree of amplitude apodization in the 
central region of the complemetary pupil function for all b 
values under different coherence conditions of illumination 
for composite image of two distinct point sources. This is 
clearly depicted as listed values in Table 1. It is an important 
aspect of present study depict that by employing amplitude 
and phase apodization the overall resolution of two unequal-
ly bright points is improved in terms of the modified sparrow 
criterion. This influence appears in the resultant image inten-
sity distribution as presented in the following Figs. (3 and 4). 

Fig. (3) shows the effect of amplitude apodization in the 
resolution of two point sources of different intensity at Xo = 
4 under incoherent illumination. It is found that the overall 
resolution is improved with degree of amplitude apodization. 
In this case the critical sparrow limits found to be 3.5168, 
3.5868, 3.6820, and 3.5279 as shown in Table 1. 

Fig. (4) shows the effect of amplitude-phase apodization 
in the resolution of incoherent composite image of two ob-
ject points with given intensity ratio ‘c’ at Xo = 4. For b = 
0.04, it is observed that there is a shift found in the resultant 
pattern for all  values, in addition the left half axis is be-
coming broadened at the cost of narrow intensity profile on 
the right half axis. The sparrow limits found in this case are 

  

 

Fig. (2). Decrease of amplitude transmittance t( ) with the normalized distance ( ). 
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Table 1. Shows the sparrow limits of resolution as a function of b and  values for a various set of values of intensity ratio c and de-

gree of coherence . 

 = 0 Sparrow Limits (Xo)  = 0.2 Sparrow Limits (Xo) 

c  b = 0 0.02 0.04 0.06 0.08 0.1 b = 0 0.02 0.04 0.06 0.08 0.1 

0.2 

0 3.8295 4.1216 4.3341 4.4011 4.3089 3.1441 3.9407 4.2535 4.4441 4.4406 3.3487 3.2030 

0.2 4.2047 4.4670 4.6328 4.6383 4.4873 3.4839 4.3140 4.5918 4.7261 4.6497 4.4245 3.4876 

0.4 4.5487 4.7795 4.9010 4.8438 4.6323 3.8585 4.6547 4.8949 4.9748 4.8250 4.5441 3.7826 

0.6 4.8596 5.0641 5.1454 5.0246 4.7504 4.2944 4.9570 5.1692 5.2001 4.9757 4.6394 4.0854 

0.8 5.0917 5.3070 5.3708 5.1849 4.8503 4.5404 5.1787 5.4104 5.4073 5.1030 4.7166 4.3859 

1 5.1109 5.4731 5.5766 5.3271 4.9336 4.5989 5.2144 5.5937 5.6003 5.2136 4.7815 4.4614 

0.4 

0 3.6972 3.8629 3.9373 3.8936 3.7706 3.6290 3.7809 3.9488 3.9882 3.8904 3.7314 3.4559 

0.2 4.0454 4.1847 4.2165 4.1212 3.9548 3.7900 4.1302 4.2659 4.2536 4.0963 3.8961 3.7279 

0.4 4.3696 4.4827 4.4684 4.3158 4.1044 3.9201 4.4544 4.5568 4.4857 4.2661 4.0291 3.8480 

0.6 4.6735 4.7621 4.6996 4.4820 4.2250 4.0216 4.7548 4.8275 4.6957 4.4058 4.1326 3.9462 

0.8 4.9393 5.0220 4.9145 4.6227 4.3147 4.1062 5.0157 5.0807 4.8851 4.5168 4.2091 4.0277 

1 5.1084 5.2528 5.1153 4.7319 4.3824 4.1778 5.1872 5.3118 5.0573 4.5869 4.2734 4.0962 

0.6 

0 3.5168 3.6060 3.5974 3.4976 3.3618 3.2656 3.5878 3.6667 3.6179 3.4741 3.3256 3.2418 

0.2 3.8544 3.9154 3.8603 3.7045 3.5382 3.4420 3.9277 3.9716 3.8616 3.6582 3.4971 3.4138 

0.4 4.1743 4.2038 4.0911 3.8659 3.6855 3.5879 4.2487 4.2520 4.0702 3.8004 3.6391 3.5547 

0.6 4.4802 4.4773 4.2954 3.9930 3.8102 3.7102 4.5527 4.5150 4.2438 3.9207 3.7581 3.6719 

0.8 4.7666 4.7407 4.4657 4.1026 3.9168 3.8140 4.8364 4.7665 4.3608 4.0235 3.8590 3.7707 

1 5.0041 4.9964 4.5739 4.1980 4.0088 3.9030 5.0720 5.0103 4.4526 4.1122 3.9456 3.8548 

0.8 

0 3.3114 3.3248 3.2222 3.0972 3.0468 3.0330 3.3727 3.3604 3.2036 3.0871 3.0437 3.0352 

0.2 3.6434 3.6159 3.4296 3.2948 3.2383 3.2195 3.7076 3.6433 3.4033 3.2784 3.2295 3.2162 

0.4 3.9614 3.8852 3.6097 3.4638 3.4000 3.3754 4.0273 3.8964 3.5750 3.4404 3.3848 3.3661 

0.6 4.272 4.1327 3.7682 3.6099 3.5383 3.5073 4.3373 4.1120 3.7244 3.5791 3.5166 3.4921 

0.8 4.5747 4.3398 3.9088 3.7375 3.6578 3.6204 4.6382 4.2705 3.8554 3.6992 3.6297 3.5994 

1 4.859 4.5008 4.0345 3.8498 3.7619 3.7182 4.9191 4.4152 3.9713 3.8041 3.7275 3.6916 

1 

0 2.979 2.8047 2.7842 2.8008 2.8328 2.8736 3.0293 2.8228 2.8012 2.8187 2.8519 2.8936 

0.2 3.3064 3.0499 3.0047 3.0081 3.0310 3.0641 3.3601 3.0610 3.0149 3.0196 3.0438 3.0779 

0.4 3.6243 3.2707 3.1977 3.1867 3.1995 3.2243 3.6802 3.2733 3.2001 3.1910 3.2056 3.2317 

0.6 3.9402 3.4719 3.3687 3.3423 3.3446 3.3610 3.9970 3.4646 3.3626 3.3392 3.3439 3.3620 

0.8 4.2622 3.6570 3.5215 3.4792 3.4710 3.4790 4.3179 3.6386 3.5064 3.4685 3.4634 3.4737 

1 4.6011 3.8288 3.6590 3.6007 3.5819 3.5818 4.6526 3.7980 3.6347 3.5823 3.5677 3.5705 
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Table 1. contd… 

 = 0.4 Sparrow Results (Xo)  = 0.6 Sparrow Results (Xo) 

c  b = 0 0.02 0.04 0.06 0.08 0.1 b = 0 0.02 0.04 0.06 0.08 0.1 

0.2 

0 4.0839 4.4208 4.5657 4.4579 3.2196 3.2669 3.9691 4.6383 4.6945 4.4334 3.2193 3.3325 

0.2 4.4557 4.7469 4.8238 4.6299 3.6310 3.5139 4.3038 4.9541 4.9150 4.5604 3.5322 3.5500 

0.4 4.7934 5.0413 5.0467 4.7692 4.1766 3.7648 4.5957 5.2373 5.0993 4.6606 3.8655 3.7693 

0.6 5.0872 5.3072 5.2450 4.8840 4.5032 4.0170 4.8273 5.4955 5.2575 4.7364 4.2224 3.9883 

0.8 5.2988 5.5460 5.4249 4.9761 4.5626 4.2644 4.9658 5.7344 5.3912 4.7966 4.3894 4.1364 

1 5.3525 5.7495 5.5878 5.0509 4.6104 4.3173 4.9695 5.9535 5.5019 4.8401 4.4263 4.1636 

0.4 

0 3.8909 4.0586 4.0389 3.8704 3.6768 3.3438 3.7424 4.1988 4.0786 3.8261 3.4619 3.3151 

0.2 4.2424 4.3686 4.2816 4.0493 3.8248 3.6608 4.0653 4.4958 4.2858 3.9741 3.7417 3.5970 

0.4 4.5673 4.6493 4.4872 4.1921 3.9422 3.7773 4.3579 4.7637 4.4571 4.0882 3.8450 3.7087 

0.6 4.8642 4.9098 4.6677 4.3029 4.0302 3.8716 4.6148 5.0088 4.5941 4.1706 3.9281 3.7983 

0.8 5.1204 5.1522 4.8226 4.3811 4.1028 3.9494 4.8229 5.2359 4.6978 4.2282 3.9963 3.8715 

1 5.2957 5.3805 4.9477 4.4328 4.1636 4.0143 4.9498 5.4501 4.7543 4.2760 4.0530 3.9323 

0.6 

0 3.6820 3.7425 3.6293 3.4358 3.2923 3.2216 3.5279 3.8336 3.6212 3.3864 3.2637 3.2066 

0.2 4.0254 4.0364 3.8483 3.5993 3.4580 3.3881 3.8465 4.1124 3.8034 3.5418 3.4220 3.3661 

0.4 4.3483 4.3056 4.0239 3.7342 3.5936 3.5230 4.1399 4.3622 3.9332 3.6681 3.5499 3.4938 

0.6 4.6507 4.5542 4.1480 3.8470 3.7061 3.6343 4.4121 4.5844 4.0342 3.7724 3.6549 3.5980 

0.8 4.9320 4.7868 4.2432 3.9425 3.8009 3.7274 4.6531 4.7821 4.1190 3.8599 3.7425 3.6845 

1 5.1662 5.0067 4.3251 4.0242 3.8815 3.8062 4.8443 4.9375 4.1912 3.9340 3.8164 3.7572 

0.8 

0 3.4545 3.4009 3.1865 3.0805 3.0448 3.0418 3.3023 3.4385 3.1729 3.0793 3.0517 3.0543 

0.2 3.7935 3.6662 3.3775 3.2643 3.2235 3.2160 3.6190 3.6680 3.3532 3.2536 3.2216 3.2201 

0.4 4.1159 3.8880 3.5395 3.4180 3.3714 3.3589 3.9161 3.8339 3.5037 3.3975 3.3606 3.3544 

0.6 4.4256 4.0494 3.6786 3.5483 3.4958 3.4780 4.1984 3.9773 3.6311 3.5181 3.4761 3.4654 

0.8 4.7247 4.1919 3.7992 3.6601 3.6015 3.5786 4.4641 4.1024 3.7402 3.6204 3.5736 3.5583 

1 5.0030 4.3196 3.9047 3.7569 3.6925 3.6646 4.7031 4.2124 3.8345 3.7082 3.6566 3.6372 

1 

0 3.0968 2.8459 2.8233 2.8417 2.8759 2.9186 2.9544 2.8765 2.8526 2.8719 2.9068 2.9501 

0.2 3.4322 3.0755 3.0286 3.0348 3.0602 3.0953 3.2700 3.0947 3.0475 3.0551 3.0816 3.1175 

0.4 3.7556 3.2773 3.2046 3.1978 3.2141 3.2415 3.5720 3.2836 3.2121 3.2078 3.2259 3.2545 

0.6 4.0741 3.4569 3.3572 3.3373 3.3445 3.3644 3.8664 3.4489 3.3531 3.3371 3.3469 3.3686 

0.8 4.3944 3.6181 3.4909 3.4579 3.4563 3.4690 4.1582 3.5951 3.4750 3.4477 3.4498 3.4650 

1 4.7249 3.7637 3.6089 3.5632 3.5531 3.5591 4.4530 3.7252 3.5815 3.5434 3.5382 3.5474 
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Fig. (3). Composite image intensity distribution for various values of  under incoherent illumination. 

 

 

Fig. (4). Composite image intensity distribution for various values of  under incoherent illumination for certain width of semicircular edge 

ring element b = 0.04. 

 

3.5974, 3.6179, 3.6293 and 3.6212 (from Table 1), respec-
tively. As amplitude apodization controlling parameter held 
constant (  = 0.2 or 0.6), the effect of asymmetric apodiza-
tion (functions of b value) in the resolution of two point ob-
jects of different intensity is illustrated in Figs. (5a) and (b). 
Asymmetric apodization found to be more effective in im-
proving the resolution of optical imaging system. This study  
 

is found that left half axis intensity profile become broad-
ened and shifted while on right half axis intensity profile 
becomes narrower. This observation improves with degree of 
asymmetric apodization for any value of . Shift in the re-
sultant intensity pattern can also be observed with respect to 
dip position. This effect is an evidence for superresolution 
phenomena. 
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Fig. (6) shows the intensity distribution as a function of x 
for various separations of two points of different intensity in 
the object plane under incoherent illumination  = 0. Here, 
the degree of asymmetric apodization is b = 0.1 and the de-
gree of amplitude apodization is  = 0.2. For Xo = 3, there 
result a dip appears in the resultant intensity pattern. With 
the increase of Xo, the position of central dip moves toward 
low intensity maximum rendering an improvement in the 
resolution. Fig. (7) shows the intensity distribution in inco-
herent composite image of two point sources at Xo = 4 for 
various values of the intensity ratio c. In this figure in the 
case of two equally bright point sources (c = 1), marked 
resolution can be observed than that of rest of the conditions. 
It implies that three zone apodizer is effective in resolving  
 

two object points of equal intensity. The intensity distribu-
tion curves in Fig. (8) are plotted as function of x for various 
combinations of degree of coherence . The dependence of 
the sparrow resolution limits on apodization parameters (b = 
0.1 and  = 0.4) is depicted. This figure illustrates that for c 
= 0.6 at Xo = 4, the dip appears on composite image intensi-
ty distribution of two object points under coherence illumi-
nation. As the coherence condition of light approaches the 
incoherent limit (  = 0) the dip of intensity increases almost 
linearly with  values. This effect states that the influence of 
three zone pupil filter is found to be significant in improving 
the resolution of two distinct point sources of different inten-
sities.  

 

 

 

 (a) 

 

 (b) 

Fig. (5). Composite image intensity distribution for various values of ‘b’ under incoherent illumination in the presence of amplitude apodiza-

tion: (a)  = 0.2 (b)  = 0.6. 
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CONCLUSION 

By employing amplitude and phase filter the Two–point 
resolution of optical imaging systems in partially coherent or 
coherent light has been studied in terms of modified Sparrow 
criterion. Present studies conclude that the resolution of 
composite image of two distinct object points is very much 
influenced by the degree of apodization. This influence  
 

resembles variedly with amplitude apodization ( ) and 
asymmetric apodization (b) on the resultant image intensity 
distribution. The present study is found to be more effective 
for certain values of b (0.04, 0.8 and 0.1) and  (0.2, 0.4 and 
0.6). This apodizer can be realized in practice with proper 
composition of dielectric coating materials by making use of 
standard fabrication techniques, this can be taken as future 
scope of present study. 

 

Fig. (6). Composite image intensity distribution for various values of point separation (Xo) under incoherent illumination with amplitude (  

= 0.2) and phase (b = 0.1) apodization. 

 

 

Fig. (7). Composite image intensity distribution for various values of ‘c’ under incoherent illumination with amplitude (  = 0.4) and phase (b 

= 0.04) apodization. 
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