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Principle of Spectral Reciprocity in Biomechanics of Locomotion and
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Abstract: Providing the technical means to prevent collapse or falls in patients with different types of pathology in motion and balance control is one of the traditional problems in rehabilitation engineering. A means of addressing the problem using assistive devices, including prostheses, is to restrict the mobility in certain anatomical or artificial joints by applying corsets, braces, brakes and locks. The restriction of mobility in the joints increases local stiffnesses, and in a sense,
tunes the spectrum of oscillations in these joints out of resonantly dangerous zones. So far, these efforts for limiting unwanted mobility are mostly empirical within rehabilitation technologies, and we suggest that they can be optimized with
algorithms for controlling the spectrum of oscillations used in multi-linked technical systems. Further, we suggest that
tuning out of resonance is inseparable from the phenomenon of tuning into resonance that is widely recognized in biomechanics of locomotion. These considerations result in our postulating the principle of spectral reciprocity in locomotion.
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INTRODUCTION
The concept of resonance in the biomechanics of locomotion has a long history [1]. Resonance is widely recognized as useful for minimizing the energy cost of propelling
the body segments. Knowing how to tune into resonance is
essential in acquiring skills and refining training in the martial arts and in sports like skating, tennis and gymnastics. To
match the limbs’ natural frequencies, the motor control system regulates the moments of inertia of the limbs and
changes the stiffness in the joints - thus tuning into resonance. During the swing phase of normal gait the knee, hip
and elbow angles change the magnitude depending on the
speed of gait. This change in angle allows the leg to articulate with minimal muscle drive, at any given speed of gait [2,
3].
Here we characterize gait as a sequence of coordinated
restricted and unrestricted mobility in the body’s joints (Aristotle was probably the first to propose such an approach [4,
5]). We believe that under this characterization, unrestricted
mobility is not more important than restricted mobility.
Rather, the opposite is true, considering the permanence of
the task of preventing collapsing due to gravity. This brings
us to our assumption that there exists a mechanism for simultaneous controlling both the tuning into, and also the tuning
out of resonance. Since muscles perform the necessary restriction/fixation of joint articulation within the joint’s range
of the motion, facilitating the muscles’ efforts with properly
designed assistive devices would minimize total muscle
work.
In prosthetics, there were many attempts to incorporate
tuning into resonance into prosthesis’s features. Otto Bock
manufactures a C-Leg prosthesis, which adjusts its natural
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frequency during the swing phase using load activated feedback [6]. However, resonance is undesirable when a joint’s
mobility has to be restricted in accordance with the structure
of locomotion.
SPECTRAL OPTIMIZATION IN ASSISTIVE DEVICES
A prosthetic device is a multi-linker, whose natural frequencies can be calculated during the design process. We
suggest that the spectral analysis should be a part of a design
in prosthetics and orthotics similar to those of analysis of
instability in rotor-shaft mechanisms [7]. Since a limb prosthesis serves as a substitute for several anatomical joints, it
can be included in the system of spectral optimization, which
as we suggest, functions in the whole body. As a consequence, optimization can be achieved by controlling only a
few of the stiffnesses [8], similarly to mechanical systems [9,
10].
Consider the biped gait of a poly-linker whose dynamics
are described by the system of differential equations
Au + Bu = Cu = f ,

C = C (  (t )) ,

(1)

where A, B, C are symmetric matrices of kinetic energy, dispersion and potential energy respectively, and  (t) is a controlled vector function of rigidities in the joints of the polylinker.
We refer to previous works where the stride has been divided based on the dominant mobility in metatarsal, ankle
and hip joints [11-13]. In each of these phases, the human
body is approximated by a system with one degree of freedom. Each of the allowed configurations has its own natural
frequency  * , which prompts the body to tune into resonance-type mobility in one or a few joints. At the same time,
the body must adjust its entire spectrum to assure that the
joints, which have to be locked, are not affected by  * . In
other words,  * is not only the resonantly advantageous
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frequency, but is also resonantly dangerous with respect to
the integrity of the current body’s configuration. That consideration reduces the problem of gait control mathematically to the problem of control over the spectrum of an operator pencil corresponding to the system of equations (1).
The mathematical problem is solved variationally [8] in
terms of abstract Rayleigh systems [10]. The search for a
solution u = x exp(t ) , ( x  0 ) for the homogeneous
equation corresponding to equation (1), results in the equation  2 Ax + Bx + Cx = 0 , generating the pencil of matrices
L( ) =  2 A +  B + C

(2)

The problem of control over the spectrum is formulated
as follows: for a given Rayleigh system R { L , p } depending on the control parameter   U and the set    * , it is
necessary to choose   U so that the spectrum  (R ) does
not meet  .
In that statement of the problem, the Rayleigh system depends linearly on the controlling parameter, and the spectrum of the pencil (2) breaks down into two sets of values of
the Rayleigh functional, according to the condition of strong
damping [14]:
(Bx, x) ± (Bx, x)2  4(Ax, x)(Cx, x)
p± (x) =
2(Ax, x)

The natural frequencies of each model’s configuration
are real positive. Therefore, the solvability criterion for the
problem of tuning out of the resonantly dangerous domain
 = [ ,+) has the form: L(0) > 0 on the set
V = { xi } , ( x  0 ) . After substituting zero in the equation (2),
we get finally the criterion of tuning out of resonance as
(Ci x, x)  0, where i  indexes for which i  0

(Ci x, x) = 0, where i  indexes for which i < 0

(3)

If + = [ ,+) ,  = (,  ) , and ( q+ ( ), q ( ) ) is the
maximal (minimal) point of the spectrum of L , then the
distance  from q± to  ± is given by the formula

  sup dist {


( R ) ,± } = inf
x V

p(x)  

(4)

where  = {} .
As we consider  = + , the formula (4) is transformed
into  = inf p(x)   ,
x V
and since  = 0 , finally
 (Bx, x) ± (Bx, x)2  4(Ax, x)(Cx, x) 

 = min 
V+
2(Ax, x)



(5)

By substituting the entries of the matrices A, B, and C in
(4) and (5) we can obtain the unknown values of the components of a piecewise constant controlling vector-function for
each phase of the stride. Thus, to avoid the resonantly dangerous domain of the natural frequencies, the stiffnesses in
prosthesis’ joints have to be designed to meet criteria (4)-(5).
For prosthetic components which don’t have distinctive
joints but have the shape of a shell, we propose a model of
tuning out of dangerous resonance by using a cylindrical

closed shell of radius R and length l [15]. We include enforcement ribs in the cylindrical shell, which resemble the
high counters in orthopedic shoes or a prosthetic socket,
whose geometrical parameters influence natural frequencies
of the shell.
Let u,v,w be the displacements in three mutually orthogonal directions of the points along the rib l. Let F be the
square of the rib’s cross-section, and m be the total number
of ribs.
Displacements should satisfy the boundary conditions
and the LaGrange condition [16]:
(U  T )
=0
q*

(6)

where q* is the generalized coordinate. Potential energy U in
(6) is

U=

Eh
1(1 v 2 )
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where E and E1 are the modulus of elasticity for the shell
and the ribs’ material, v – Poisson coefficient, k – distance
between the center of mass of the rib’s cross-section and its
median divided by R.
Kinetic energy T of oscillation is:

T=

h R 2 2 
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(8)

where  ,  1 are densities of the shell and the ribs’ material
respectively.
Analysis of equations (6)-(8) shows that by varying the
dimensions of the shell and the ribs, it is possible either to
increase or decrease the values of their natural frequencies.
This is explained by the asymmetrical change in potential (7)
and kinetic (8) energy, and allows us to meet the criterion (4)
of tuning out of dangerous zones of the spectrum. As we
discussed earlier, the term “dangerous” refers to the situation
when a given joint that must be locked at a certain phase of
stride, can be affected by the resonance frequency *, which
is beneficial for the free mobility of another joint, but which
compromises the locking of the first joint.
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Tuning a spectrum of a particular joint out of a resonantly dangerous frequency * using the algorithms presented does not compromise the frequencies that can be
resonantly useful for the same joint during the next phases of
locomotion, or for the other joints during the same phase of
locomotion.
The dual role of natural frequencies in human locomotion
can be illustrated by the following example. During the
stance period of gait, the ankle joint has to articulate freely
for about 1/3 of a second (or with the frequency of 3.33 Hz),
and then fixed for the same duration [17]. The natural frequency of oscillation in a normal ankle joint is also 3.33 Hz
[18]. Thus, during free articulation, the lower limb is tuned
into resonance, and the following fixation of the ankle joint,
which is essential for the normal gait pattern, occurs in a
resonantly dangerous zone. Stiffness in a joint depends on a
balance between a resultant moment generated by the muscles causing rotation and resultant moment from the muscles-antagonists providing resistance to that rotation. There
is no sufficient understanding of how the body control system solves this problem constantly. In the meantime we
would like to suggest the principle of spectral reciprocity in
locomotion as follows.
In locomotion, tuning into resonance to facilitate mobility in one group of joints is reciprocally associated with
the tuning out of resonance to facilitate the restriction of
mobility in other joints.
IMPLICATION FOR PROSTHETICS AND ORTHOTICS
Criteria (4)-(5) were first applied in the calculating viscoelastic characteristics of a shell, which simulated the effect
of orthopedic shoes for patients with cerebral palsy (CP). In
a person with a deficiency in coordinating free and fixed
mobility in joints, the tuning into-out of resonance requires
assistance with technical means. The shoe was represented
by a shell with a system of seven specific functional zones
with adjustable stiffnesses [19], and a set of exchangeable
leaf springs, aimed to tune the “shoe-foot” system out of the
unwanted resonance [20].
Another example of the use of the principle of spectral
reciprocity was the development of the rolling joint prostheses [21-23], with the stiffnesses in joints being adjustable
according to the criteria (4)-(5). A rolling type prosthesis
called Free-Flow Foot and Ankle1 is shown in Fig. (1). A
mechanism for adjustment of stiffness in ankle zone while
the tibial component 2 rolls along the foot component 4 consists of the pivoted bracket and the side screws 1 and elastic
buffer 3. Comparative gait studies of 20 below knee amputees demonstrated normalization of gait pattern and increased
comfort when a calculated stiffness interval was used in the
trials [24].
CONCLUSION
The principle of spectral reciprocity has been postulated
which, we believe, can be instrumental in the development
of prosthetics and orthotics. Its application in prosthetic de-

Fig. (1). A rolling type Free-Flow Foot and Ankle: 1 - stiffness control
mechanism; 2 - tibial component with the feature of rolling along the foot
component 4, and the elastic buffer 3.

sign would better mimic the fundamentals of human biomechanics and thus improve the outcomes of rehabilitation.
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