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Abstract: A theoretical analysis has been made to explore thermal entrance region heat transfer in nanofluids. The nu-
merical model used in this paper is based on the Buongiorno model for convective heat transfer in nanofluids with modi-
fications to fully account for the effects of nanoparticles volume fraction distributions on the continuity, momentum and 
energy equations. Numerical investigations have been conducted for developing laminar forced convection flows in a cir-
cular tube subject to a uniform wall heat flux. From the results, it has been concluded that, for certain cases of alumina-
water nanofluids and titania-water nanofluids, in most entrance region, anomalous heat transfer enhancement (that ex-
ceeding the rate expected from the increase in thermal conductivity) is possible, whereas, close to the edge of the en-
trance, no anomalous heat transfer enhancement is observed. 
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INTRODUCTION 

 Nanofluids refer to fluids containing dispersed nano-
sized solid particles as coined by Choi [1]. Because of their 
small size, nanoparticle suspensions are much more stable 
than millimeter and micrometer size colloids. This kind of 
feature allows nanofluids to enhance the thermal conductiv-
ity of the effective medium and heat transfer performance 
surpassing that of the base fluid without facing problems 
such as abrasion, clogging and high pressure loss. Therefore, 
the nanofluids are considered to be the next generation 
working fluids in modern heat transfer technologies [2, 3]. 
 There are a great number of literatures on nanofluid conv-
ective heat transfer, most of them reported enhancement of 
convective heat transfer when using nanofluids [4-8]. How-
ever, when it comes to ‘anomalous heat transfer enhancement, 
which refers to the heat transfer enhancement exceeding the 
rate expected from the increase in thermal conductivity, some 
nanofluids studies show inconsistency, reporting enhancement 
under some conditions and even deterioration under other 
conditions [9-11]. These have led to a controversial issue, 
namely, whether or not the anomalous convective heat trans-
fer enhancement is possible in nanofluids. The controversy 
exists in both laminar and turbulent flows, especially for the 
entrance region. Rea et al. [12] presented experimental evi-
dence that no abnormal enhancement occurs, including the 
entrance region. Ding et al. [13] also stressed that in some 
cases no enhancement takes place in the entrance region. 
However, based on certain statistical analysis methodology, 
Prabhat et al. [14] found that there is anomalous heat transfer 
enhancement in the entrance region in nanofluid laminar 
flows.  
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 Some theoretical investigations on nanofluids convection 
also have been reported. A notable progress was made by 
Buongiorno [15] who carefully carried out a theoretical 
analysis so as to estimate relative magnitudes of the terms 
associated with all possible slip mechanisms, namely, iner-
tia, Brownian diffusion, thermophoresis, diffusiophoresis, 
Magnus effect, fluid drainage and gravity, and concluded 
that only Brownian diffusion and thermophoresis are impor-
tant in nanofluids. He derived a two-component four-
equation nonhomogeneous equilibrium model for mass, 
momemtum and heat transfer in nanofluids, which has been 
used by many researchers including Tzou [16, 17], Hwang et 
al. [18], Nield and Kuznetsov [19].  
 In order to clarify the controversial issue, some numeri-
cal investigations have already been conducted to explore 
the convective heat transfer characteristic in nanofluids [20], 
in which only surface heat transfer coefficient was discussed 
without considering the variation of thermal conductivity. 
Moreover, it did not take into account of the effects of 
nanoparticles volume fraction distributions, which can affect 
the convective heat transfer via thermophysical properties.  
 In this paper, based on the Buongiorno model with modi-
fications to fully account for the effects of nanoparticles vol-
ume fraction distributions on continuity, momentum and 
energy equations, numerical investigations have been con-
ducted for developing laminar forced convection flow in a 
circular tube for certain cases as alumina-water nanofluids 
and titania-water nanofluids, so as to clarify the controver-
sial issue on nanofluids anomalous convective heat transfer 
enhancement for the case of thermal entrance region.  

CONSERVATION EQUATIONS 

 The theoretical description of the convective transport in 
nanofluids is given by Buongiorno [15], who assumed it to 
be an incompressible flow, no chemical reactions, negligible 
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external forces, dilute mixture, negligible viscous dissipa-
tion, negligible radiative heat transfer, and local thermal 
equilibrium between nanoparticles and base fluid. In this 
paper, the Buongiorno model may be modified to allow the 
nanofluid density (!) variation in mass, momentum and en-
ergy conservations as 
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where !,c,µ and k
 
are the density, heat capacity, viscosity 

and thermal conductivity of the
 
nanofluid, which depend on 

the nanoparticle volume fraction " as 
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 The results naturally depend on the correlations for 
thermophysical properties. The two sets of the correlations 
(5c) and (5d) represent high and low sensitivities with 
respect to the volume fraction of nanoparticles. Almost all 
correlations proposed so far, including Bianco et al. [21], 
stay within the range of these two sets of the correlations. 

range of these two sets of the correlations. Thus, the conclu-
sions drawn from this study should generally apply to most 
correlations available today. 
 The Brownian and thermophoretic diffusion coefficients 
are given by 
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respectively. The dimensionless parameter NBT which de-
scribes the ratio of Brownian and thermophoretic diffusiv-
ities is defined as follows: 
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 The nanofluid thermophysical properties such as µand k 
are considered as given functions of " as correlated by 
Buongiorno using the data of Pak and Cho [22], where the 
subscripts, p and bf refer to as nanoparticle and base fluid, 
respectively. Moreover, kBO is the Boltzmann constant and dp 
is the nanoparticle diameter, which can be anywhere of the 
order of 1 to 100 nm. For typical cases of alumina and 
nanoparticles with dp ~10nm and "B~0.01, the ratio of 
Brownian and thermophoretic diffusivities NBT can range 
from 0.1 to 10. Buongiorno proved that the heat transfer as-
sociated with the nanoparticle dispersion (i.e. nanoparticle 
diffusion flux), namely, the second term on the right hand 
side of Eq. (3), is always negligible as compared with con-
vection and conduction. 

NUMERICAL METHOD  

 Fig. (1) shows the physical model under consideration in 
this study. It consists of a circular tube with the ratio of 
length and diameter L/D=100, and the tube wall is subject to 

 
Fig. (1). Physical model. 
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a uniform heat flux qw. The tube has an appropriate length to 
ensure the computational domain stays within the entrance 
region. The fluid enters with uniform nanoparticle distribu-
tion, temperature and axial velocity profiles at the inlet sec-
tion. Also, the nanoparticle volume fraction, flow and ther-
mal field are assumed to be symmetrical so that one merid-
ian plane of the tube is considered in the numerical experi-
ments. 
 The foregoing governing equations (1)-(4) are solved by 
integrating them over finite control volumes, converting the 
governing equations to a set of discretized equations. The 
numerical program was established to these algebraic discre-
tized equations. As proposed by Patankar and Spalding [23], 
SIMPLE algorithm was adopted to correct the pressure and 
velocity fields. Further details on this numerical procedure 
can be found in Patankar [24] and Nakayama [25]. 
 In order to evaluate the heat transfer enhancement of 
nanofluid, the local Nusselt number along the axial distance 
of the tube should be introduced at first. The local Nusselt 
number based on the diameter Dh = 2R and the nanofluid 
bulk thermal conductivity kB = k("B) are given by 
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denotes the bulk mean temperature, and 
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denotes the bulk mean particle volume fraction, and  
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denotes average value over the cross-section. 

NUMERICAL VALIDATION 

 The validation of grid dependency was conducted to en-
sure the accuracy of the numerical results, and found that a 
grid system 101x51 is fine enough for each of the cases con-
sidered. Then, Graetz problem [26] for thermally developing 
flow of pure fluid was used to verify the numerical program. 
Fig. (2) presented the comparison of exact solutions and nu-
merical results for thermally developing flow of pure fluid, 
which agrees well with each other.  
 Moreover, the numerical program was used to calculate 
the local Nusselt number NuB of fully developed nanofluids 
flow and compared with exact solutions which had already 
been obtained by Yang et al. [27]. Comparison of exact solu-
tions and numerical results for fully developed flow of tita-
nia-water nanofluids and alumina-water nanofluids are pre-
sented in Table 1 and 2, respectively. The results shows that, 
for different bulk mean particle volume fractions "B, the ra-
tio of Brownian and thermophoretic diffusivities NBT and 
different type of nanofluids, the numnerical results and exact 
solutions are almost identical under consideration of numeri-
cal error. The foregoing comparison for validation reveals 
that the numerical program we adopted is quite accurate. 

RESULTS AND DISCUSSION 

 For nanofluids with different bulk mean particle volume 
fractions ("B =0.02, 0.06, 0.1) and pure fluid ("B =0), the 
local Nusselt number is calculated under the same mass flow  

 
Fig. (2). Local Nusselt number for thermally developing flow of pure fluid. 
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Table 1. Local Nusselt Number for Fully Developed Flow of Titania-Water Nanofluid 

φB 0.02 0.06 0.10 

NBT Exa Num Exa NBT Exa Num 

0.1 4.277 4.278 4.234 4.235 4.200 4.201 

1 4.372 4.371 4.458 4.456 4.575 4.573 

10 4.365 4.366 4.377 4.378 4.392 4.393 

Table 2. Local Nusselt Number for Fully Developed Flow of Alumina-Water Nanofluid 

φB 0.02 0.06 0.10 

NBT Exa Num  Exa NBT Exa Num  

0.1 4.211 4.212 4.019 4.019 3.941 3.934 

1 4.418 4.415 4.432 4.423 4.414 4.401 

10 4.371 4.372 4.374 4.373 4.372 4.371 

 

 
Fig. (3). Local Nusselt number for developing flow of titania-water nanofluid. 
 

rate. The Reynold number of pure fluid is set to 100. As 
mentioned above, the ratio of Brownian to thermophoretic 
diffusivities NBT can range from 0.1 to 10. Here, we present 
typical results obtained under NBT = 0.5. 
 Local Nusselt number for titania-water nanofluids in a 
circular tube is presented in Fig. (3). It shows that, for fixed 
NBT = 0.5, in the initial part of entrance region, NuB  stays 
below the value of the pure fluid, which means there is no 
anomalous heat transfer enhancement, but in most of en-
trance region, NuB stays above the value of pure fluid indi-
cating that anomalous heat transfer enhancement exists. It 

also can be seen that more extensitve heat transfer anomaly 
is possible at a higher "B (e.g. 7% increase when "B =0.1). 
 Fig. (4) presents the results for alumina-water nanofluids. 
As in the previous case of titania-water nanofluids, there is 
anomalous heat transfer enhancement in the major part of 
entrance region, but no anomalous heat transfer enhance-
ment in the leading edge of entrance region. However, for 
alumina-water nanofluids, the anomaly level of heat transfer 
enhancement does not increase monotonously with "B. Form 
Fig. (4), we can see that when "B =0.06, the anomalous heat 
transfer enhancement is the highest among the three cases, 
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namely, "B =0.02, 0.06 and 0.10. This indicates that the level 
of the anomaly is very sensitive to the properties of the nan-
ofluids. 
 It should be mentioned that, according to Eq. (8), the 
heat transfer enhancement may be evaluated as the ratio 
of heat transfer coefficient of nanofluids and base fluid,  
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 Fig. (5) clearly shows that other than the complex 
manner of anomalous heat transfer enhancement, the heat 
transfer enhancement of titania-water nanofluids and alu-

Fig. (4). Local Nusselt number for developing flow of alumina-water nanofluid. 

Fig. (5). Comparison of the heat transfer coefficients of nanofluids. 
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mina-water nanofluids is remarkable. Furthermore, the 
heat transfer enhancemet of alumina-water nanofluids is 
higher than that of titania-water nanofluids, simply due to 
the difference in kB. 

CONCLUSIONS 

 Numerical investigations have been conducted to explore 
the thermal entrance region heat transfer in nanofluids. The 
effects of nanoparticle volume fraction distributions on the 
continuity, momentum and energy equations have been fully 
considered based on the Buongiorno model. For both of 
alumina-water nanofluids and titania-water nanofluids, 
anomalous heat transfer enhancement have been captured in 
the major part of the entrance region, However, no anoma-
lous heat transfer enhancement is found close to the edge of 
the entrance region. Moreover, the anomaly level of heat 
transfer enhancement increases as increasing the bulk mean 
particle volume fraction for titania-water nanofluids, 
whereas this is not the case for alumina-water nanofluids. As 
observed in the present analysis, the entrance region heat 
transfer enhancement of nanofluids is quite complex. A fur-
ther study is required to elucidate more details of the heat 
transfer anomaly associated with nanofluids. 

NOMENCLATURE 

A = cross-sectional area [m2] 

C = specific heat of nanofluid [J/kgK] 

dp = nanoparticle diameter [m] 

DB =   
k

BO
T / 3!µ

bf
d

p , Brownian diffusivity [m2/s] 

DT = 
 

0.26
k

bf

2k
bf

+ k
p

µ
bf

!
bf

j , thermophoretic diffusivity 

[m2/s] 

Dh = hydraulic diameter [m] 

h = heat transfer coefficient [W/K m2] 

k = thermal conductivity [W/m K] 

kBO = Boltzmann constant [J/ K] 

NBT = ratio of Brownian and thermophoretic dif-
fusivities [-] 

NuB = 
 
hD

h
/ k

B
, Nusselt number based on the bulk 

mean thermal conductivity [-] 

p = pressure [Pa] 

qw = wall heat flux [W/m2] 

r = radial coordinate [m] 

R = tube radius [m] 

T = temperature [K] 

u = axial velocity [m/s] 

ui = velocity vector [m/s] 

x = axial coordinate [m] 

y = vertical coordinate [m] 

GREEK SYMBOLS 

µ = viscosity of nanofluid [Pa s] 
! = density of nanofluid [kg/ m3] 

" = volume fraction of nanoparticles [-] 

SPECIAL SYMBOLS 

!  = average over the cross-section 

SUBSCRIPTS AND SUPERSCRIPTS 

B = bulk mean 

bf = base fluid 

p = nanoparticle 

w = wall 
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