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Abstract: We study the wakefield in a plasma filled rectangular waveguide based on a differential equation derived in 

terms of the wake potential , when the pulse duration  matches with inverse of the plasma frequency fp
1 . This 

equation is solved using fourth-order Runge-Kutta method for the Gaussian-like profile of the microwave pulse. The ef-

fects of microwave frequency f , waveguide width b  and microwave intensity I  are investigated on the wakefield EW . 

The amplitude of the wakefield is found to increase with microwave pulse duration and its intensity, but it gets decreased 

with microwave frequency and waveguide width. By optimizing various parameters, we can achieve wakefield of appre-
ciable strength for the purpose of particle acceleration. 
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1. INTRODUCTION 

 The subject charged particle acceleration has received 

worldwide attention due to its varied applications in the field 

of nuclear physics, high energy physics, harmonic genera-

tion, free electron lasers, material science, etc. Plasma based 

accelerators stand first because of their ability to sustain ex-

tremely large acceleration gradients, which are approxi-

mately three orders of magnitude greater than that achieved 

in conventional RF linacs. The use of laser plasma accelera-

tors has been made in radio isotope production through 

,n( )  reactions with laser accelerated electron bunches in 

the range tens of MeV [1, 2]. The short pulse nature and high 

charge of the accelerated bunches also has applications in the 

production of coherent terahertz (THz) radiation, which is 

achieved when femtosecond electron bunches cross the 

plasma vacuum boundary and emit transition radiation [3-5]. 

Another application is in the generation of femtosecond X-

ray pulses produced by the betatron radiation emitted when 

the electron beam propagates through the plasma. 

 Plasma based acceleration schemes mainly include the 

plasma beat wave accelerator, laser wakefield accelerator, 

 vp B  accelerator, plasma wakefield accelerator, etc. 

Wakefield generation for the purpose of particle acceleration 

has been widely studied experimentally, analytically and 

using simulations [6-20]. For the purpose of efficient accel-

eration, it is necessary to excite the wakefield of a large am-

plitude along with its speed nearly equal to the speed of 

light. The wakefield is reported to be enhanced by the non-

linearities in response of plasma to ponderomotive force of a 

long smooth laser pulse of relativistic intensity whose pulse  
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length is much larger than the half of the plasma wavelength 

[21]. The amplitude of the laser wakefield has also been 

found to increase by the ionization processes of the gases at 

comparatively higher laser peak intensities [22]. A capillary 

tube can be used as a waveguide in order to enhance the in-

teraction length [23]. Tapered plasma channels have been 

proposed for the enhancement of interaction length to 

achieve greater acceleration [24]. On the other hand, efforts 

have been made related to wakefield excitation by relativistic 

electron bunch [19, 20], and coupling of longitudinal and 

transverse motion of accelerated electrons in laser wakefield 

[8]. Lotov [7] has analytically studied the laser wakefield 

acceleration in narrow plasma filled channels. With regard to 

the importance of polarization effects, Kado et al. [25] have 

observed strongly collimated proton beam from Tantalum 

targets when irradiated with circularly polarized laser pulses. 

With the help of radially polarized ultra relativistic laser 

pulses, Karmakar and Pukhov [26] have shown that colli-

mated attosecond GeV electron bunches can be produced by 

ionization of high-Z material. They also compared the results 

with the case of Gaussian laser pulses and found that the 

radially polarized laser pulses are superior both in the maxi-

mum energy gain and in the quality of the produced electron 

beams. Xu et al. [27] made a comparison between circularly 

polarized (CP) and linearly polarized (LP) fields with regard 

to the laser driven electron acceleration in vacuum and found 

that the CP field can give rise to greater acceleration effi-

ciency. 

 Analytical investigations on wakefield acceleration using 

a dielectric lined waveguide structure showed the accelera-

tion gradient for electrons or positrons in the range of 50-100 

MV/m for a few nC driving bunches [28]. In another wake-

field accelerator, a peak acceleration gradient of 155 MeV/m 

was predicted for a 2 nC rectangular drive bunch [29]. Jing 

et al. [30] have found transverse wakefield of about 0.13 

MeV/mnC (0.2 MeV/mnC) due to X-dipole modes (Y-dipole 

modes) in an X-band structure generated by an electron 
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bunch in dipole-mode wakefield in a waveguide accelerating 

structure. On the other hand, microwaves have been used in 

experiments for the particle acceleration via  vp B  process 

[31-33] and resonance absorption during wave particle inter-

action
 
[34]. Short microwave pulses have also been used in 

some experiments to excite a nonlinear large amplitude ion 

wave at resonance absorption region [35]. In different type 

of approach, Jawla et al. [36] have shown that the modified 

mode excited in a plasma filled waveguide under the effect 

of an external magnetic field can be quite useful for the elec-

tron acceleration using high intensity microwaves. Kumar 

and Malik [37] have discussed the importance of obliquely 

applied magnetic field to an electron acceleration and ob-

tained that the larger acceleration is possible when the condi-

tion p > c  ( p  is the electron plasma frequency and 

c is the electron cyclotron frequency) is achieved in the 

plasma filled waveguide. Also, recently it was proposed to 

use the field of superposed mode in waveguide for the effec-

tive electron acceleration [38]. 

 This is clear that except some attempts in waveguides for 

the wakefield excitation by electron bunches [28-30] the 

lasers have been extensively used for the purpose of particle 

acceleration [6-24], and noticeable amount of energy gain 

has been achieved for the electrons and protons. These types 

of systems cost very high and very sophisticated instrumen-

tation is also required for the specific/accurate measurement 

on ultra fast time scale. However, in view of low cost struc-

ture and significant acceleration by moderate intensity mi-

crowaves, we investigate here the wakefield excited by 

Gaussian-like microwave pulse in a rectangular waveguide 

filled with homogeneous plasma. The present calculations 

and the results would be beneficial for the development of 

particle accelerator using microwaves in place of ultrahigh 

lasers. 

 

Fig. (1). Schematic of wakefield generation in plasma filled rectan-

gular waveguide by microwave pulse. Here = z vgt  and L  is 

the pulse width. 

2. BASIC FORMULATION 

 We consider that a microwave pulse of pulse duration 

at a frequency f  propagates in a plasma filled rectangu-

lar waveguide of dimensions b h m
2
 whose width is b 

along x-axis and the height h along y-axis. This pulse reso-

nantly excites the wakefield (corresponding potential ) in 

the waveguide under the action of ponderomotive force (Fig. 

1) when the pulse duration  matches with the inverse of 

the plasma frequency fp , i.e. = fp
1

. The plasma with 

ambient density n0  is assumed to be cold and collisionless, 

and the motion of ions is neglected in view of high fre-

quency microwave field. We take ne  and ni  as the densities 

of the electrons and ions, respectively, The electric and mag-

netic fields associated with the microwave are represented by 

E  and B . We use fluid approach and write below the basic 

fluid equations together with the Maxwell’s equations de-

scribing the propagation of microwave pulse in the plasma. 

ne

t
+ . nev( ) = 0,   (1) 

dp

dt
+ nee E + v B( ) = 0,           (2) 

.B = 0,              (3) 

B
1

c2

E

t
μ0J = 0,           (4) 

E +
B

t
= 0,            (5) 

0 .EW e ni ne( ) = 0.           (6) 

 In the above equations, J = neev  and the electrostatic 

field EW =
z

 is along z-axis together with  as the wake 

potential. We assume that the microwave pulse propagates in 

homogeneous plasma without change in its shape and its 

electric and magnetic field components in the waveguide 

made of perfectly conducting material are given by 

E =ŷ E ( ) sin
x

b
,  and  

B =x̂ Bx ( ) sin
x

b
+ ẑ Bz ( ) cos

x

b
.  

 The ponderomotive force of microwave pulse expels the 

electrons from their equilibrium position. We consider the 

perturbation in electron density as 1en  and take 

ne = n0 + ne1 , whereas the ion density ni = n0  in view of 

their heavy mass. With the help of this we linearize the 

above equations. The linear system is further simplified by 

transforming to a frame comoving with the microwave pulse 

and assuming the system to be nonevolving, i.e. all the quan-

tities depend only upon = z vgt , where vg  is the group 

velocity [15, 18, 24, 39]. This is done in order to analyze the 

wakefield in the frame of reference which is stationary with 

respect to the wake plasma wave, as this plasma wave is ex-

cited by the ponderomotive force created by the photons 

with the phase velocity equal to the group velocity vg  of the 

x

z

y
Ponderomotive
force

MW pulse

Wakefield

vg

= 0 L
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pulse [39]. In some studies this transformation is carried out 

at the level of phase velocity c  of the laser in underdense 

plasmas as the group velocity vg c  [12, 13, 22, 40]. As per 

the mechanism for generating the wake under the effect of 

given field of microwave the electrons set transverse oscilla-

tions in y-direction and pick up the momentum from the 

pulse along z-direction [39]. Under this situation, the veloc-

ity component zv  remains dominating and without loss of 

generality we can neglect the variation of component xv  

along the waveguide width, i.e. vx x = 0 . Further in view 

of compression and rarefaction of electrons along z-axis a 

pressure gradient (density gradient) develops in z-axis, so the 

variation of density along x-axis can be neglected, i.e. 

ne1 x = 0 . We decompose Eqs. (1)-(6) into their compo-

nents by taking   in (x-z) plane. Under these conditions, we 

obtain the following equation from Eqs. (1)-(6) for the ho-

mogenous plasma where n0 = 0 . 

vg
ne1 + n0

vz
+

ne1vz
= 0,            (7) 

vg
vx + vz

vx +
e

m
vyBz0 ( )cos

x

b
= 0,           (8) 

vg

vy
+ vx

vy

x
+ vz

vy
+

e

m

E ( )sin
x

b
vxBz0

( )cos
x

b
+

vzBx0 ( )sin
x

b

= 0,  (9) 

vg
vz

+ vx
vz

x
+ vz

vz e

m
+ vyBx0 sin

x

b
= 0,    (10) 

n0 + ne1( )vy +
sin x b( )

μ0e b
Bz0 +

Bx0 +
vg

c2

E
= 0 ,     (11) 

E
+ vg

Bx = 0,           (12) 

 
b

E vg
Bz

= 0,           (13) 

2

2

e

0

ne1 = 0.           (14) 

 Here vg = c 1 p
2 2 2c2 b2 2( )  is the group 

velocity of the microwave. Now we integrate Eq. (7) under 

the condition that all the oscillating quantities vanish far 

away, i.e. as  in order to obtain 

vz vg( ) n0 + ne1( ) = n0vg .          (15) 

 From Eq. (11) and Eq. (15) we calculate yv and zv , re-

spectively. Their substitution in Eq. (10) leads 

n0vg
2

n0 + ne1

ne1

n0 + ne1

+

e

m

sin2 x b( )
μ0m n0 + ne1( )

Bx0 b
Bz0 +

Bx0 +
vg

c2

E
= 0

.         (16) 

 Now we simplify the above equation along with the use 

of weakly nonlinear theory which employs ne1 << n0 . There-

fore, we get 

vg
2 ne1 + n0 + ne1( )

e

m

sin2 x b( )
μ0m

Bx0 b
Bz0 +

Bx0 +
vg

c2

E
= 0

.       (17) 

 We put the value of ne1  from Eq. (14) in Eq. (17) 

and then integrate the resultant equation for obtaining 

''+
e

2mvg
2 '2 +

p
2

vg
2

ec2

mvg
2 sin2 x

b

Bx0 b
Bz0 +

Bx0 +
vg

c2

E
d = 0.

       (18) 

 Here prime denotes the differentiation with respect to . 

Using Eqs. (12) and (13) we eliminate Bx0  and Bz0  for 

Gaussian-like field profile of microwave pulse, given 

by E ( ) = E0 1+ cos 2 L / 2( ) / L{ }  and shown in Fig. 

(2). Finally we achieve the main equation in terms of wake 

potential as follows 

''+
e

2mvg
2 '2 +

p
2

vg
2

1

2

E 0
2 c2e

mvg
4 sin2 x

b

1
vg

2

c2 1+ cos 2 L / 2( ) / L{ }
2

2

b2 +
L

2
sin 2 L / 2( ) / L{ }

2
= 0.

      (19) 

 In order to analyze the physics behind the various terms 

of Eq. (19), we mention that this equation can be viewed as 

the equation governing the forced (driven) harmonic oscilla-

tor. In this equation, the last term is the force term that 

evolves due to the microwave field (ponderomotive force) 

and drives the wake in the plasma. The third term is propor-

tional to  and hence its coefficient determines the natural 

frequency of the wake. The second term is the damping term 

through which the nonlinearity enters the system as it is pro-

portional to square of  (nonlinear term). Finally we 

can say that the wake with potential  is evolved in the 

plasma as a combined contribution of each term of Eq. (19). 
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Fig. (2). Gaussian-like field profile of microwave pulse correspond-

ing to E ( ) = E0 1+ cos 2 L / 2( ) / L{ } . 

3. NUMERICAL STUDIES 

 We solve Eq. (19) numerically for  using fourth-order 

Runge-Kutta method by giving typical values to microwave 

intensity I  (corresponding field E0 ), its frequency 

f (= / 2 ) , equilibrium plasma density n0  and waveguide 

width b . Here we consider the initial conditions as and its 

derivative  to be zero at = L  (front of the pulse). The 

microwave field is made confined within > 0  and < L , 

i.e. 0 L . The boundary condition that the tangential 

component of electric field vanishes at the waveguide walls 

has already been used in obtaining the main governing equa-

tion (19). From the numerical results, we evaluate the wake 

behind the microwave pulse, i.e. at < 0 . Then from the pro-

file of wake potential, we find the associated wakefield which 

is used for the purpose of the particle acceleration. 

 Fig. (3) shows that the profile of the wake potential behind 

the microwave pulse when microwave intensity 

I = 1 109 W / m 2 , microwave frequency f = 8GHz , 

waveguide width b = 0.03m  and pulse duration 

= 0.8 ns (corresponding plasma density n0 = 1.8 1016 / m3 ). 

Here it is worth noting that the wake potential of strength 

1.6 105 V and the corresponding wakefield of about 3 

MV/m (Fig. 4) is obtained with the use of moderate intensity 

microwave pulse. In the present mechanism, it is expected that 

the wakefield of the order of GV/m can be excited if the mi-

crowave pulse of intensity TW/m
2
 are available, though in 

usual wakefield generation schemes ultrahigh intensity (~ 10
20

 

V/m
2
) laser pulses are required [6-11, 21]. In order to see the 

effect of microwave frequency on the wakefield structure, we 

have prepared Fig. (5) at f = 10 GHz . By comparing this 

figure with Fig. (4) we realize that the wakefield gets reduced 

for the larger microwave frequency. This is consistent with the 

lower wake potential (Fig. 6) attained by the microwave with 

higher frequency. Finally this can be investigated from Figs. 

(3-6) that the wakefield produced in the rectangular 

waveguide (bounded system) is dispersive in nature contrary 

to the one in unbounded plasmas. 

Fig. (3). Profile of wake potential when I = 1 109 W / m 2 , f = 8GHz , 

b = 0.03m  and = 0.8ns (corresponding plasma density 

n0 = 1.8 1016 / m3 ). 

 

Fig. (4). Profile of wakefield EW  corresponding to wake potential 

shown in Fig. (3). 

 

Fig. (5). Profile of wakefield for f = 10GHz  when other parame-

ters are the same as in Fig. (3). 

E(ξ)

ξ0 L

Distance ξ

 

(m)

W
aveguide

w
idth

(m
)

W
a
k
e
 p

o
te

n
ti

a
l 

(x
 1

0
5

  
V

)

1.8

0.9

0

-0.9

-1.8

0.03

0.02

0.01
0

0 -0.25 -0.50 -0.75

Distance ξ (m)

W
a
k
e
fi

e
ld

 (
x
 1

0
6

  
V

/m
)

W
aveguide

w
idth (m

)

-6

-3

0

6

3

6

3

6

0

3

6

-3

0

3

6

0.03

0.01

0.02

0
0

-0.50 -0.75
-0.25

Distance ξ

 

(m)

W
a
k
e
fi

e
ld

 (
x
 1

0
6

  
V

/m
)

0.03

0

0.01

0.02

0 -0.50 -0.75-0.25

W
aveg

u
id

e
w

id
th

  (m
)

-3.0

-1.5

0

1.5

3.0



Wakefield Generation in a Plasma Filled Rectangular Waveguide The Open Plasma Physics Journal, 2008, Volume 1    5 

 

Fig. (6). Wake potential corresponding to Fig. (5), showing the 
effect of microwave frequency when compared with Fig. (3). 

 Figs. (7-10) show the effect of waveguide width b  and 

the microwave pulse duration  on the structure of wake 

potential and the wake field. Here it is evident that the wake 

with lower potential is developed in the waveguide of larger 

width (compare Figs. (7) and (3)). The lower wake potential 

corresponds to the smaller wakefield (Fig. 8). However, it is 

evident from Fig. (9) that the larger amplitude wakefield is 

excited by a longer microwave pulse (compare Fig. (9) with 

Fig. (4)). Under this situation, wake with higher potential is 

correspondingly occurred (Fig. 10). 

 

Fig. (7). Structure of wake potential achieved in larger width 

waveguide b = 0.032 m( )  for the other parameters the same as in 

Fig. (3). 

 Now we focus on the maximum amplitude of the wake-

field EW  under the effect of waveguide width and micro-

wave parameters. The effects of microwave frequency f  

and the intensity I  on this wakefield amplitude is shown in 

Fig. (11) for the same parameters as used in Fig. (3). It is 

evident here that the wakefield of lower strength is obtained 

at the higher frequency of microwave. The decreased wake-

field for larger microwave frequency can be explained on the  

 

 

Fig. (8). Wakefield profile in the waveguide corresponding to Fig. 
(7) for the larger waveguide width. 

 

Fig. (9). Wakefield achieved by longer microwave pulse 

( = 0.9 ns ) for other parameters the same as in Fig. (3). 

 

Fig. (10). Profile of wake potential for = 0.9 ns  and when other 

parameters are the same as in Fig. (3). 
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Fig. (11). Variation of maximum amplitude of the wakefield with 

microwave frequency for two different values of microwave inten-

sity when other parameters are the same as in Fig. (3). 

basis of force term in Eq. (19). Actually the group velocity 

vg  gets larger with the increasing frequency f . This leads 

to weaker driven force via last term in Eq. (19). Therefore, 

the wake with smaller amplitude is excited in the waveguide. 

Also, the wakefield is found to be sensitive to the microwave 

frequency and it gets reduced from 6 MV/m to 1.7 MV/m 

when the frequency is increased from 8 GHz to 11 GHz. 

However, the wakefield amplitude gets increased for the 

higher microwave intensity. Similar effects of the microwave 

frequency and intensity on wakefield amplitude have been 

observed in the case of laser induced wakefield in an un-

bounded plasma, where analytical calculations were carried 

out [6]. 

 

Fig. (12). Dependence of maximum amplitude of wakefield EW  on 

waveguide width b  for two different values of microwave pulse 
duration  and when other parameters are the same as in Fig. (3). 

 In Fig. (12) we show the dependence of maximum ampli-

tude of wakefield EW  on the waveguide width b  and pulse 

duration  when I  = 1 GW/m
2
 and f  = 8 GHz. Here it is 

clear that larger amplitude wakefield is achieved when 

longer microwave pulse (large ) is used in the narrower 

waveguide (small b ). The reason of the higher wakefield for 

the longer pulse duration can be understood on the basis of 

density perturbations. Actually for longer pulse durations the 

condition = fp
1

 is satisfied for lower density of the 

plasma in the waveguide. Since we are keeping the micro-

wave intensity fixed, due to the lower density in the 

waveguide higher density perturbations would be achieved 

for larger pulse durations. Consequently, larger magnitude 

wakefield would be produced by the higher density perturba-

tions. The opposite behaviour of wakefield amplitude with 

the waveguide width is also evident from Fig. (12) and the 

amplitude EW  gets reduced when the wakefield is excited in 

a wider waveguide by the microwave pulse of same parame-

ters. Here it would be worth mentioning that under the larger 

waveguide width the force term of Eq. (19) gets smaller due 

to the increased velocity vg . Hence the smaller amplitude 

wakefield is achieved. Further, this can be seen that the 

wakefield is sensitive to the waveguide width. 

 

Fig. (13). Profile of wakefield EW  in a plasma filled waveguide 

near cutoff conditions when f = 6.76GHz , = 0.9ns , 

fc = 5.11GHz  and all other parameters are the same as in Fig. (3). 

Fig. (14). Profile of wakefield corresponding to Fig. (13), showing 

its cutoff around maximum distance of = 3.7 L  from the micro-

wave pulse. 

4. WAKEFIELD NEAR CUTOFF CONDITIONS 

 From the above Figs. (3-12), we can observe that the 

wakefield of larger amplitude is obtained for the smaller 

waveguide width and the longer pulse duration. Since the 
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cutoff frequency fc  gets higher under the effect of decreased 

width b  and plasma density n0 , for fixed microwave fre-

quency these effects can be viewed as if the microwave fre-

quency is brought near the cutoff frequency fc . Therefore, it 

would be of much interest to investigate the wakefield struc-

ture near cutoff conditions, i.e. when f  is near cutoff fre-

quency fc . We present these results in Figs. (13) and (14) for 

f = 6.76GHz whereas fc = 5.11GHz . It is clear from Fig. 

(13) that under this situation the amplitude of wake wave 

gets increased as we move away from the microwave pulse, 

i.e. for decreasing values of . Further it can be noticed that 

various peaks develop along waveguide width during the 

growth of wakefield amplitude and it becomes unstable. 

Therefore, it appears that some instability develops near the 

cutoff conditions. In order to further investigate this effect, 

we show in Fig. (14) the maximum distance by which this 

growth occurs. Here, we observe that the amplitude gets 

terminated around = 3.7 L  in the plasma and the field 

breaks down. 

 In view of the above results, it is suggested that the mi-

crowave of higher frequency should be employed so that any 

instability does not grow in the system and the wakefield can 

be effectively used for the purpose of particle acceleration. 

The present mechanism of wakefield generation can be real-

ized experimentally if we use wider waveguide filled with 

higher plasma density. The high density plasma can be pro-

duced in the waveguide under the action of Electron Cyclo-

tron Resonance (ECR) action. However, under such situation 

short microwave pulses would be more effective in order to 

resonantly excite the plasma wake wave. 

5. CONCLUDING REMARKS 

 Based on our numerical studies we observed that the ef-

fects of microwave frequency and waveguide width are to 

reduce the strength of wakefield. However, larger amplitude 

wakefield can be generated under the situation of longer 

pulse duration and higher intensity of microwave. In view of 

all the results, it is suggested that longer microwave pulses 

can excite appreciable wakefield in a narrow waveguide 

which is filled with lower density plasma. However, short 

microwave pulses would be effective if the microwave 

sources of higher frequency are available and a higher den-

sity plasma is used in the waveguide. In each case, higher 

intensity pulses produce higher amplitude wakefield due to 

the larger perturbations occurred in the plasma density. Fur-

ther, the wakefield was found to be sensitive to the micro-

wave frequency and waveguide width. Therefore, a judicious 

choice of microwave pulse parameters and the waveguide 

dimensions can lead to larger amplitude wake field for the 

effective particle acceleration. 
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