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1. INTRODUCTION 

  Let {Xn, n≥1} be a sequence of independent identically 
distributed (i.i.d) positive strictly stable random variables 
(r.v.s) with exponent α, 0 < α < 1. Set 
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  When (S1, n) and (S2, n) are independent copies of (Sn), the 
authors in [1] have obtained the set of all limit points of the 

sequence 

 

S
1,n

n
1/!

"

#
$$

%

&
''

(
n

,
S

2,n

n
1/!

"

#
$$

%

&
''

(
n)

*
+

,+

-

.
+

/+
. In this paper, under different 

conditions on (an), 

we obtain the almost sure limit sets of the se-
quence
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n
,n "1{ } . A careful observation tells that the limit 

sets change with the rate of growth of an in comparison with 
n. 

  The LIL in this paper is based on the right tail of the d.f. 
or the probability of occurrences of large values (following 
power law) in spirit, is on the lines of [2]. In [3], LIL has 

been obtained for 
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of αn and βn, which depend on the behavior of the d.f. near 
the tail approaching zero (exponentially fast). As such, the 
normalization in [3] is linear and in the present paper, it is 
power normalization. 

 Through out this paper [x] stands for the largest integer 
which is less than or equal to a positive number x, where as 
a.s and i.o mean almost surely and infinitely often respec-
tively. C, ε (small), k (integer) and N (integer), with or with 
out a suffix, stand for positive constants. For any sequence 
(Yn) of r.v.s, lim sup (inf) Yn = α (β) is to be read as lim sup 
Yn = α and lim inf Yn = β. 

 In the next section we present some preliminary results. 
The almost sure limit sets of the vector sequence 
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fails to be non-increasing. Similar justifica-

tion holds when an = [np]. Here 
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2. LEMMAS 

Lemma 1 (Extended Borel – Cantelli Lemma) 
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For proof, see [4, lemma P3, p.317]. 

Lemma 2 

 Let (An) be a sequence of events in a common probability 
space. If P(An) → 0 and ( )c

n n+1

n=1

P A A <

!

" !#  then P(An i.o) 

= 0. For proof see [5, lemma 1*, p.385]. 

Lemma 3 
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Lemma 4 

 Let {Xn, n≥1} be i.i.d positive strictly stable r. v. s with 
exponent α, 0 < α < 1. Let (an), 0<an≤ n, be a sequence of 

non - decreasing integers with 
 

a
n

n
~ b

n

, where bn is non - 

increasing. Then  
n
ã

n

1/á
n

n

T
Lim Inf = 1 a.s

a!"

# $
% &
' (

 

Proof 

 To prove the lemma it suffices to show that for any ε > 0, 
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 The fact that Xn’s are positive valued strictly stable r.v.s 
implies that 

 

T
n

a
n

1/!

 and X1 are identically distributed. Observe 

that 
n

n

a

 is non-decreasing implies 

 

n

a
n

  log n
!

"
#

$

%
&

'

→ ∞ as n → 

∞. We therefore have 

 

P T
n
! a

n

1/"  
n

a
n

  log n
#

$
%

&

'
(

)

 

#

$

%
%

&

'

(
(

= P X !  
n

a
n

  log n
#

$
%

&

'
(

)

 

#

$

%
%

&

'

(
(

, which 

implies that 

 

Lim
n!"

P T
n
# a

n

1/$  
n

a
n

  log n
%

&
'

(

)
*

+

 

%

&

'
'

(

)

*
*

=1
         (3) 

 Note that 

  

P T
n
! a

n

1/"  
n

a
n

  log n
#

$
%

&

'
(

)

i.o 

#

$

%
%

&

'

(
(

= P T
m
! a

m

1/"  
m

a
m

  log m
#

$
%

&

'
(

)#

$

%
%

&

'

(
(

m = n

*

U
n =1

*

I

#

$

%
%

&

'

(
(
 

=

  

Lim
n!"

P T
m
# a

m

1/$  
m

a
m

  log m
%

&
'

(

)
*

+

m=n

"

U  

%

&

'
'

(

)

*
*

 

     

 

! Lim
n"#

P T
n
$ a

n

1/%  
n

a
n

  log n
&

'
(

)

*
+

,&

'

(
(

)

*

+
+
 

 From (3), we get 

 

P T
n
! a

n

1/"  
n

a
n

  log n
#

$
%

&

'
(

)

i.o 

#

$

%
%

&

'

(
(
=1 and 

hence the proof of (1) is complete. 

 Now we will complete the proof of the Lemma by show-
ing that for any ε ∈ (0, 1), 
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(Ck i.o) ⊂ (Dk i.o) ⊂ (Ek i.o). Hence in order to prove (2), it 
is enough if we show that   P(Ek i.o) = 0      (4) 
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 We observe that for k ≥ k0 
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Hence the proof will be complete once we establish that 
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 We have Ek ∩ Es = {L1 ∩ L2 ∩ L3 ∩ L5} ⊂ {L1 ∩ L2 ∩ 
L4 ∩ L5}                    (10) 

 Since 
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one can find constants C2, k2 such that for all k ≥ k2, 
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 Using the fact that s > k (log k)λ one can note that 
p

k k

s

n +n
0

n
!  as k → ∞, one can find a C3 >0 and k3 such that 

that for all k ≥ k3, 
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C
3
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 From (11) and (12) one can notice that there exists a con-
stant C4 >0 such that for all 
k ≥ k4 = max (k2 , k3), P(L4) ≤ C4 P(L3).     (13) 
 From (9) we have for s > k (log k)λ and for k ≥ k4, 
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 Now for (k+1) ≤ s ≤ k (log k)λ, using the inequality 
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 Again using (7) and the fact s ≥ k+1 one can find a con-
stant C5 >0 and k5 such that for all k ≥ k5, 5
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 For n ≥ N1, we have 
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 From (14), (16) and (17) one can get C8 >0, 
n n

k s

k=1 s=1
82

nn

k

k=1

P(H H )

Lim inf C

P(H )
!"

#

$
% &
' (
) *

++

+

.        (18) 

 In view of (9), appealing to lemma 1 and Hewitt – Sav-
age zero – one law one gets P(Hk i.o) = 1. Hence the proof of 
the theorem is completed. 

Theorem 2 

 When an = [np], 0 < p < 1, the set of all a.s. limit points 
of the sequence
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whenever u + v > 1 and 
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whenever u + v ≤ 1. 

 Let (u, v) be such that u + v > 1. Define k
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 Observe that { }n 1,n 2,n
A = A A! . To show (19), we ap-

peal to Lemma 2. Since (Sn) and (
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 On similar lines one can show that 
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 For n large say n ≥ N, from (22) one can show that 
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and following the lines of proof 

similar to those of Theorem 1, the proof of (20) can be ob-
tained and the details are omitted. 
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 Proceeding on the lines of Theorem 2, the a.s. limit set 
can be shown to be A2. The details are omitted. 
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